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Abstract. A three-level system based an a three-level atom interacting with a detuned cavity is
considered. Because of the fact that the three-level atom deﬁnes a total normalized state composed
of superposition of three different single-level states, it is assumed that such a system implements
a qutrit. In order to achieve a quantum NOT gate for a single qutrit, the respective Schrödinger
equation is solved numerically within a two-photon rotating wave approximation. For small values
of one-photon detuning, there appear decoherence effects. Meanwhile, for large values of onephoton detuning, an ideal quantum NOT gate for a single qutrit is achieved. An expression for the
execution time of the quantum NOT gate for a single qutrit as a function of the one-photon detuning
is found.
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Any quantum computation can be reduced to one-qubit and two-qubit logic gates [1–4].
To implement one-qubit and two-qubit quantum gates, a three-level atom interacting with
a detuned cavity has been employed [5]. In such a case, the two-photon transitions have
the advantage that they involve long-lived ground states of the atom. Furthermore, the
excited state does not participate in the transition, thus minimizing the effects of decoherence associated with the ﬁnite lifetime of the excited state [6–8]. On the other hand,
in order to search for further possibilities, an extension to a general d-system or qudits
arises. In particular, a three-level system or qutrit has attracted the attention [9]. The qutrit
has proved to be more efﬁcient than qubit systems for executing some tasks. For instance,
for quantum key distribution it provides better security than that obtained by employing
two-level encoding protocols [10,11]. In fact, it has been shown that the best security is
achieved by using a qutrit [12].
A qutrit state |ψ can be deﬁned as follows: |ψ = c0 |0 + c1 |1 + c2 |2, where
{|0, |1, |2} is an orthonormal set of states and |c0 |2 + |c1 |2 + |c2 |2 = 1. There are
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several experimental implementations for a qutrit. Some of the techniques employed for
implementing a qutrit are the following: the orbital angular momentum [13], the energy–
time correlation of photon pairs [14] and the two-photon polarization [15,16]. In the
present work, we introduce a three-level system based on a three-level atom interacting
with a detuned cavity as shown in ﬁgure 1. Such a system works on the basis of a twophoton transition where one expects long-lived ground states of the atom. Given that the
three-level atom can be described through a superposition of three single level states, we
can assume that such a system deﬁnes a one-qutrit state. Once the above is done, we
simulate a qutrit NOT quantum gate. The NOT quantum gate in the context of a qutrit can
be deﬁned as follows:
NOT|0 −→ A|1 + B|2,
NOT(A|1 + B|2) −→ |0,
where |A|2 + |B|2 = 1. The simulation of the NOT quantum gate starts with the initial
conditions c1 (t = 0) = 1 and c2 (t = 0) = c3 (t = 0) = 0 in the deﬁnition of a qutrit
|ψ = c1 |0 + c2 |1 + c3 |2. Then, by solving the Schrödinger equation associated with
the three-level atom interacting with the detuned cavity for |ψ(t), we prove that after an
elapsed time Tf , the coefﬁcients satisfy c1 (t = Tf ) = 0; |c2 (t = Tf )|2 +|c3 (t = Tf )|2 = 1.
The above cited three-level atom passes through a bimodal cavity in such a way that
the modes with annihilation operators a and b interact with the |0 ↔ |1 and |0 ↔ |2
transitions respectively. The Hamiltonian of the rotating wave approximation approach
must be [5]
H = h̄[ω01 |00| + ω21 |22| + ωa a † a + ωb b† b
+{g1 |01|a + g2 |02|b + h.c.}],

(1)

Figure 1. Three-level system with levels {|0, |1, |2} interacting with the cavity
annihilation operators a and b with atom–cavity couplings g1 and g2 respectively.
The respective one-photon detunings are {1 , 2 }.
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Figure 2. Quantum NOT gate, where after an elapsed time Tf , the qutrit transits from
the initial state |ψ(t = 0) = |0 (d1 (t = 0) = 1; d2 (t = 0) = d3 (t = 0) = 0)
to the ﬁnal state |ψ(t = Tf ) = d2 (t = Tf )|1 + d3 (t = Tf )|2 (|c2 (t = Tf )|2 +
|c3 (t = Tf )|2 = 1). The real-valued atom–cavity couplings of the modes a and b
are g1 = g2 = 1/137. The plots are done for several values of one-photon detunings
1 = 2 =  in units of Hz.
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where ωi1 (i = 0, 2) is the atomic transition frequency, ωj (j = a, b) is the frequency
of the cavity modes a and b, and gk (k = 1, 2) is the real-valued atom–cavity coupling
constant. The interaction Hamiltonian in the interaction picture can be written as
H = h̄(g1 |01|aei1 t + g2 |02|bei2 t + h.c.),

(2)

where i = ω01,21 − ωi (i = 1, 2) is the one-photon detuning of the cavity modes. By
assuming [16a] that the initial number of photons in the a and b modes are n = 1 and
μ = 1, the state vector of the atom–cavity system can be expanded as [5]
|ψ(t) = c1 |0|1, 1 + c2 |1|0, 1 + c3 |2|0, 2.

(3)

The equation for the probability amplitudes {c1 , c2 , c3 } can be obtained from the
Schrödinger equation as
ḋ1 = −ig1 d2 ,

√
ḋ2 = −i[g1 d1 + g2 2d3 ] − i1 d2 ,
√
ḋ3 = −ig2 2d2 − i(1 − 2 )d3 ,

(4)

where
c1 → d1 ,

c2 e−i1 t → d2 ,

c3 e−i(1 −2 )t → d3 .

(5)

The system of coupled differential equations given by eq. (4) are solved numerically
through the Runge–Kutta method of ﬁfth-order (which reduces the numerical error and
optimize the result) [17,18] for several values of one-photon detunings {1 , 2 }. We ﬁx
the values of the atom–cavity coupling constants as follows: g1 = g2 = 1/137. Also,
we have taken 1 = 2 = . As can be observed from ﬁgure 2, the system of coupled
differential equations of eq. (4) reproduces the quantum NOT gate for a single qutrit. That
is, initially the system is |ψ(t = 0) = |0 where c1 (t = 0) = 1; c2 (t = 0) = c3 (t =
0) = 0, and after an elapsed time Tf , the system evolves towards the qutrit state |ψ(t =
Tf ) = c2 (t = Tf )|1 + c3 (t = Tf )|2 such that |c2 (t = Tf )|2 + |c3 (t = Tf )|2 = 1.
In order to reproduce the quantum NOT gate for a single qutrit as was deﬁned
above, we have numerically solved the Schrödinger equation given by eq. (4) for different values of one-photon detuning . We have assumed that only a single photon is
exchanged for each of the modes a and b respectively. As shown by ﬁgure 2, eq. (4)
successfully reproduces the quantum NOT gate for a single qutrit. Furthermore, the
time of execution of such a gate is t = Tf . From ﬁgure 2, we can see that the execution time of the quantum NOT gate for a single qutrit obeys approximately the equation
Tf = π  × 104 s. For instance, for  = 0.3 Hz one has Tf = 3000π . Due to decoherence, for small values of one-photon detuning , there appear small ﬂuctuations in the
coefﬁcients. However, for large values of , one obtains an ideal quantum NOT gate for
a single qutrit.
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