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Abstract. The aim of this paper is to introduce a method for enhancing the nonlinear optical properties in silica glass by using metallic nanoparticles. First, the T-matrix method is developed to
calculate the effective dielectric constant for the compound of silica glass and metallic nanoparticles, both of which possess nonlinear dielectric constants. In the second step, the Maxwell–Garnett
theory is exploited to replace the spherical nanoparticles with cylindrical and ellipsoidal ones, facilitating the calculation of the third-order nonlinear effective susceptibility for a degenerate four-wave
mixing case. The results are followed by numerical computations for silver, copper and gold
nanoparticles. It is shown, graphically, that the maximum and minimum of the real part of the
reﬂection coefﬁcient for nanoparticles of silver occurs in smaller wavelengths compared to that of
copper and gold. Further, it is found that spherical nanoparticles exhibit greater ﬁgure-of-merit
compared to those with cylindrical or ellipsoidal geometries.
Keywords. Metallic nanoparticles; effective dielectric constant; ﬁgure-of-merit.
PACS No. 42.65.−k

1. Introduction
The linear optics of heterogeneous media has been extensively studied, e.g., in refs [1–5].
By utilizing appropriate approximations, various methods for calculating effective dielectric
constant can be found in refs [6–10]. Maxwell–Garnett formula is used for inhomogeneities of small volume fraction (VF) (lower than 0.1), and its potential approximations
are often applicable [2,5,11]. The nonlinear optical properties of the heterogeneous
media have become important in connection with metal colloids and semiconductor crystallites [12–15]. The nonlinear optical properties depend on the size of metallic
nanoparticles (MNPs) [16,17]. Flytzanis et al have carried out a series of investigations
on nonlinear mixing signals produced by a colloidal medium [12,18–21].
It is unfortunate that formal solution to the scattering theorem is only feasible for
some speciﬁc geometric parameters. Yet, there are analytical solutions to the problems
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associated with light scattering, whereby the electromagnetic potentials and ﬁelds are
expanded by spherical harmonics [22,23]. Such solutions utilize the desirable shape of
nanostructures and speciﬁc quality-dependent structures such as hot points in gap zones
of Papillion antenna, or magnetic response of a two-loop resonator. As such, a sophisticated numerical solution is inevitable to solve Maxwell’s equations. One such solution
is making use of Gans or Mie–Gans theorem [24], which is applied to solve Maxwell’s
equation for the spherical particles or inﬁnite-length cylinders.
This paper is aimed at introducing a method for enhancing the nonlinear optical properties in silica glass (SiO2 ) by adding MNPs. The ﬁrst step involves expanding T-matrix
method for calculating the effective dielectric constant (EDC) of the compound media,
which is composed of silica glass and MNPs, as follows:
ε(ω) = ε1 (ω) + ε2 (ω)|E0 |2 ,


ε (ω) =

ε1 (ω)

+

ε2 (ω) |E1 |2

(1)
,

(2)

where ε1 and ε2 represent respectively the linear and nonlinear parts of dielectric constant of silica glass (the host medium), while ε1 and ε2 are their counterparts for MNPs
(the guest medium). In eqs (1) and (2), the applied electric ﬁled and the electric ﬁeld in
the guest medium are denoted by E0 and E1 , respectively. The shape of nanoparticles is
assumed to be spherical. The T-matrix method is scrutinized by replacing the spherical
nanoparticles with cylindrical as well as ellipsoidal ones, accompanying the calculation
of the effective third-order nonlinear susceptibility coefﬁcient χ̄ (3) (ETNSC). The results
from miscellaneous experiments show that although the existence of nanoparticles in silica glass increases the nonlinear reﬂection coefﬁcient, the ﬁgure of merit (FOM) does
not increase considerably because in the FOM, which is deﬁned as the ratio of nonlinear
refractive index (n) to the two-photon absorption coefﬁcient, the two-photon absorption
coefﬁcient also increases. Finally, this study investigates the nonlinear properties of spherical, cylindrical and ellipsoidal MNPs in silica glass for the case of degenerate four-wave
mixing (DFWM). Moreover, it shows how these parameters can be increased.
2. Modelling
2.1 The effective linear dielectric constant compounds of silica glass and spherical MNP
In the ﬁrst step, T-matrix method [25] associated with linear dielectric coefﬁcient is used
to calculate the EDC and the susceptibility coefﬁcients of a compound medium consisting
of silica glass (host) and MNPs (guest). To do so, the host medium is assumed to be a
linear medium, in which the refractive index, n, and hence EDCs, depend on the applied
wavelength, λ, through the Sellmeier equation,

n(λ) =

1+

M
i=1

Ai

λ2
,
λ2 − λ2i

(3)

where Ai and λi (i = 1, 2, 3) are Sellmeier coefﬁcients, which are obtained experimentally
[26]. These coefﬁcients are usually expressed for micrometre-order wavelengths. For silica glass A1 = 0.696750, λ1 = 0.069066, A2 = 0.408218, λ2 = 0.115662, A3 = 0.890815
and λ3 = 9.900559.
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In the case of linear media, when exploiting the Drude–Lorentz model, the real and
imaginary parts of the dielectric constant are considered to be
Re ε1 = 1 −
Im ε1 =

λ2
,
λ2p

gλ3
,
λ3p + g 2 λp λ2

(4)

with λp and g being, respectively, plasma wavelength and conductivity. For spherical
MNPs, the effect of electric ﬁeld E0 is considered to be E, the Maxwell’s ﬁeld. The model
has no restriction regarding the wavelength, but we take 532 nm, because the laboratory
results and numerical data are available in this wavelength.
We may write [27,28]
3ε1
E0 ,
(5)
+ 2ε1


ε = ε(ω), ε = ε (ω) . Assuming that there is no interaction between nanoparticles, the
average electric ﬁeld in the heterogeneous medium E can be written as
E1 =

ε

E = fE1  + (1 − f ) E0  ,

(6)

where f is the VF of the nanoparticles. The EDC of the heterogeneous medium ε̄ is the
ratio of its average displacement ﬁeld D and its average electric ﬁeld E, that is,
ε̄ =

D
.
E

(7)

Combining eqs (6) and (7), the EDC of the heterogeneous medium can be written as
ε̄ =

f ε E1  + (1 − f )ε1 E0 
.
f E1  + (1 − f ) E0 

(8)

On the other hand, the average electric ﬁeld in the nanoparticle can be calculated, using
eq. (5), in terms of the average electric ﬁeld in the medium. Substitution of the result into
eq. (8) leads to Maxwell–Garnett equation as
ε̄ = ε

ε (1 + 2f ) + 2ε(1 − f )
,
ε (1 − f ) + ε(2 + f )

(9)

where an ellipsoidal with ax , ay and az axes is subjected to an external ﬁeld of E0 = (E0x ,
E0y , E0z ). Following the calculation outlined in refs [27,29], we introduce a parameter
R(s) and the depolarization or geometric factors Li as follows:
R(s) =
Li =



(s + ax2 )(s + ay2 )(s + az2 ),

ax ay az
2


0

∞

ds
,
(s + ai2 )R(s)

(10)
i = x, y, z.

(11)

Notice that Lx +Ly +Lz = 1. For a spherical nanoparticle we have Lx = Ly = Lz = 1/3
and for a cylindrical one Lx = Ly = 1/2, Lz = 0.
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The electric ﬁeld components in the ellipsoidal metallic nanoparticles mentioned above
can be given as
E0j
,
j = x, y, z .
(12)
E1j =
1 + Lj [ε − ε ]/ε
Now, assuming the ellipsoidal nanoparticles to have a unidirectional distribution with a
small VF, making use of eqs (5)–(9) and ignoring the interaction between the nanoparticles, the EDC of the heterogeneous medium in the directions x, y and z can be obtained
as
ε[f + Li (1 − f )] + ε (1 − f )(1 − Li )
, i = x, y, z .
(13)
ε̄i = ε
εLi (1 − f ) + ε [1 − Li (1 − f )]
2.2 Reﬂection coefﬁcient
The reﬂection coefﬁcient R is deﬁned [25] as

 2

2 A0
 1 − εε 1 + 2 f 2ε√

1
P |P | ε Reε
R = 

f ε2 A20

 1 + εε1 1 + P 2 |P |2 √
ε Reε

2



 ,




(14)

whereA0 is the amplitude;

1 
(1 − f )ε + (2 + f )ε1
(15)
P =
3ε1
and the VF of the nanoparticles in silica glass, f, is assumed to be small because the
interaction between the nanoparticles is ignored. We have taken the linear data of silver
from ref. [30] and for nonlinear case the typical wavelength is 532 nm [15].
Taking into account the preceding factors [30] and considering the results obtained in
ref. [27], the plots regarding ε̄ and R in the wavelength range of 0.2–1.2 μm are depicted
in ﬁgures 1–3 for 0 < f < 0.1. They also show the dependency of refractive index on
wavelength based on the Sellemier formula. In these ﬁgures one can clearly observe
where the maximum and minimum of the EDC and R occur in terms of wavelength. For
example, in ﬁgures 1a and 1b, the real and imaginary parts of the EDC are plotted for a
compound of spherical gold nanoparticles and silica glass based on T-matrix method in
terms of f and λ. In ﬁgure 1a, at λ = 0.5 μm, the value of the real part of EDC reaches
its maximum and it is minimized to 0.4 and in ﬁgure 1b, at λ = 0.4 μm, the value of
imaginary part of the EDC reaches its maximum. It should be noted that variation at 0.6
< λ < 1.2 μm for the real and imaginary parts is small and reaches zero.
Similarly, the imaginary part of the EDC can be plotted for different combinations such
as spherical gold nanoparticles and silica glass compound using the T-matrix method. The
next step involves altering the material of nanoparticles to copper and silver, so that the
characteristics of their real and imaginary parts could be examined.
Figures 2a and 2b show the real and imaginary parts of the EDC for a compound of
ellipsoidal gold nanoparticles and silica glass based on Maxwell–Garnett model in terms
of geometric parameters of nanoparticles, Li , and wavelength.
Figures 3a and 3b illustrate the real and imaginary parts of the reﬂection coefﬁcient, R,
for a compound of spherical gold nanoparticles and silica glass based on T-matrix method
in terms of VF of nanoparticles and wavelength.
1332
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(a)

(b)
Figure 1. The EDC after the addition of spherical gold nanoparticles to the silica
glass using T-matrix method. (a) Real part and (b) imaginary part.

Substitution of gold nanoparticles with copper nanoparticles yields similar results. But,
when silver nanoparticles are used as guest ones, the value of the real part of reﬂection
coefﬁcient reaches its maximum at λ = 0.35 μm and minimum at λ = 0.55 μm. So, it can
be concluded that for silver the maximum and minimum points of reﬂection coefﬁcient
occur at shorter wavelengths.
Similarly, the imaginary part of the reﬂection coefﬁcient can be plotted for copper
nanoparticles in silica glass compound. Again, at λ = 0.8 μm, the value of the imaginary part of reﬂection coefﬁcient reaches its maximum (R = 0.5). It occurs at shorter
wavelengths (0.6 μm) when silver rather than copper is used.
2.3 DFWM in silica glass and nanoparticle compounds
In this section, parallel to the study done in [25,27], we calculate DFWM in silica glass
and nanoparticle compound for a compound heterogeneous medium consisting of silica
glass (host) and ellipsoidal gold, silver or copper MNPs (guest), which are spread in one
Pramana – J. Phys., Vol. 86, No. 6, June 2016
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direction in nonlinear dielectric medium. Both the host and the guest have nonlinear optical properties.
The electric ﬁeld components in an ellipsoidal along x-, y- and z-axes are as follows:
E0k
k = x, y, z,
(16)
Ei k =
non
non
non ,
1 + Lk (ε2k − ε1k
)/ε1k
non
(k = x, y, z) is the
where i represents the interior of the guest medium, the term ε1k
non
nonlinear EDC of the host and ε2k (k = x, y, z) is the nonlinear EDC of the guest. The
nonlinear EDC of the ellipsoidal nanoparticles of the guest is
non
(ω) = ε1 (ω) + ε2 |Eik |2 ,
ε2k

ε1

k = x, y, z.

(17)

ε2

If and are respectively the linear and nonlinear EDCs of the guest nanoparticles, the
nonlinear EDC of the host medium will be
non
(ω) = ε1 (ω) + ε2 |E0k |2 ,
ε1k

k = x, y, z,

(18)

where ε1 and ε2 are respectively the linear and nonlinear EDCs of the host nanoparticles.
Eik is the component of the guest’s electric ﬁeld and E0 k is the same one for the exerting

(a)

(b)
Figure 2. The same as ﬁgure 1 but for ellipsoidal gold nanoparticles.

1334

Pramana – J. Phys., Vol. 86, No. 6, June 2016

Enhancement of nonlinear optical properties in silica glass

(a)

(b)
Figure 3. The reﬂection coefﬁcient after adding spherical gold nanoparticles to the
silica glass using T-matrix method. (a) Real part and (b) imaginary part.

ﬁeld. Calculations and simpliﬁcations in the xdirection show that
non
ε1x
Eix = non
non
non E0x .
ε1x + Lx (ε2x
− ε1x
)

(19)

But, on the other hand,
Eix = x  E0x .

(20)

For converting the spherical formulation represented by Agarwal et al [25] to the
ellipsoidal ones, similar calculations should be performed [25,27].
non
ε1x
x  = non
.
(21)
non
non
ε1x + Lx ε2x
− ε1x
Hence,
non
D = ε2k
(ω)E.
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But, when the electric ﬁeld of the nonlinear signal is
EsNL =

−4π
P NL ,
ε(ωj ) + 2ε0 (ωj )

(23)

where
(3) 2 ∗
∗
P NL = χ112
x1 x2 E10 E10 E20
,

xj =

3ε0 (ωj )
,
ε(ωj ) + 2ε0 (ωj )

j = 1, 2 and s.

(24)

EsNL and DsNL in terms of the T-matrix method can be expressed as follows [25]:
(3)
∗
DsNL = ε0 EsNL  + 4π T112
E10 E10 E20
.

(25)

By substituting P NL in eq. (23)
EsNL =

−4π
∗
.
χ (3) x 2 x ∗ E10 E10 E20
ε(ωj ) + 2ε0 (ωj ) 112 1 2

(26)

From eqs (23)–(26), it can be inferred that the average electric ﬁeld of this nonlinear
signal is as the one below.
EsNL =

−4π
∗
χ (3) x  x 2 x ∗ E10 E10 E20
,
3ε0 (ωj ) 112 s 1 2

(27)

(3)
(3)
|Es0 |2 Es0 + GTs11
EsNL  = 4π(GTsss
 |E10 |2 Es0
(3)
(3)
∗
+GTs22
 |E20 |2 Es0 + GT112
E10 E10 E20
),

(28)

where G is an integral operator [25].
(3)
 can be written as
By comparing eqs (27) and (28), GT112
(3)
GT112
=−

1
χ (3) x  x 2 x ∗ ,
3ε0 (ωj ) 112 s 1 2

(29)

and the electric displacement in signal frequency ωs , where ωs = ω1 = ω2 , is written as
[25]
(3)
∗
E10 E10 E20
.
DsNL = ε0 EsNL  + 4π T112

1336
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By substituting EsNL in eq. (30), we get
 


1 (3)  2 ∗
(3)
∗
χ112 xs x1 x2 + T112
 E10 E10 E20
,
DsNL = 4π ε0 −
3ε0

(31)

DsNL can also be expressed as
DsNL = εEsNL + 4π P NL .
By substituting

EsNL

DsNL

and P

(32)

NL

from eqs (24) and (27) into eq. (32)

−4π
(3)  2 ∗
∗
χ x x x E10 E10 E20
= ε(ωj )
3ε0 (ωj ) 112 s 1 2


DsNL

can be written as

(3) 2 ∗
∗
+ 4π χ112
x1 x2 E10 E10 E20
,

(33)

and by comparing eqs (30) and (31) with eq. (33) an explicit expression is obtained for
(3)
T112

(3)
(3)  2 ∗
T112
 = χ112
xs x1 x2 .

(34)

Similar to the case of spherical nanoparticles, the average of T-matrices for a heterogeneous medium of VF, f consisting of ellipsoidal nanoparticles can be written as follows
[25]:
Tj(1)  = f (ε(ωj ) − ε0 (ωj ))xj ,

(35)

Tj(1)  = f (ε(ωj ) − ε0 (ωj ))xj ,

(36)

(3)
(3)
T112
 = χ112
f xs x12 x2∗ ,

(37)

(3)
GT112
=−

Finally, the ETNSC is
(3)
χ̄112

=

(3)
χ112
f

1
f x  x 2 x ∗ .
3ε0 (ωj ) s 1 2

(38)

  2 2
x  x
1
2
.


1 + f (x  − 1)2 [1 + f (x  − 1)]2
1
2

(39)

Table 1. Variations of FOM in silica glass after the addition of different cylindrical
MNPs for a DFWM at λ = 532 nm.
Composite
Silica and Au
Silica and Cu
Silica and Ag
Silica and Au
Silica and Cu
Silica and Ag

(3)

(3)

(3)

f

Reχ̄211 (esu)

Imχ̄211 (esu)

|χ̄211 | (esu)

FOM

0.08
0.08
0.08
0.06
0.06
0.06

−2.49 × 10−7
−1.09 × 10−8
4.93 × 10−12
−1.45 × 10−7
−7.07 × 10−9
3.37 × 10−12

4.10 × 10−7
1.33 × 10−8
1.11 × 10−13
2.72 × 10−7
9.09 × 10−9
7.59 × 10−14

4.80 × 10−7
1.72 × 10−8
4.93 × 10−12
3.09 × 10−7
1.15 × 10−8
3.37 × 10−12

0.93
0.03
3.25
0.90
1.08
3.34
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Table 2. Variations of FOM in silica glass after the addition of different spherical
MNPs for a DFWM at λ = 532 nm.
 (3) 


(3)
(3)
FOM
Composite
f
Reχ̄211 (esu)
Imχ̄211 (esu)
χ̄211 (esu)
Silica and Au
Silica and Cu
Silica and Ag
Silica and Au
Silica and Cu
Silica and Ag

0.08
0.08
0.08
0.06
0.06
0.06

−2.71 × 10−6
−1.25 × 10−7
2.99 × 10−11
−2.13 × 10−6
−8.45 × 10−8
2.03 × 10−11

−2.05 × 10−6
2.45 × 10−8
7.07 × 10−13
−1.29 × 10−6
2.07 × 10−8
4.79 × 10−13

3.39 × 10−6
1.28 × 10−7
2.99 × 10−11
2.49 × 10−6
8.70 × 10−8
2.03 × 10−11

0.32
0.16
3.69
0.54
0.35
3.8

Experiments and calculations show that the nonlinear refractive index will increase after
the addition of MNPs and we can conclude that the 2-photon absorption coefﬁcient will
also increase [9]. Thus, the FOM will not change due to the following equation:

FOM =

 (3) 
χ 
4π Im(χ (3) )

.

(40)

When materials are used, FOM becomes signiﬁcant. High values of FOM are needed
for the systems, all of which are optical systems. In tables 1 and 2, the inﬂuence of the
addition of different nanoparticles with different shapes is shown. They are for the case
of small VFs (0.06 and 0.08) in DFWM at λ = 532 nm [15,25]. As can be observed, the
highest value of FOM is attributed to the silver nanoparticles.
Tables 1 and 2 show the inﬂuence of adding different cylindrical and spherical nanoparticles. They are for the cases with small VFs (0.06 and 0.08) in a DFWM, at λ = 532 nm.
Moreover, it is shown that the highest value of FOM is related to silver nanoparticles. The
remarkable conclusion after comparing tables 1 and 2 is that the spherical nanoparticles
yield larger values of FOM.
Figures 4a–4c and 5a–5c respectively show the variations of the magnitude, real and
(3)
) after adding ellipsoidal nanoparticles of gold and silver
imaginary parts of ETNSC (χ̄112
for a DFWM at λ = 532 nm on the basis of L and f . Here, the values of ETNSC are
expressed in terms of esu.
(3)
) for silica glass and ellipsoidal copper
The variations of the magnitude of ETNSC (χ̄112
nanoparticles can be plotted in the same way. For this case, at f = 0.02 the magnitude of
ETNSC reaches its maximum. By increasing f to 0.1, the ETNSC approximately remains
constant and close to zero. The behaviour of the real and imaginary parts of ETNSC is
the same as the magnitude.
Using eq. (45) the FOM for gold nanoparticles in silica glass can be calculated as shown
in ﬁgure 6. The maximum FOM occurrs at f = 0.035 for geometric parameters of 0.28,
0.53 and 0.8.
In this paper, results of the T-matrix method and the experimental ones for different
composite glasses are compared well [8,31].
1338
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(a)

(b)

(c)
(3)

Figure 4. Variations of the ETNSC (χ̄112 ) after the addition of gold ellipsoidal
nanoparticles for a DFWM at λ = 532 nm on the basis of L and f . (a) Magnitude,
(b) real part and (c) imaginary part.
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(a)

(b)

(c)
Figure 5. The same as ﬁgure 4, but for the silver ellipsoidal nanoparticles.
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Figure 6. Variations of the FOM after the addition of silver ellipsoidal nanoparticles
for a DFWM at 532 nm wavelength on the basis of L and f .

3. Conclusions
In this research, the physics of enhancement of nonlinear properties of silica glass by
adding metallic nanoparticles was investigated by utilizing local ﬁelds, plasma wavelength and Drude model. Metallic nanoparticles such as gold, silver or copper were shown
to have negative effective dielectric constant in the real part and small imaginary one in
the optical and infrared wavelength range. Thus, at this special wavelength, which is
called plasma wavelength, the local ﬁeld reaches its maximum, affecting the existing guest
metallic nanoparticles in silica glass, which yields an increase in nonlinear properties of
the newly created heterogeneous medium. It is assumed that the metallic nanoparticles
are spread randomly in the medium. Increasing the intensity of the external ﬁeld causes
an increase in the nonlinearity property of the heterogeneous medium. All the governing
models which describe the linear and nonlinear properties of heterogeneous medium are
presented upon no-interaction circumstance between nanoparticles (f < 0.1).
The model proposed for nanoparticles with different shapes was expanded, and
T-matrix method was used to derive the effective dielectric constant and third-order nonlinear susceptibility coefﬁcient (χ̄ (3) ) of the compound of ellipsoidal nanoparticles and
silica glass. The required relations can be derived for extreme cases of spherical, cylindrical and ellipsoidal nanoparticles. The effects of changing the shape of nanoparticles
were investigated for silica–gold, silica–silver and silica–copper, and it was shown that
the effective third-order nonlinear susceptibility coefﬁcient (χ̄ (3) ) and ﬁgure-of-merit were
larger for spherical nanoparticles than those for cylindrical ones. Considering tables 1
and 2 and the information gathered, it can be inferred that adding metallic nanoparticles
increases nonlinear properties of a heterogeneous material. Because of the high nonlinear
properties of these materials, even if only small volume fractions are used, high increases
in those properties can be resulted.
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