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Abstract. We investigate the face-to-face collision between multisolitons in spin-1/2 quantum plasma. It is
studied in the framework of the model proposed by Marklund et al in Phys. Rev. E 76, 067401 (2007). This study
is done with the help of the extended Poincare–Lighthill–Kno (PLK) method. The extended PLK method is also
used to obtain two Korteweg–de Vries (KdV) equations and the phase shifts and trajectories during the head-on
collision of multisolitons. The collision-induced phase shifts (trajectory changes) are also obtained. The effects
of the Zeeman energy, total mass density of the charged plasma particles, speed of the wave and the ratio of the
sound speed to Alfvén speed on the phase shifts are studied. It is observed that the phase shifts are signiﬁcantly
affected by all these parameters.
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1. Introduction
There is currently a great deal of interest in investigating plasma modes in quantum plasmas [1–11], as
such plasmas could be relevant in nanoscale electromechanical systems [12], in microplasmas and dense laser
plasmas [13], and in laser interactions with atomic systems [14]. When de Broglie wavelength of charge carriers becomes comparable to the system scales (such
as interparticle distances), the quantum effects should
be taken into account. In quantum plasma, Fermi–
Dirac distribution is used to describe the system rather
than Maxwell–Boltzmann distribution. Now it is well
known that in dense plasmas, degenerate electrons follow the Fermi–Dirac pressure law and the quantum
force is connected with the Bohm–de Broglie potential.
In classical plasmas we neglect spin effect due to random thermal orientations of the spin vector. The very
important next step of including spin in a quantum
plasma was taken recently. Spin plasma is developed
from the Pauli–Hamiltonian and generalizing the
Madelung decomposition [15,16] for the two-component
spinor wave function. This nonrelativistic spin theory

produces new effects in, for example, propagation
modes [17], magnetosonic solitons [18], instabilities
and metamaterials [19]. All these quantum effects are
expected to be important in low temperature and very
high dense plasmas. However, it was recently shown
that even for high-temperature plasmas, under speciﬁc
conditions, quantum features such as spin cannot be
neglected, and they can be signiﬁcant [20].
Spin magnetohydrodynamics was proposed by
Brodin and Marklund [21] from the nonrelativistic
viewpoint. Brodin and Marklund showed that spin
effects are important for low temperature, high densities and/or strongly magnetized plasmas. The latter
can be found in astrophysical systems such as pulsars or magnetostars [22]. They also studied the spin
dynamics through the spin evolution equation, kinetic
effects associated with the spin. Marklund and Brodin
[15] showed the existence of magnetosolitons in a fermionic quantum plasma. Marklund et al [18] derived
the multiﬂuid equation for spin-1/2 quantum plasmas
starting from Pauli equation. Li and Han [23] investigated the head-on collisions of two magnetosonic solitary waves in a magnetized degenerate quantum plasma
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with effects of quantum diffraction, quantum statistics
and electron spin magnetization. Asenjo et al [24]
developed a new ﬂuid formalism for relativistic quantum spin-1/2 plasmas. Chatterjee et al [25] studied
the head-on collision phenomenon of the two magnetoacoustic solitons in a fermionic quantum plasma
where spin effect had been studied using the extended
variations of the PLK method. Fine et al [26] found
that stationary nonintegrable spin-1/2 systems do not
exhibit exponential sensitivity to small perturbation of
Loschmidt echoes while chaotic systems of classical
spins do. Sahu et al [27] studied the nonlinear propagation of arbitrary-amplitude magnetosonic solitary and
shock structures in spin-1/2 quantum plasma.
A parallel development in solitonic studies was the
head-on collision effects. It is known that one of the
interesting properties of solitons is their asymptotic
preservation of form when they undergo a head-on collision (i.e. θ = π, θ being the angle between two
propagation directions of two solitons). This fact was
ﬁrst observed by Zabusky and Kruskal [28]. Recently,
extensive investigations have been made by several
researchers [29–34] to study the face-to-face interaction between two ion-acoustic solitary waves (IASWs)
with the help of the extended Poincare–Lighthill–Kuo
(PLK) method in different plasma models. Head-on
collision of dust-acoustic solitary waves in a fourcomponent plasma had been studied by Ghosh et al
[29]. In all these investigations, the researchers
observed that bidirectional solitary waves are propagated and hence head-on collision occurs. They also
found the phase shifts and the trajectories of the two
solitary waves after collision, which are the characteristics of the collision. It is noteworthy that a few
investigations had already been done about the headon collision phenomena in quantum plasma ([35–37]
and [33]). For the ﬁrst time, El-Labany et al [35]
found out the head-on collision between two quantum
IASWs in a dense e–p–i plasma and have discussed
the effects of both quantum diffraction parameter and
the Fermi temperature ratio of positrons-to-electrons
on the phase shifts. The head-on collision between two
IASWs with arbitrary colliding angle in an unmagnetized ultracold quantum three-component e–p–i plasma
had been investigated by Xu et al [37]. The propagation
and interaction of IASWs in quantum e–p–i plasma had
been investigated by Ning et al [36]. Head-on collision of dust ion-acoustic soliton in quantum pair ion
plasma has also been studied by Chatterjee and Ghosh
[33]. However, all these researchers investigated only
head-on collison between two solitons arising out of
two different KdV equations. But two-soliton solution

Pramana – J. Phys. (2017) 88: 18
has not been investigated much in plasma till recently.
Roy et al [38] studied the overtaking collision of two
ion-acoustic solitons in a plasma. Roy et al [39] also
studied the head-on collision of multisolitons in e–p–i
plasma. But the head-on collision of multisolitons in
quantum plasma by taking into account spin effects,
has not been studied so far. The present study has been
undertaken on the head-on collision of multisolitons
in the framework of the model proposed by Marklund
et al [18]. We expect that the results obtained in this
study can be useful in investigating strongly magnetized astrophysical plasmas like pulsars, magnetostars
etc.

2. Basic equation and derivation of KdV equations
Let us consider the governing equations for quantum plasma in which the electron spin-1/2 effects
are included. The total mass density, the centreof-mass ﬂuid ﬂow velocity and the current density
are deﬁned respectively as ρ = (me ne + mi ni ),
V = (me ne ve + mi ni vi )/ρ, j = (−ene ve + eni vi ).
Here me , ne and ve are the mass, number density
and ﬂuid velocity of the electron, and mi , ni and
vi are respectively the mass, number density and
ﬂuid velocity of the ion, and e is the magnitude of
the electron charge. Assuming the quasineutrality
condition (ne = ni ), and taking the magnetic ﬁeld
along the z-axis so that B = B(x, t)z and taking the
velocity V = V (x, t)
x , the density as ρ(x, t), we get
the following system of normalized basic equations
[1,40]:
∂b ∂(bv)
+
= 0,
∂t
∂x
∂v
∂(ln b)
∂v
∂b
+v
=−
− cs2
∂t
∂x
∂x
∂x 
√ 
2
2ωpe
1 ∂2 b
∂
+
√
ωc |ωce | ∂x
b ∂x 2
∂
[ln(cosh(ze b))
+ vB2
∂x
+ ze b(tanh(ze b))],

(1)

(2)

 0 , cs = Cs /CAl ,
where ρ = ρ0 b with b= B/B
v = V /CAl , CAl =
B02 /(μ0 ρ0 ) is the Alfvén
√
speed, 
Cs = KB (Te + Ti )/mi is the sound speed,
ωpj = (nj 0 e2 )/(0 mi ); j = e, i, are respectively the
plasma frequencies for electron and ion, ωc (=2me c2 / h)
is the Compton frequency, ze (=μB0 /KB Te ) is the
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temperature-normalized Zeeman energy, where μ0 is
the permeability of the vacuum, B0 is the strength
of the magnetic ﬁeld, ρ0 is the total mass density of
the charged plasma particles, Ti and Te are ion and
electron temperatures, KB is the Boltzmann constant
and μ is the magnitude of Bohr magneton. Moreover, it is to be noted that the normalized variables
are taken as t → ωci t, x → ωci x/CAl . In deriving
eqs (1) and (2) the magnetic resistivity is neglected.
Now we assume that the two solitons α and β in the
plasma, which were asymptotically far apart in the initial state, travel towards each other. After some time
they interact, collide, and then depart. We also assume
that the solitons have small amplitudes proportional
to  (the strength of nonlinearity) and the interaction
between two solitons is weak. Hence, we expect that
the collision will be quasielastic. So it will only cause
shifts of the post-collision trajectories (phase shift). In
order to analyse the effects of collision, we employ an
extended PLK method. According to this method, the
dependent variables are expanded as
b = 1 + b1 +  3/2 b2 +  2 b3 + · · · ,

(3)

v = v1 +  3/2 v2 +  2 v3 + · · · .

(4)

The independent variables are given by
ξ =  1/2 (x − vp t) +  3/2 P0 (η, τ )
+  5/2 P1 (ξ, η, τ ) + · · · ,

(5)

η =  1/2 (x + vp t) +  3/2 Q0 (ξ, τ )
+  5/2 Q1 (ξ, η, τ ) + · · · ,
τ =  t,
3

(6)
(7)

where ξ and η denote the trajectories of two solitons
travelling towards each other respectively and vp is the
unknown phase speed normalized to CAl .
The reason for taking the forms of stretched coordinates taken in eqs (5)–(7) is as follows: If we neglect
the higher-order terms in these equations, then the
stretched coordinates are consistent with the dispersion
relation for ion-acoustic waves and when reduction
perturbation is used, one gets KdV equation. Moreover, the main idea behind the extended PLK perturbation method is that it will lead to uniformly valid
asymptotic expansion by eliminating secular terms.
One can then easily obtain the phase shifts of the solitary waves after collision. Using extended PLK method
and after some long but standard calculation [25], we
get the KdV equation
∂b11
∂ 3 b11
∂b11
+ Ab11
+B
= 0,
∂τ
∂ξ
∂ξ 3

(8)

∂ 3 b12
∂b12
∂b12
− Ab12
−B
= 0,
∂τ
∂η
∂η3
where
3vp2 − cs2 − ze2 v 2 sech2 ze (3 − 2 ze tanh ze )
A=
,
2vp
B=−
vp =

2
ωpe

2|ωce |vp ωc

18
(9)

,


1 + cs2 − ze v 2 (2 tanh ze + ze sech2 ze ).

Equations (8) and (9) are two side-travelling wave KdV
equations in the reference frames of ξ and η, respectively. Their one-soliton solutions are, respectively,

 

1
AbA 1/2
2
b11 = bA sech
ξ − AbA τ
(10)
12B
3

b12 = bB sech2

AbB
12B

1/2 

1
η + AbB τ
3


(11)

where bA and bB are the amplitudes of the two solitons
in their initial positions.
To obtain the phase shifts after a head-on collision
of the two solitons we assume that soliton α is at ξ =
0, η = −∞ and soliton β is at η = 0, ξ = +∞. After
the collision (t = +∞), soliton α is at ξ = 0, η = +∞
and soliton β is at η = 0, ξ = −∞. We obtain the
corresponding phase shift

1/2
2 D 12BbB
,
(12)
P0 = −2
C
A
Q0 = 2

2D

C



12BbA
A

1/2
,

(13)

where
C = 2vp ,
D =

vp2 + cs2 + ze2 v 2 sech2 ze (3 − 2ze tanh ze )

.
2vp
The two solitons given by eqs (10) and (11) move
in opposite directions. But each of the KdV equation
given by (8) and (9) has a number of soliton solutions.

2.1 Two-soliton solution
We consider here two-soliton solutions of each of
the KdV equation. The two-solitons for a ﬁxed KdV
equation move in the same directions, the fast moving soliton eventually overtakes the slower one. The
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two-soliton solutions of (8) and (9) are obtained using
Hirota’s method [41] and are given by
b11 =

12B k12 eθ1 + k22 eθ2 + a12 eθ1 +θ2 (k22 eθ1 + k12 eθ2 ) + 2(k1 − k2 )2 eθ1 +θ2
A
(1 + eθ1 + eθ2 + a12 eθ1 +θ2 )2

(14)

b12 =

12B k12 eφ1 + k22 eφ2 + a12 eφ1 +φ2 (k22 eφ1 + k12 eφ2 ) + 2(k1 − k2 )2 eφ1 +φ2
A
(1 + eφ1 + eφ2 + a12 eφ1 +φ2 )2

(15)




k1 − k2 2
k2 − k3 2
2
, α23
=
,
k1 + k 2
k2 + k 3


k3 − k1 2
2
2
2 2 2
α31 =
, α123
= α12
α23 α31 ,
k3 + k 1
ki
θi = 1/3 ξ − ki3 τ + αi ,
B


with
ki
ξ − ki3 τ + αi ,
B 1/3
ki
φi = − 1/3 η − ki3 τ + αi ,
B

2
=
α12

θi =

i = 1, 2,

a12 = (k1 − k2 )2 /(k1 + k2 )2 .
When τ  1 the solutions of eqs (8) and (9) respectively transform into a superposition of two single
soliton solutions

k1
6B k12
sech2
(ξ − B 1/3 k12 τ − 1 )
b11 ≈
A 2
2B 1/3

k22
k2
2
1/3 2
(ξ − B k2 τ − 2 )
(16)
+ sech
2
2B 1/3

k1
6B k12
b12 ≈
sech2
(−η − B 1/3 k12 τ − 1 )
A 2
2B 1/3

k22
k
2
(−η−B 1/3 k22 τ − 2) . (17)
+ sech2
2
2B 1/3
We see from eqs (16) and (17) that now we are dealing
with four solitons, two in each pair moving in the same
1/3
√
direction, where i , i = ± 2Bki ln | a12 |, i = 1, 2.

2.2 Three-soliton solution
The three soliton of (8) and (9) have the form
∂2
(ln[g(ξ, τ )]),
∂ξ 2

(18)

∂2
(ln[g (η, τ )]),
∂ξ 2

(19)

b11 = −2
b12 = −2
where

2 θ1 +θ2
2 θ2 +θ3
e
+ α23
e
g(ξ, τ ) = 1 + eθ1 + eθ2 + eθ3 + α12
2 θ3 +θ1
2
+ α31
e
+ α123
eθ1 +θ2 +θ3 ,
2 φ1 +φ2
2 φ2 +φ3
g (η, τ) = 1 + eφ1 + eφ2 + eφ3 + α12
e
+ α23
e
2 φ3 +φ1
2
+ α31
e
+ α123
eφ1 +φ2 +φ3 ,

ki
η − ki3 τ + αi , i = 1, 2, 3.
B 1/3
For τ  1 the solution of eqs (8) and (9) respectively
transform into a superposition of three single-soliton as

φi = −

3

b11 ∼

Ai sech2

ki
(ξ − ki2 B 1/3 τ + δi ) , (20)
2B 1/3

Ai sech2

ki
(−η − ki2 B 1/3 τ + δi ) , (21)
2B 1/3

i=1
3

b12 ∼
i=1

where Ai = 3Bki2 /A, i = 1, 2, 3 are the amplitudes,


 α123 
2B 1/3
,

δ1 = δ 1 = ±
log
k1
α23 


 α123 
2B 1/3
,

δ2 = δ2 = ±
log
k2
α31 


 α123 
2B 1/3

δ 3 = δ3 = ±
log
k1
α12 
are the phase shifts of the solitons.
The scattering of four solitons will be clear from
ﬁgures 1a–1i. In ﬁgure 1a we see the positions of the
solitons. When τ = −10, the two solitons seen
on the left-hand side move to the right side and the
two solitons on the right-hand side move towards the
left side and as τ approaches 0, the fast solitons
on each side overtake their slower partners. The overtaking can be seen from ﬁgures 1c and 1d. Figure 1e
shows the merger of four solitons. It is to be noted that
ﬁgures 1f and 1i are mirror images of ﬁgures 1d and 1a
respectively as to be expected. Here, each soliton
acquires to phase shifts, one due to head-on collision
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(a)

(f)

(b)

(g)

(c)

(h)

(d)

(i)

(e)

Figure 1. Variation of the two-soliton proﬁles b11 and b12 for different values of τ with k1 = 1, k2 = 2.
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(f)

(a)

(g)

(b)

(h)

(c)

(d)

(i)

(e)

Figure 2. Variation of the three-soliton proﬁles b11 and b12 for different values of τ with k1 = 1, k2 = 2, k3 = 3.
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essentially the collisions of multisolitons (four, six)
using a two-step method where we ﬁrst derived two
different KdV equations using PLK method and then
extracted multisolution for each KdV equation using
Hirota’s approach. Each soliton acquires two phase
shifts, one due to head-on collision, other due to overtaking collision. The effect of the parameters involved
in the nonlinear and dispersion coefﬁcient of the KdV
equations on the amplitude of multisolitons had been
investigated, using PLK perturbation method.
C
Figure 3. Graph of total phase shift (
Cs .
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