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Abstract. In this paper, the famous Klein—Gordon—Zakharov (KGZ) equations are first generalized, and the
new special types of KGZ equations with the positive fractional power terms (gKGZE) are presented. In order
to derive exact solutions of the new special gKGZE, subsidiary higher-order ordinary differential equations (sub-
ODE:s) with the positive fractional power terms are introduced, and with the aid of the sub-ODE, exact solutions
of four special types of the gKGZE are derived, which are the bell-type solitary wave solution, the algebraic
solitary wave solution, the kink-type solitary wave solution and the sinusoidal travelling wave solution, provided

that the coefficients of gKGZE satisfy certain constraint conditions.
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1. Introduction

In this paper, we consider the famous Klein—Gordon—
Zakharov (KGZ) equations:

Ust —k%uxx—{—u = nu, W

ni = K3ne = (uf?)xx.

In eqgs (1), the variable u(x, t) is a complex function
and n(x, t) is a real function. Equations (1) appear in
the area of plasma physics, and are used to describe the
interaction of Langmuir waves and ion-acoustic waves
in plasmas [1-3]. Therefore, their investigation is of
physical significance.

Many researchers paid their attention to nonlin-
ear KGZ system due to their potential application in
plasma physics. Some exact solutions of eqs (1) are
obtained using different methods [4—11]. In refs [4,5],
using the F-expansion method, the periodic wave solu-
tions expressed by Jacobi elliptic functions for eqs (1)
are derived. In ref. [6], using the extended hyperbolic
functions method, the multiple exact explicit solu-
tions of eqs (1) are obtained. Using the solitary wave
ansatz method, 1-soliton solution of the KGZ equation
with power-law nonlinearity is given, and numerical
simulations that support the analysis are included

[7]. Bifurcation analysis and the travelling wave solu-
tions of the KGZ equations are studied in [8]. The
topological soliton solution of the KGZ equation
in (141) dimensions with power-law nonlinearity is
derived and bifurcation analysis is studied in ref. [9]. In
refs [10,11], Jacobi elliptic function expansion method
is used to derive the periodic solutions for the KGZ
equations. Gan et al [12,13] studied the instability of
standing waves for KGZ equations. Linear stability
analysis for periodic travelling waves of KGZ equa-
tions are performed in refs [14,15]. In refs [16-19],
finite difference schemes are proposed for the initial-
boundary problem of the KGZ equations.

The rest of the paper is organized as follows: In §2,
KGZ equations are generalized, and the three special
types of KGZ equations with the positive fractional
power terms are presented; in §3, the sub-ODEs with
the positive fractional power terms are introduced,
and the exact solutions are given; in §4, the exact solu-
tions of three new special types of the KGZ equations
(5), (6) and (7) are derived in detail with the aid of
the sub-ODE with the positive fractional power terms,
respectively; in §5, some conclusions are made briefly.
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2. The Klein—-Gordon-Zakharov equations
with the positive fractional power terms

In ref. [20], the KGZ equations with power-law nonlin-
earity are considered as

{ Ut — k%uxx +au + bnu =0, (2)

N — kanax = c(uP™)xx,
and the soliton solutions are given. It is obvious that
eqgs (2) become eqs (1) whena = 1,b = —1,¢c =1,

m = 1. Inref. [21], (24+1)-dimensional KGZ equation
with power-law nonlinearity are studied as

3)
Iy — )Lz(rxx + ryy) = (|Q|2m)xx + (|Q|2m)yy,

and soliton solutions are presented.
Based on refs [20,21], we generalize the KGZ equa-
tion as

G — AN Aq +aq +brf(1g1Pq +ag(lq)*)g =0,
re — XM Ar = BA[A(g|P)].

{ G — X (qux + qyy) + q +rq +alq*mg =0,

“4)

where f, g and & are functions of g. It is easy to see that
eqs (4) become eqs (3) whena = b = o = g8 =1,
A =93%/9x + 3°%/9y>.

Here, when we set f(u) = g(u) = h(u) = u?/P in
eqs (4), the first new special type of KGZ equation with
the positive fractional power terms is presented as

{ Uy — Muyy + au + br|ul?Pu + alul?/Pu =0, 5)

It — )\2rxx = IB(qu/p)xx-

When f(u) = 1, gu) = u?/? + u?4/P h(u) =
u?/P in eqs (4), the second new special type of KGZ
equation with positive fractional power terms is
presented as

{u,, —Nutautbru+oalul?Pu+alu)?Pu=0,
Iy — )\zrxx = ,3(|u|q/p)xx-

(6)

When f(u) = 1, gu) = u?/? + u?/P h(u) =

u*4/? in eqs (4), the third new special type of KGZ

equation with the positive fractional power terms is
presented as

upr — My +au+bru+oul?Pu+o|u)??Pu=0,
't — )\zrxx = ,3(|u|2q/p)xx-
(7)

In this paper, we are going to derive exact solutions
of these new three special types of gKGZEs (5)-(7).

Pramana — J. Phys. (2016) 87: 93

3. The sub-ODE with positive fractional
power terms

Inspired by the subsidiary higher-order ordinary dif-
ferential equations [22-29], we consider the nonlinear
ODE with the positive fractional power terms as

F2(€) = AF*(§) + BF4/P72(6) + CFRP(g),
8)
where F'(£)is afunctionof £, A, B and C are constants

and p and ¢ are positive integers.
Then eq. (8) admits exact solutions as follows:

() WhenA >0,B=20 A, C=(@0*-1A4, —1<

o<1,
1 r/q

F = . 9

© [cosh(«/zéq/p) —0} ©

(2) When A=0, B=4p?/q%, C =—(4p?*/q*)o, 0 >0,

1 r/q
ro=[e]
(3) When A >0, B=-2JAC,C >0,

Ar 1 q r/q
F(é):{\/g[iiitanh(gﬂé>]] . an

(4) When A = —1,B=20,C =1—02,

(10)

F@&) = (12)

r/q
[0 + Sin(qé/p)] '

Note 1: It should be noted that ODE (8) can admit other
solutions, for example, the negative solutions for odd
integer ¢, and so on. But for the sake of simplicity, we
neglect the cases here.

4. Exact solutions of some special types of eqs (4)

4.1 The first special type KGZ equations (5)

Here we suppose the exact solutions of eqs (5) are in
the form

u(x, 1) =v(&)exp(in),
& =kx — wt,

r(x, 1) =r(),

n=Ix—0t, (13)

where k, [, w, 6 are constants to be determined later.
Substituting (13) into (5) yields nonlinear equations
as follows:

Ow — lkA* =0, (14)
(@2 — k2220 + (a4 1222 — 6%)v + bro@/PH!
+av /P =, (15)
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(w? = X2kD)r" — BK2(v1/P)" = 0. (16)
Integrating (16) twice and setting constants to zero
yield
2
F = LUQ/ P

T o2 _ 222 a7

Substituting (17) into (15) yields

(0> — K22 + (a + 1222 — 0%)v + aqv@/PF]

bBk?

2q/p)+1 _
PRI v =0.

(18)

Suppose the solutions of (18) are in the form of

v=DF(§), (19)

where F satisfies eq. (8) and A, B, C and D are con-
stants.

Substituting (19) into (18) and considering eq. (8)
simultaneously, the left-hand side of eq. (18) becomes
a polynomial in F(£). When w? — k?A% # 0, setting
the coefficients of the polynomial in eq. (18) to zero
yields
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Solving the algebraic equations (14), (20) yields

a+173? — 02

A=- w02 — k202
2paDI/P

B=-— :

(@? = k?A%)(q +2p)

pbBk? 2

C =— D?a/p,

(@ —K2252(q + p) @1

where D > 0, fw — [kA? = 0, w* — k*A% # 0.
With the help of the sub-ODE (8), the exact solutions
of eqgs (5) are obtained as:

Case 4.1.1.

\‘,/[(q +2p)(a + 22% —0?) T
ulx,t) = o
pOl

1 rlq '
8 [cosh(ﬂéq/p) — 0} .

oBk*(q +2p)(a + 1222 — 62)

1) =
a2 02 rx, 1) (@ — 12K2) par
A+—w2—k2k2 =0, 1
X 9
@ — k2L 1 1)B+aDi/r =0, (20) cosh(v/Aéq/p) — o
2p (22)
q bBk?
(w* — kzkz)(; + 1>C + mDZQ/P =0. where
lk
E=kx —owt, n=Ix-—0t, w:kzg,
2 _ pr*a (21 —6%)(q + p) 3
PRt (1 = 0%)(q + p) — bBO*(q +2p)A(a + 1222 — 6%)
and the constants satisfy the additional conditions Case 4.1.2.
a+1%2% — 02 0 — -
— <Y 2 —k“A 2
STy M(x,t):\q/[_ P ) p>]
aq
(@a+1°22 - 0%0 0 vl
o ’ X [m} CXp(i?]), (25)
272
bB >0, 1*k* M 1)#0 (24) _ 2pBk* (0> —k*A?)(g+2p) 1
’ 62 ' rix, f=- 2 (2 — 32K2 21"
aq(w”—A%k*) £2+o
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where

E=kx —wt, n=Ix—0t,

_ PbBK (g +2p)°

0% = a + 1222,
a%(q + p)g?

) (26)

and the constants satisfy the additional conditions

322 _ 2

<0, bB>0

(27)

Case 4.1.3.

irL 1 q r/q
u(x,t):D{ E[Eiitanh(ﬂﬂ;%):”

x exp (in),
Bk
o2 — 22k2

ATl 1 q
Dq/l’\/j — 4 —tanh[ —+/A& ) |,
X C[z 2" (prg)]

(28)

r(x,t) =

where § = kx — wt, n =Ix — 0t
a+1*3? — 62
w2 — k22

pbBk?
(0* — k2222 (g + p)

A=

C=— D2a/p

pe’(@ — k(g +p) _ gt Pk

bBk2(q + 2p)? w?
_ 1kA?

0=—o,
w

(29)

and the constants satisfy the additional conditions

w*(a + 1222 — 12k202
w2 — k222

<0,

BB <0, a(w® —k*r%) >0,

D>0, o—k?2#0. (30)
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Case 4.1.4.
u(x,t) = 25/[ (@* — k*A1)*(q +2p)*(q + p) ]p
’ p?a?(q + p) — pbBk*(q +2p)?
1 p/q
X | ——— exp(in),
[o + sm(qé/p)} P
pk?
D= e
x :/[ (@* — k*AH)%(q +2p)*(q + p) T
p*a?(q + p) — pbBk*(q + 2p)?
1
X ————— (31)
o £ sin(g&/p)
where
E=kx —wt, n=Ix—0t,
Ow
02 =kb2(1-—2 ), =72,
( w? — k2)2 kA2

Do [ (0? — k2222 (g +2p)*(q + p) T 32)
p*a*(q + p) — pbpk*(q +2p)* |

and the constants satisfy the additional conditions

W — K22 £0, a(® —k*2?) <0,

pa*(q + p) — bpk*(q +2p)* > 0,

paD?/P .
o = — >
(@? —k*2%)(q +2p)
a
A < 49

4.2 The second special type KGZ equations (6)

Similar to §4.1, suppose the exact solutions of eqs (6)
are in the form

rx, 1) =r(),
n=Ix—0t,

u(x, 1) = v(§)exp(in),

& =kx — wt, (34)
where k, [, w, 0 are constants to be determined later.
Substituting (34) into (6) yields nonlinear equations as
follows:

Bw — k2> =0, (35)
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2
r = —lBk Uq/p,

w2 — 22k2 (36)

(@ — K2 + (@ + PA% — %)

( Bk*b

P +a) D @/PH 4y CalpH . (37
a) —

Suppose the solutions of (37) are in the form of

v=DF(§), (38)

where F satisfies eq. (8) and A, B, C and D are
constants.

Substituting (38) into (37) and considering eq. (8)
simultaneously, the left-hand side of eq. (37) becomes a
polynomial in F(£), when w? —k?A? # 0. Considering
(35) and setting the coefficients of the polynomial in
eq. (37) to zero yields

Ow — ka2 =0,
(0% — k222 A 4 (a + 1202 — 62) = 0,

(i + 1) (0? — k2A2)B
2p
( Bk*b

o2 — 22k2

(1 + 1) (@ — k92)C +aDX/P = .
p

—i—oz) Di/P =0,
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Solving the algebraic equations (39) yields

a+ 122262
A=- 02 — k22
k%b
_ (F oz +9)
(4 2 _ 1252 ’
‘ (25 + D) (@? — k222 (40)
aD?%/p
(£ + 1) (@? — k222
Ow —1kr? =0, o> —k*»2£0, D>0.

With the help of the sub-ODE (8), the exact solutions
of eqs (6) are obtained as:

Case 4.2.1.
u(x,t)

. {(a + 1202 — 02)(q + 2p)(@? — k2220 }”
a pIBK2b + a(w? — A2k2)]

1 r/q .
. [cosh(«/zéq/p) —~ 0] SxPm:
K>
N = e

(a+1?2% — 02)(q +2p)(* — kK*A*)o
p[qkzb + a(a)2 — Azkz)]

X 9
(39) cosh(v/Aéq/p) — o (41)
where
E=kx —owt, n=Ix-—0t,
2 _ p(g + p) [BK°b + a(® — 2K7)]?
(g + PIBRD + e — 2P — alg + 2p)A(@? — k232
lk?
0=—-oy, (42)
w
and the constants satisfy the additional conditions
2,2 _ p2

— kA #0, ————— , 0, 0. 43

“ 7 w? — k2)2 = “= ,Bkzb + a(wZ _ )\2k2) < (43)
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Case 4.2.2. Case 4.2.3.
r/q
rlq
1) = JAT1 1
u(x,t) [§2+6} u(x,t)=D { c [Eiitanh(zq—p\/zs)]}
p
o[ _2p(a +2p) (@ — k%32)° exp(in). x exp(in),
g2 (Bk?b + a(w? — A2k?)) ) BK>
208K (q + 2p) (@ — K22 D= e
r(x,t)=—
g% (w? — A2k%)(Bk%b + a(w? — A%k?2)) Tr 1
1 xD\/j [—:I:— tanh(iﬂéﬂ ,
« cl2 2 2p 47
E2+0° (44)
where
where
E=kx—wt, n=Ix—06t §=kx—ot, n=Ilx—01,
a+1%% —6*
o= ap (q+2p)* (@* — k22 A==
q2(q + p)(@? — k222)(Bk?b + a(w? — A2k2))?’
aD?a/r
C=—-
aw? q 2 1252\
_ 41 (a) — kA )
=% ————,
(K222 — 02)A2 (” )
1k)?
2 2 0=—",
o=+ e (45)
T w0 (k202 — w2)a?’ —
and the constants satisfy the additional conditions \/ (G+p) pe? BK2b+a (? —A2K2) 2
a(q+2p)%(w?—k222))2 w? — A2k?
w? — k*A* £ 0, arer
aw?

a(@® —2%k%) >0, Bbk> + a(w® — 2%k?) <0,

a(k®)? — w?) > 0. (46)

(@2 — k2222 (48)

and the constants satisfy the additional conditions

(g + P)P(BKh + a@? — 22K2)% — aa(q +2p)*(@? — k2222
a(w? — k2A2) -
o —k“A 750, W<O’ m<0, D > 0. (49)
Case 4.2 4.
1 r/q o(q +2p)(w2—k2k2)2 I .
ux,t) =|———7— I — exp(in),
o £sin(g&/p) 2p%(Bk2b + a(w? — A%k?)) 50)

o Bk*(q +2p)(@* — k*2%)?

1

r(x,t)=—

2p*(@* — 223 (BK2b + a(w? — A%k?)) o £sin(gE/p)’
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where

E=kx —wt, n=Ix-—0t,

) 4p3(q + p)(BK*b + a(w? — 1%k?))?
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T 4p3(q + p) (PR + a(0? — A2KD))E — a(q + 2p)2(0? — k2AD)

w2 (w? — k?A2 —a)

oy @@ —a) k2
B M@ -k T T e

AZ(wZ _ kZAZ) ’

(51

and the constants satisfy the additional conditions

a

2 242
ST gy ¢ 7

<1,

o[Bk*b + a(w? — A%k?)] < 0. (52)

4.3 The third special type KGZ equations (7)
Similar to §4.1, suppose the exact solutions of eqs (7)
are in the form

ulx, 1) =v@E)expin), rx,1)=r(),

E=kx —wt, n=Ix-—06rt, (53)
where k, [, w, 0 are constants to be determined later.
Substituting (53) into (7) yields nonlinear equations as

follows:

0w — 1kr* = 0, (54)
= wzé—k;kzv%z/p’ (55)
(@2 — KD + (a + 1222 — 0P + av@/P+!
Bkb Qq/p)+1 _
+ (m + oz) v =0. (56)
Suppose the solutions of (56) are in the form of
v=DF() (57)

where F satisfies eq. (5) and A, B, C and D are
constants.

Substituting (57) into (56) and considering eq. (8)
simultaneously, the left-hand side of eq. (56) becomes
a polynomial in F(£), when w?> — k?A% # 0. Setting
the coefficients of the polynomial in eq. (56) to zero
yields

(0% — kK223 A + (a + 1222 — 62%) = 0,
(21 + 1) (w? — k’A%)B +aDi/P =0,
P

(1 + 1) (@ — K2)C
P

(58)

2
+< Bk2b

2—W+Ol> D2’1/P:O.
a) [—

Solving the algebraic eqs (58) yields

a+ 1?22 — 92
A= w02 — k202

_ 2paDI/P
(@ +2p)(@? = k22

p(BK*b + a(w? — A2k?)) D24/ P
(q + p)(@® — k*2%)?

w? — k2% £ 0.

C =

9’

D >0, (59)
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With the help of the sub-ODE (8), the exact solutions
of eqs (7) are obtained as follows:

Case 4.3.1.

\(,/[(q +2p)(a+ 1222 — 62 ]"
u(x,t) = o

pOl
|: 1 ]p/q
X exp(in),
cosh(v/Aéq/p) — o
pk?
= e
(a(q +2p)(a+ 1222 — 9%)2
X )
pa(cosh(v/A&q/p) — o) (60)
where
E=kx —owt, n=Ix—0t,
PR +212x2 - 92’
w? — k2)\2
1
o’ = (61)

| — @2 @+222—62) (Bk*bta(@?=32k2) |
pa?(g+p)(@?—k?2?)

and the constants satisfy the additional conditions
w? — k2A2 £ 0,

a+122% — 92 (a + 1222 — %o
w? — k2)\2 = o >0,
Bk*b + a(w? — A%k?) > 0. (62)
Case 4.3.2.
wiery — [ 2P+ 2P — 2]
9 an
1 p/q
X [m] exp(in),
pk?
N =g e
2p(q +2p)@* =KD 1\
X —_—
ag? 240
(63)
where
€ =kx —wt, n=Ix—0t,
22 (Bk2 2 _ 522
5 = P +2p)°(Bk°b+ a(w k) 64)

a?q%(q + p)
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and the constants satisfy the additional conditions

a+1’2—0>=0, Bk*b+a(w® —1%k* >0,

2252
k240, TN o, (65)
Case 4.3.3.
r/q
ATl 1 q
=D — | ==+ =tanh | —~/ A
e { C[z 2 (2,,*/_5)“
x exp(in),
1 B2 D2alp
r(x,t):—wz_)»zk2
2
ATl 1 q
— | ==+ =-tanh [ — /A
X{\fc[z 2" (21/_%)” !

where
E=kx —owt, n=Ix—0t, o —k*A\*#0,
a+173? — 02

0)2 _ k2k2 ’

p(Bk*b + a(w® — A%k?))D?4/P

G+ p)(@? =KD 7
p(@* — k*22)(q + p)a?
(q +2p)%(BKk2b + a(w? — A2k?))’
(66)

A=—

C =

02 =a+ 1222 —

and the constants satisfy the additional conditions

a+ 1?22 — 92 o

D>0 ————<0, ——
w? — k2)2 (602 _ kZAZ)

> 0,
Bk + a(w? — A2k%) < 0. (67)

Case 4.3 4.

_O’(q + 2p)(a)2 _ k2)\2)i|17/‘]
pa(o +sin(g&/p))
x exp(in),
Bk?
=2
5 (_G(q +2p)(0? — k2A2)>2
pa(o £sin(g€/p)) (68)

ulx,t) = [

r(x,t) =
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where
& = kx — wt,
w? =a+122% — 0% + k%)%,
) 1
T T G420 (Kt aa+ ali: —at?)’
- pe(q + p)

n=Ix—0t,

1

(69)
and the constants satisfy

a+22-6>>0 Z<o,
o

(q +2p)*(BK*b + aa + 122 %a — ab?)
<
pa(q + p)
a # 6% — 1222 (70)

Note 2: There are other special types of KGZ equa-

tion if f(u), g(u) and h(u) are set to other special
functions, and the exact solutions of these special type
KGZ equations can be derived with the help of the sub-
ODE (8). Here we do not discuss these problems in
detail.
Note 3: The exact solutions of multidimensional KGZ
equations with the positive fractional power terms can
be obtained with the help of the sub-ODE (8). Here we
do not discuss these problems in detail.

1,

5. Conclusions and discussions

In this paper, the KGZ equations are first generalized,
and special types of KGZ equations with the positive
fractional power terms are introduced.

Secondly, subsidiary higher-order ordinary differen-
tial equations with the positive fractional power terms
are presented.

Thirdly, exact solutions of four special types of KGZ
equations with the positive fractional power terms are
derived with the aid of the sub-ODE, which are the
bell-type solitary wave solution, the algebraic solitary
wave solution, the kink-type solitary wave solution
and the sinusoidal travelling wave solution, provided
the coefficients of gKGZE satisfy certain constraint
conditions.

It is obvious that the method introduced in this paper
may be applied to explore exact solutions for other
nonlinear evolution equations with positive fractional
power terms.
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