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Abstract. We study theoretically the transverse spin associated with the eigenmodes of a thin metal ﬁlm embedded
in a dielectric. We show that the transverse spin has a direct dependence on the nature and strength of the coupling
leading to two distinct branches for the long- and short-range modes. We show that the short-range mode exhibits
larger extraordinary spin because of its more ‘structured’ nature due to higher decay in propagation. In contrast to
some of the earlier studies, calculations are performed retaining the full lossy character of the metal. In the limit of
vanishing losses, we present analytical results for the extraordinary spin for both the coupled modes. The results
can have direct implications for enhancing the elusive transverse spin exploiting the coupled plasmon structures.
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1. Introduction
It is now well understood that light ﬁelds carry both
orbital and spin angular momentum (SAM) in addition
to the conventional linear momentum. Together they
play a vital role in light–matter interaction. Since the
pioneering work of Allen et al [1], spin–orbit interactions with light ﬁelds have become a popular area
of research [2–6]. Recent investigations have revealed
that structured light can exhibit an unusual transverse
(perpendicular to propagation vector) SAM, which is
independent of the helicity [7,8]. These extraordinary
features can be probed in the evanescent ﬁelds of,
say, surface plasmons at dielectric–metal interfaces [9],
and can result in the optical spin-momentum locking
[3,5,7,10–12]. The extraordinary SAM, ﬁrst introduced
by Belinfante [13], has been labelled as a virtual
(elusive) entity, as it has negligible effect on dipolar
particles. Recent studies on optical currents embodied
by the Poynting vector have shown that the current
consists of contributions of both the orbital and the
spin momentum [14,15]. Moreover, the transverse SAM
was shown to be proportional to Im(E∗ × E). For
structured ﬁelds, ﬁnite longitudinal component of the
ﬁelds (as in the case of surface plasmons) leading to

a polarization ellipse in the plane of incidence is the
source of transverse spin momentum. Of late, there
have been several investigations into Belinfante’s ‘elusive’ transverse spin [13] in the context of structured
light ﬁelds. It is now understood that this transverse
spin can be both helicity-dependent [16] as well as
helicity-independent [9]. Multiple schemes have been
proposed to probe the manifestation of this transverse
spin [7,9,10,17–19] in order to gain better insight
into the phenomenon. There have also been reports of
both direct and indirect experimental detection of this
transverse spin [8,16]. The direct measurement [16]
measured the torque on a nanocantilever and the value
measured was of the order of femtonewton. The miniscule nature of the quantity being measured, makes it
imperative to search for a means of enhancing this quantity. A recent study has shown that it is possible to
exploit coherent perfect absorption [20–22] mediated
mode enhancement in a gap plasmon structure in order
to enhance transverse spin [23]. In another study, the
localized plasmons and the Mie resonances were shown
to be effective tools to enhance the transverse spin [24].
However, there are no studies as yet on the most elementary form of coupled plasmons as in a thin metallic
ﬁlm.
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2. Formulation of the problem

Figure 1. Schematic view of the geometry under consideration. We exploit the symmetry and consider only the right
half of the structure.

In this paper, we focus our attention on the eigenmodes of a thin metallic ﬁlm and calculate the transverse
spin for both the long- and short-range modes. Note that
the coupled modes of a thin ﬁlm has been the subject
of extensive research for the past several decades and
the ﬁeld enhancement associated with the long-range
mode has been identiﬁed as an effective tool to enhance
the nonlinear optical effects [25–28]. We show that for
sufﬁcient coupling the transverse spin splits into shortrange and long-range branches. One may expect larger
transverse spin due to larger local ﬁeld enhancement
for the long-range mode. Contrary to this expectation,
the transverse spin exhibited by the short-range mode is
shown to be larger than that of the long-range one. This
is ascribed to the more structured (with larger decay)
nature for the short-range mode. Our study thus reveals
the importance of having structured ﬁelds for enhancing
the transverse spin.
The structure of the paper is as follows. In Section 2, we present a brief description of the system
and formulate the problem. Following [29] we present
a simple matrix method to calculate the dispersion
characteristics and the eigenmodes of the structure
and use them to calculate the transverse spin. Section 3 contains the results of the numerical calculations
retaining the losses in the metal ﬁlm. In contrast, in
most of the existing studies intrinsic losses in the
metal are ignored [7,9]. We show distinct branches
for the transverse spin corresponding to the bifurcation of the dispersion results. In Section 4, we present
closed-form expressions for the transverse spin for
both the branches of the coupled modes ignoring the
losses in the metal in order to gain theoretical insight.
Major ﬁndings of this paper are summarized in the
conclusion.

Consider the simplest possible structure supporting coupled surface plasmons, as in the early work of Sarid et al
[25,29,30] (see ﬁgure 1). It comprises a thin metal ﬁlm
with dielectric constant m and thickness d placed in
a dielectric with dielectric constant t . The structure is
symmetric about the x–y plane and we exploit this symmetry to simplify our calculations by considering only
the positive z half-space. We can focus our calculations
only on the boundary at z = d/2 and using symmetry arguments, deduce the ﬁelds in the negative z halfspace. As surface plasmons can be excited only by TM
polarized waves, we write the magnetic ﬁeld inside the
metal as
√
√
μ0 Hmy = μ0 A0 (eikmz z ± e−ikmz z )eik x x ,
(1)
where A0 is the amplitude
of the magnetic ﬁeld in

the metal, kmz = i k x2 − k02 m = i k̄mz . One can
arrive at similar equations for the ﬁelds in ambient
dielectric
 where the z-component of the wave vector

kt z = i k x2 − k02 t = i k̄t z . Note that we have put the zcomponent of the wave vectors in a form to highlight the
evanescent character of the waves in both metal and the
dielectric. Recall that we are looking at an eigenproblem where there are no external excitations and we are
posing the question when the eigenmodes can exist and
can propagate along x-axis with a given z spatial proﬁle
localized near the ﬁlm. The upper and lower signs in
eq. (1) are for the symmetric and the antisymmetric
modes, respectively. Here the symmetry is decided by
the even–odd character of the magnetic spatial ﬁeld distribution Hy about the z = 0 plane. Later we shall refer
to these modes as long-range and short-range ones, judging by their propagation losses (imaginary part of k x ).
Using Maxwell’s equations, we can calculate the ﬁeld
E mx as follows:
√
√
0 E mx = pmz μ0 A0 (eikmz z ∓ e−ikmz z )eik x x .
(2)

Making use of the transfer matrices [29], we can relate
the tangential components at z = 0 and z = d/2 to
obtain

√



1 ±1
1 √
μ0 A0
√
= MT
μ0 At , (3)
pmz ∓ pmz
pt z
μ0 A0
where At is the amplitude of Hy in the dielectric, pmz =
kmz /k0 m , pt z = kt z /k0 t . For our geometry (see ﬁgure
1), the properties of the metal ﬁlm are encoded in the
transfer matrix


⎞
⎛

i
sin kmz2 d
− pmz
cos kmz2 d



 ⎠.
MT = ⎝
(4)
kmz d
kmz d
−i pmz sin 2
cos 2
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λ = 0.633 μm: Sym.
λ = 0.633 μm: Antisym.
λ = 1.550 μm: Sym.
λ = 1.550 μm: Antisym.
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As mentioned earlier, we get the symmetric and antisymmetric cases, by picking the upper and lower signs,
respectively in eq. (3). The transfer matrix equation (see
eq. (3)) gives us the dispersion relation as well as the
amplitude relation for both the coupled modes. Using
the upper sign in eq. (3) we get the well-known dispersion relation [29,30] for the symmetric case as


k̄mz d
= 0.
(5)
m kt z + t kmz tanh
2
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We can now use this dispersion relation to derive the
amplitude of the transmitted magnetic ﬁeld in the dielectric


k̄mz d
s
At = 2 A0 cosh
.
(6)
2

Figure 2. (a) Dispersion curve: Shows the real part of k x as
a function of d. The solid line is for the antisymmetric mode
λ = 1.55 μm. The dashed line is for the symmetric mode at
the same wavelength. The dotted line is for the antisymmetric
mode at λ = 0.633 μm. The dashed–dotted line is for the
symmetric mode at the same wavelength and (b) is the same
as (a) except that it shows the imaginary part of k x .

Using the lower sign, we get the dispersion relation
and transmitted amplitude for the antisymmetric case
[29,30] as


k̄mz d
= 0,
(7)
m kt z + t kmz coth
2

As spin is related to the spin part of the Poynting vector
as


k̄mz d
a
.
At = −2 A0 sinh
2

(8)

Now that we know the dispersion and amplitude relations for both the coupled modes, we can proceed to calculate explicit expressions for the electric and magnetic
ﬁelds and thus calculate the spin. In SI units, we deﬁne
the spin angular momentum density carried by the light,
which gives the local expectation of the spin operator as
[14,15] as
Im(0 E∗ × E + μ0 H∗ × H)
.
4ω

(9)

3. Numerical calculations
In this section, we present the results of our numerical calculations. For our calculations, we have used two
wavelengths λ = 633 nm and λ = 1550 nm. We use
t = 1 (air). For the purpose of our numerical calculations, we assume a gold (Au) ﬁlm and calculate m via
spline interpolation from the data of Johnson and Christy
[31]. But ﬁrst, we have to deal with normalization in
order to make our comparisons of the transverse spin
for different wavelengths and metal ﬁlm thicknesses d
meaningful. We normalize the power ﬂow into the system at x = 0 to unity
∞
−∞

Px dz = 1.

(11)

the quantity



s=

Ps = c2 (∇ × s),

(10)

s =

sc2
Px dz

∞
−∞

(12)

is dimensionless. We integrate Px over z as the coupled
plasmons propagate in the x direction localized in the
metal ﬁlm. Hereafter in this section, we refer to this
normalized, dimensionless s as the transverse spin.
We ﬁrst look at the dispersion curves for the coupled surface plasmons for two different wavelengths:
λ = 1.55 μm and λ = 0.633 μm. Figure 2 clearly shows
that compared to λ = 1.55 μm we get stronger coupling
for a given d at λ = 0.633 μm. Also, from ﬁgure 2b, we
can see that the antisymmetric mode has higher values
for the imaginary part of k x compared to the symmetric mode. Thus, the antisymmetric plasmon will decay
faster than the symmetric plasmon while propagating
along x. Thus, the antisymmetric plasmon is called the
short-range (SR) plasmon and the symmetric plasmon
is called the long-range (LR) plasmon.
As mentioned earlier, we are dealing with TM polarized waves and the single magnetic ﬁeld component has
no contribution to the transverse spin. Any transverse
spin would therefore have its origin in the rotation of
the electric ﬁeld. We now look at the electric ﬁeld and
how it behaves in the x–z plane which is the plane of
incidence. First we look at the ﬁelds for λ = 0.633 μm.
We see that as we move in the x direction, the electric ﬁeld rotates. The period of rotation is much less for
the antisymmetric mode than for the symmetric mode
because of the higher value of the real part of k x in the
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Figure 3. Electric ﬁeld in the plane of incidence for
λ = 0.633 μm and d = 0.006 μm. (a) and (b) show the
ﬁeld distribution for the symmetric and antisymmetric modes,
respectively.
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Figure 4. Electric ﬁeld in the plane of incidence for
λ = 1.55 μm and d = 0.002 μm. (a) and (b) show the
ﬁeld distribution for the symmetric and antisymmetric modes,
respectively.

antisymmetric mode. The rotation of the electric ﬁeld is
a consequence of the phase difference between the electric ﬁeld components in the incident plane. However,
it is still the wavelength, that is determined by the real
part of k x , which determines the frequency with which
each ﬁeld component changes sign as x varies. Higher
values of the real part of k x in the antisymmetric mode
make them change sign quicker as they propagate and
thus make the rotation of the electric ﬁeld faster. We
also see that the ﬁeld decays as we move along x. This
is due to the high value of the imaginary part of k x in
the antisymmetric mode.
In ﬁgure 4 we look at the electric ﬁeld for λ =
1.55 μm and d = 0.002 μm. Note that we used

a smaller thickness of metal (d = 0.002 μm) in
order to have appreciable decay of the SR mode with
λ = 1.55 μm compared to λ = 0.633 μm (compare the scales of the imaginary part of k x in ﬁgures
2a and 2b). Again we see properties similar to ﬁgure 3. The ﬁeld rotates faster in the antisymmetric
case than in the symmetric case and the ﬁelds also
decay as we move along x. The reasons are again
appreciable difference in the value of the real and imaginary parts of k x for the symmetric and antisymmetric
modes.
As we know that the rotation of the ﬁelds in a plane
gives rise to the spin angular momentum along the axis
of rotation, we realize that the rotation of the ﬁelds in
the x–z plane should give rise to a spin angular momentum along y. As shown in our analytic calculations
for the lossless case in the next section, the numerical calculations for the lossy case also show that there
is a transverse spin along the y-axis. Also, we must
note here that the sense of rotation of the electric ﬁeld
changes across the metal–dielectric interface. Therefore, the transverse spin density should change sign
across the interface.
Now that we know to expect transverse spin from
the electric ﬁeld distribution, we look at the change
in the transverse spin density of the modes as we
change the strength of the coupling. The transverse
spin is calculated at the metal–dielectrc interface. We
see that the transverse spin increases rapidly at small
values of the metal ﬁlm thickness d for the antisymmetric (SR) mode. As expected, the transverse spin
also changes sign across the metal–dielectric interface.
The behaviour of the transverse spin mimics that of
the dispersion curve. At small values of d, the transverse
spin is distinct for the symmetric and antisymmetric
modes. At larger values of d, in a manner akin to
the dispersion curves, the spin for the symmetric and
the antisymmetric modes become equal. Given that the
transverse spin for the two cases is dependent on k x ,
this behaviour may be expected and is clearly seen
in ﬁgure 5. From ﬁgure 5 we note that the difference
in the transverse spin density between the symmetric and antisymmetric modes increases with stronger
coupling (smaller values of metal ﬁlm thickness d).
However, the difference is more pronounced at larger
values of d for smaller wavelengths. As stated earlier, from ﬁgure 2 we saw that the coupling is stronger
for larger d at smaller wavelength. Thus, we can conclude that the difference in the transverse spin between
the coupled modes is directly related to the strength
of the coupling. Stronger coupling leads to a greater
difference in the transverse spin between the coupled
modes.
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Figure 5. (a) Transverse spin density in the metal at z = d/2
as a function of metal ﬁlm thickness d. The solid line is for
the antisymmetric mode λ = 1.55 μm. The dashed line is
for the symmetric mode at the same wavelength. The dotted
line is for the antisymmetric mode at λ = 0.633 μm. The
dashed–dotted line is for the symmetric mode at the same
wavelength and (b) is the same as (a) but now the transverse
spin is calculated in the dielectric.
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2 A0 cosh(k̄mz d/2)
[i k̄t z x̂ −k x ẑ]eik x x e−k̄t z (z−(d/2)).
ωt 0
(16)

The point to be noted is the phase lag between the x and z
components of the electric ﬁeld vector (see eqs (14) and
(16)) in the symmetric and antisymmetric modes. This
creates a polarization ellipse in the plane of incidence
and gives rise to a spin angular momentum perpendicular to it.
It is to be noted that as we are dealing with TMpolarized waves, there is no helicity-dependent spin.
The only spin we get is the aforementioned helicityindependent transverse spin [7,9,10,17]. Because of the
TM character of the incident ﬁelds, there is no magnetic
ﬁeld contribution to the spin angular momentum density (H has only one non-zero component along the y
direction). Thus, the only contribution to the transverse
spin is due to the electric ﬁelds rotating in the plane
of incidence due to the phase lag between the x and z
components. Following eq. (9), one can write down the
transverse spin density in the metal as

4. Analytical results for the lossless case
In this section, we present explicit analytical results for
having a better insight into the underlying physics. In
order to be able to arrive at analytic expressions for the
transverse spin angular momentum density, we use a
speciﬁc assumption [9]. We assume that we are working
with media, where the permittivitties under consideration are all real. As a consequence of ignoring ohmic
losses in metals, the calculations get drastically simpliﬁed with purely imaginary propagation constant in
metal. It is to be noted that here we present results
without any normalization. Thus, the results contain
unknown constant amplitude A0 , which was earlier ﬁxed
by the normalization constraint given by eq. (11).
We start with the symmetric case. The electric and
magnetic ﬁelds in the metal are as follows:
s
= 2 A0 cosh(k̄mz z)eik x x ŷ,
Hm
A0
s
Em
=
[−2i k̄mz sinh(k̄mz z)x̂
ωm 0
−2k x cosh(k̄mz z)ẑ]eik x x.

From eq. (13) we can see that the magnetic ﬁeld distribution inside the metal for the symmetric mode has
cosh dependence on z and thus is symmetric.
The electric and the magnetic ﬁelds in the dielectric
can be expressed as


k̄mz d
Hds = 2 A0 cosh
2



eik x x e−k̄t z (z−(d/2)) ŷ,

(15)

(17)

while transverse spin density in the dielectric is given
by
sds =

−2|A0 |2 cosh2 (k̄mz d/2)
k x k̄t z e−2k̄t z (z−(d/2)) ŷ.
2
3
ω 0 t
(18)

We now look at the antisymmetric case. The electric and
the magnetic ﬁelds in the metal can be written as
a
Hm
= −2 A0 sinh(k̄mz z)eik x x ŷ,
a
Em
=

(13)

(14)

k x k̄mz
|A0 |2 sinh(2k̄mz z) ŷ,
ω3 0 m2

s
sm
=

A0
[−2i k̄mz cosh(k̄mz z)x̂
ωm 0
+ 2k x sinh(k̄mz z)ẑ]eik x x.

(19)

(20)

Similar expressions for the electric and the magnetic
ﬁelds in dielectric are given by


k̄mz d ik x x −k̄t z (z−(d/2))
a
Hd = −2 A0 sinh
e e
ŷ, (21)
2
Eda =

2 A0 sinh(k̄mz d/2)
ωt 0
×[−i k̄t z x̂ + k x ẑ]eik x x e−k̄t z (z−(d/2)).

(22)

For the antisymmetric mode as well there is again a
phase lag between the x and z components of the electric
ﬁeld (see eqs (20) and (22)) which leads to the transverse
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spin. Finally, the transverse spin density in the metal for
the antisymmetric mode is given by
sam =

k x k̄mz
|A0 |2 sinh(2k̄mz z) ŷ,
3
2
ω 0 m

(23)

imaginary part of the longitudinal component of the
electric ﬁeld will be large. Thus, we see large transverse spin for the short-range mode. However, this
large extraordinary transverse spin has to be measured
at a very short distance within which the mode can
survive.

while for the dielectric it can be written as
sad =

−2|A0 |2 sinh2 (k̄mz d/2)
k x k̄t z e−2k̄t z (z−(d/2)) ŷ.
ω3 0 t2
(24)

It is to be noted that even though the expressions for
the transverse spin in the metal is the same for both the
symmetric and the antisymmetric modes (see eqs (17)
and (23)), it does not imply that the transverse spin is
identical for the two cases. It depends on the value of
k x for a given mode which is strongly dependent on the
strength of coupling. Thus, for strong coupling (small
values of d), there is a large difference in the value of k x
(and consequently in sm and sd ) in the symmetric and
antisymmetric modes (see ﬁgure 2). The other important aspect that needs attention is the loss of distinction
between the coupled modes in the context of propagation
losses, because both of them are now lossless. In other
words, the nomenclature long- and short-range loses its
meaning.

5. Conclusion
We have studied transverse spin in the context of coupled surface plasmons and show that the transverse
spin is dependent on the symmetry and on the character of the modes, i.e., whether they are short range
or long range. We note that for stronger coupling
between the two interface plasmons, the difference
in the transverse spin between the modes becomes
more apparent. The transverse spin increases rapidly
for small thicknesses in the short-range mode for its
more pronounced propagation losses. In contrast to
some previous studies on transverse spin with singleinterface plasmons, all numerical calculations are carried out retaining the loss effects in metal with the
Johnson–Christie data. Analytical calculation for the
lossless case clearly reveals the origin of the transverse spin in both the coupled modes. Our results
agree with the fact that the transverse spin is dependent
on the phase difference between the different components of the electric ﬁeld. The short-range mode has
a large imaginary component of the wave vector and
from the transversality condition, it follows that the
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