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Abstract. In this paper, the general forms of the nonrelativistic Bethe—Salpeter wave functions
for fermion—scalar bound state and scalar—scalar bound state are presented. Using the obtained
normalization conditions and the corresponding Schrodinger equations for these bound states, the
nonrelativistic Bethe—Salpeter wave functions can be calculated and can be used to compute the
amplitude for the process involving these bound states.
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1. Introduction

Supersymmetry theories predict the existence of massive scalar quarks and scalar leptons,
and there are possibilities for these scalar particles to form bound states with ordinary

particles or with themselves, such as cl;, I;l;, ft [1,2]. For example, the light stop, which is
generally expected in the minimal supersymmetric Standard Model, will be stable enough
to form bound states provided that it has no flavour-preserving two-body decays. A light
stop is very heavy and its mass can be between 200 and 400 GeV [3]. Therefore, the stop
as a constituent of a bound state will be nonrelativistic. When decays or productions of a
bound state of this kind are considered, the wave function, often the Bethe—Salpeter wave
function [2,4-7], of the bound state is needed, with which the amplitude of the process
involving bound state can be calculated.

In ref. [8], we have presented the general form of the nonrelativistic Bethe—Salpeter
wave function for the bound state comprised of two fermions, with which the ampli-
tude for the process involving bound state can be calculated. But the cases of bound
states composed of one fermion and one scalar particle or of two scalar constituents are
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neglected. In this paper, we use the procedure applied in ref. [8] to obtain the general form
of reduction of the Bethe—Salpeter wave functions for fermion—scalar bound state and
scalar—scalar bound state.

The paper is organized as follows. The general form of reduction of the Bethe—Salpeter
wave function for the case of fermion—scalar bound state is presented in §2, and the case
of scalar—scalar bound state is discussed in §3. The conclusion is in §4.

2. Fermion-scalar case

2.1 Reduction of the Bethe—Salpeter equation to the Schrodinger equation

The Bethe—Salpeter wave function [5,9] for the bound state composed of one fermion and
one scalar constituent is defined as

xp(x1,x2) = (0|T Q(x1)S(x2)| P), (1
where P2 = M?, M is the mass of the bound state. 7 denotes the time ordering, Q
represents a fermion field and S represents an antiscalar field, while other indices are

suppressed.
Due to translational invariance the Fourier transformation can be written as

xex) = e @), xe) = f (gjr’; e P 1 (p). @)
where

X =x1—x3, X=mxi+mxy, m+mnmn=1,

p=mpi—mp2, P=pi+py n= ﬁ (3)

The Bethe—Salpeter equation [5,9] for the bound state consisting of one fermion and one
scalar constituent reads as

d*p’
xr(p) = S¥(p1) f # K(P, p, ") xp(p)AF (= po), )

where ST (p1) is the full fermion propagator and A" (— p») is the full scalar particle prop-
agator. We shall approximate the full propagators S¥(p;) and Af(—p,) by the free
propagators

i

S(p1) = A(=p2) = —

— —-— 5)
D1 —my +ie€ p; —m5 +ie

where m and m, are interpreted as effective masses for the fermion and the scalar particle.
In hadron physics, this approximation has been criticized because free propagators might
be incompatible with a confining kernel. On the other hand, one can argue that this choice
naturally leads to nonrelativistic potential models that have been applied successfully to

heavy quarkonia. The normalization condition for the Bethe—Salpeter amplitude reads as

(2m)* 2m)*

d4 p Cl4 ’
I v D Pﬂ

(I(P,p, p)—K(P, p, p’))x(p’)]=2iM2,
(6)
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where

xr(p) = xp(p)y°
and

~1 ~1
I(P. p.p) = @m)'8*(p — p)S" (pA" (=pa). (7
We introduce components of the relative momentum p = p; + p,, parallel and

perpendicular to the meson momentum P by [6]

A P .

P=-r M=vP, p=p-P

p=pi+p, pi=pmP, pi=p-pP, dp=dpdp. ®)

where p) is the longitudinal part and p, is its transverse part. In the rest frame of the
bound state with momentum P = (M, 0), p; = p°, p, = (p°,0) and p;, = (0, p). The
projection operators can be written in covariant form,

wy = H(py) /
Ai(PL) = 2—a)1’ w; = m,2 - Pi,

H(py) =P(mi— p.). 9)

In this paper, the covariant instantaneous approximation is employed [7], in which the
approximated kernel is independent of the change of the longitudinal component of the
relative momentum,

K(P,p,p)— K(pi,p\)=—iV(pL, p)). (10)

It is a good approximation for a system composed of heavy and light constituents or
two heavy constituents which can move relativistically as a whole. It will reduce to
instantaneous approximation in the rest frame of the bound state.

Introduce the notation for later convenience

Vr(pL) = kil (p) I'(pL) = d3in( ‘Dve(p)), (A1)
p(PL —/2NXPP7 PO = | GV L POV (PL), (
where p(p,) is the Salpeter wave function. Using eqs (5), (9) and (10), the Bethe—
Salpeter equation (4) becomes

AT (p1) A" (pL) :| -
= —i)r
x(P) [n1M+pl—w1+ie M+ —ie] FCOTED
1 1 1
X — — — — |. (12)
20y | M — pi+wy —ie MM — p—wy +ie

Performing the p; integrals in the Bethe—Salpeter equation (12) yields the Salpeter equation
At(py) PT(p1) A (p1) PT(p1)
200(M — w1 — ) 202(M 4 w1 + @)’

Applying the energy projectors A*(p,) from the left-hand side to the Salpeter equa-
tion (13) leads to

1 R
(M — oy —o)Yp(p1) = S AT (p1) PT(py),
)

1 N
M+ w1 +o)¥p(pL) = 2—6021\_(1&) PT(pL), (14)

Yp(pL) = (13)
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where w;f (p1) = A*(p)¥p(pL). The normalization condition for the Salpeter wave
function (6) reduces to

a3 - A - -
st [0 PA (0¥ T PA (10 p) | = M.

(2m)3
(15)
For weakly bound states with M =~ m; + m,, one has [10]
M—-w —w KM+ w + ws. (16)

Therefore, the second term on the right side of the Salpeter equation (13) can be dropped.
This leads to the reduced Salpeter equation,

1 ~
(M —wy — o)y (p1) = 3 AT (p1) PT(poL). (17)
0)

The reduction of the Salpeter equation (13) to the reduced Salpeter equation (17) may be
affected by imposing a further constraint

A" (p)Yp(pr) =0. (18)
The normalization condition (15) then reduces to

&*p - -
/ (27,)3“’2“[1//(1&) PA (PL)K/I(PD} =M. (19)

By neglecting all the negative-energy contributions as well as the spin degrees of free-
dom of the constituents, which may be justified for semirelativistic and weakly bound
heavy constituents, the spinless Salpeter equation can be obtained from eq. (17)

d3 / , ,
G jf SV PSP, (20)

which is obtained by simplifying the Bethe—Salpeter equation greatly, and can also be
regarded as a relativistic generalization of the Schrodinger equation. By expanding w; as

1
M — o) — )¢ (p1) = 2—602/

2
o =m; — 2 . 1)
Zmi
eq. (20) reduces to the Schrodinger equation [6,9,11,12]
2 3.7
Pl 1 d’p} / ’
oL = VipL, , 22
(6 + 2u> ¢(po) 3, | @) (pL. PO (PL) (22)
where € = M —m| — my, 0 = mymy/(my + my).
2.2 Reduction of the Bethe—Salpeter wave function
As discussed in §2.1, by discarding the negative part, we can obtain from eq. (12)
A" (py) Pil'(p1)
Xp(p) = - (23)

200(mM + pr — w1 +i€) (M — p; — w, +i€)’
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Then using eq. (17), the above equation becomes

AT(p )M — oy — )iy (pL)
(MM + p— w1 +i€) (M — p; — wy +i€)’

xp(p) = (24)

The corresponding normalization condition is eq. (19).

2.3 General form of the nonrelativistic Bethe—Salpeter wave function

The general form of the Salpeter wave function reads for state with parity np = (—1)/~!/2
[9] as

YT (p )y = (g1t pig) P P Ui (P, (25)
and, for state with parity np = (—1)/+1/2,
Y2 (p)y = (g1 pig)y PN P Ui (P), (26)

where p' = pl Jwo, wo = \/—p?, g = gi(wp). UMH*~Fi(P) is the tensor-spinor (see
Appendix for details). From eqs (25) and (26), it is found that the states for the scalar—
fermion bound state should be **!(L ;)" with spin j and parity np = (—1)/71/ or
(=72 e, 2(S12) T, 2(Pya) 7, 2(Psp) 7, 2(D3pp) T

Using eqs (9) and (A.2), the Salpeter wave functions (25) and (26) can be rewritten in
the following form:

Y= () = [AT O A+ A DAY P Ui (P) (2T)

and
Y2 (p ) = [AT ) A+ A DL Y P Ui (P), (28)
where
w; +m w; —m 1
Gl= it L, g=——(fr— ) (29)
2w 2wy 2wy

The constraints (18) will reduce eqs (27) and (28) respectively to

V) = AT OB P U (P) £,

V() = AT POV AL P Vs (P - (30)
In the rest frame of the bound state, the normalization condition for (30) reads as

&Ep i+1
(27) 2i +3

SifP=M, (31

where S; = uwulmuivvlmviguvlail .. l}j_l R

The potential corresponds to the Bethe—Salpeter interaction kernel, see eq. (10), which
is defined as the sum of all two-particle irreducible graphs. In the fermion—fermion case,
the interaction between constituents usually is vector, for example, the one-photon-
exchange interaction for atom and the perturbative one-gluon-exchange interaction plus
phenomenological nonperturbative part for hadrons. In the scalar—fermion case, the
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exchange could be bosonic or fermionic, and the latter will be small. For simplicity,
the potential takes the form V = 1 ® 1V, 4 y,, ® ¢"V, as an example, and other forms
can be treated similarly. The nonrelativistic equation reads as

p2 d3p/
. Si = A 2 Vs Vv Tl ' s 32
(6 2M> F{pDh / GISE [Vs + Voqo] T f(IP'D) (32)
where T; = Prr#ivvi=vigny gt 5™ From eqs (30)—(32), it is obvious that in the

nonrelativistic limit there are degenerate doublets with the same parity (—1)/ and angular
momentum L and different spin j =i — 1/2, j =i+ 1/2.

The Schrodinger equation (32) together with the normalization condition (31) determine
the wave function. Substituting eqs (27), (28) and (30) into (24) yields the nonrelativistic
Bethe—Salpeter wave function.

3. Scalar-scalar case

3.1 Reduction of the Bethe—Salpeter equation to the Schrodinger equation

The Bethe—Salpeter wave function for the bound state composed of two scalar constituents
is defined by

Xp(x1, x2) = (0T S (x1)$2(x2) | P), (33)

where S; is a scalar field, S, is an antiscalar field and other indices are suppressed. The
Bethe—Salpeter equation [5] for the bound state comprising two scalar constituents reads as

d4 /
xr(p) = Al (p) / S K (P po ) ()6 (o) (34)

where Af(p;) are the full scalar particle propagators. We shall approximate the full
propagators by free propagators

i

Ai(pi) = —5————. 35
(P) = e (35)
The normalization condition for the Bethe—Salpeter wave function (33) reads as
dtp d*p’ d
Tr | % (p)P*——(I (P, p, p') — K(P. p, PN x(p'
) 2n)? r[x(p) qpr (PP p) — K(P. p p))x(p)}
=2i M, (36)

where Xp(p) = x;(p) and

, o el -1
I(P, p.p) = Qu)*s*(p — pHAT (pDA] (=p2). 37)
Rewrite the Bethe—Salpeter equation (34) as

1 1 1
= — — —i)r
1 MimM+m—m+k mM+m+m—%y e
1 1 1
X — — = — - (38)
200 [mM — pr+wy —ie  mM — p—w +ie
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Performing the p; integrals in the Bethe—Salpeter equation (12) yields the Salpeter
equation

(M2 — (an + 00 1p(py) = “;‘wfw‘;’zr(m), (39)
where
d3pl / / / /
F(m)=/ (2n)3v(m,m)w(pl), K(pL.py) =—iV(pL.py) (40)

and the normalization condition (36) reduces to

d3pl 26()10)2

G o Py =1 (41)

Neglecting all the negative-energy contributions, from eq. (39) we obtain

1
M — w1 — w)¥p(pr) = WF(PJ_), (42)

with the normalization condition

d3pi n
/ S 2ol (L (p1) = M. 3)

3.2 Reduction of the Bethe—Salpeter wave function

By discarding the negative part, from eq. (38), we obtain

1 1
x(p) = : —iT(py). (44)
P = g MM+ p— w1 + i) M — p— s +i€) T

Then using eq. (42), the above equation becomes

M — w1 — )iy (py)
= 45
xr(p) (MM + py — w1 +ie)(M — p; — wr + ie€) (@3

and the corresponding normalization condition is eq. (43).

3.3 General form of the nonrelativistic Bethe—Salpeter wave function

The general form of the Salpeter wave function for state with parity np = (—1)/ [9] is

Y (pL) = €upp, L P (DY), (46)

where €,,..,,; is the polarization tensor which is totally symmetric, traceless and
transverse,

_ v _ 1 _
oy = Cpronys € =0, Plie, . =0, (47)

For the bound states composed of one scalar constituent and one antiscalar constituent,
there exists only L']f” state with spin j = L arising from the relative angular momentum

of components in the bound state, and parity np = (-DEL, ie., S(;’, P,
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In the rest frame of the bound state, if the potential takes the form V = 1® 1V, +¢q, ®
q"V,, the nonrelativistic equation reads as

e~ 2\ s £(ph = / L (Vs + Vo@®] T/ £ (DD (48)
o J (27.[)3 J
where
S} — P/ll“‘ﬂjvl"'vjﬁﬁ] f,? cee
T = PR ph 131’1 e (49)

The normalization condition for (46) reads as
d3p / r2
(27)320)1a)2sj f =M. (50)

The Schrodinger equation (48) together with the normalization condition (50) deter-
mine the wave function. Substituting eq. (46) into (45) gives the nonrelativistic Bethe—
Salpeter wave function.

4. Conclusion

In this paper, we have obtained the general form of the nonrelativistic Bethe—Salpeter
wave functions for bound states of arbitrary spin and definite parity which are composed
of one fermion and one scalar constituent or of two scalar constituents. Using the obtained
normalization conditions and the corresponding Schrodinger equations, the nonrelativistic
Bethe—Salpeter wave functions can be calculated.

The general formalism obtained can be applied to investigate various topics involving
heavy bound states, for which the nonrelativistic bound-state picture can be adopted. For
example, when decays or productions of a bound state comprising one fermion and one
scalar constituent or of two scalar constituents are considered, the wave function is needed
to compute the corresponding amplitudes of the concerning processes.
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Appendix A. Formulas
For completeness and convenience we list some useful formulas for tensor-spinor. The
tensor-spinor [13] U#1#2--#i (P) is totally symmetric, traceless, and transverse,

Uﬂlllzmlii (P) — Ultz.ul---Mi (P), U511M2~~~Mi (P) — 0’

P, UMt (P) = 0. (A1)

The tensor—spinor U#'#2-1i( P)) has other properties also: obeying the Dirac equation and
satisfying the spinor trace condition,

(P — M)Ulilllzuﬂi(l)) — O, yMl Uﬂlﬂ2~~ﬂi(P) — 0 (A2)
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For half-odd spin j, there is the relation [14]
Z s
Jm

where Aﬁ are the energy projectors for the bound state, and

1 1V

= AP (), (A.3)

=
[N]

01)1\)2...\)]7

. 1
PN () = —’j+ 2y P < j+ %) . (A4)

For integer spin j, there is the expression [14]

PRIV (], P) — Ze*‘u_l...ujevl...v/
Jz

1 2
- (7) 2
P ()
P)

J J
|:1_[ U)M/Ui + a{Pﬂ]MZ [PV]VZ 1_[ [P//«V/ + ..

i=1 i=3

J
gl PRI PVIV2 | Pl 2 PY2—1V2r l_[ PV ...
b

i=2r+1
I PRI [PYIV2 L PRI PYi-1Y) fi j
O apin . PP g o oag |+ A
a(j—l)/2 . j—2kj j=2Yj ivi for Odd]
where the sum is over all permutations of © and v,
; prpY
P = —g"" + JYE (A.6)
and
. 1\" jl2j—2r =D
o = (-1} S@jmar =D (A7)
2/ rl(j—=2r!12j — D
In the above equation, n! gives the factorial of n, n! = n(n — 1)---, and n!! gives the

double factorial of n, n!! = n(n —2)....
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