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Abstract. In this work, we study the optical properties of spherical quantum dots by using
Tietz potential. In this regard, we have applied Nikiforov–Uvarov (NU) technique and numerically solved the Schrödinger equation to obtain energy levels and wave functions. Then, by using
the density matrix method, we have derived expressions for the changes in linear and third-order
nonlinear absorption coefﬁcients and refractive index. According to the results obtained from this
work, it is deduced that: (i) the total refractive index and the absorption coefﬁcients increase and
shift towards higher energies as v0 increases; (ii) the total absorption coefﬁcient and refractive index
decrease and also shift towards lower energies as r0 increases.
Keywords. Quantum dot; refractive index change; linear and nonlinear optical properties; Tietz
potential.
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1. Introduction
Of late, the studies on nanostructures have opened new ﬁelds in fundamental sciences.
The physical properties of semiconductors such as optical, electronic, and thermodynamic
properties have become the most essential and exciting in physics [1–3]. One of the most
important points in the study of nanostructures is their preparation procedure. Hitherto,
various procedures have been used for the preparation of nanostructures with controlled
size, shape, and uniform size distribution [4–9].
Although semiconductor devices have fairly long history, the greatest developments
in technology has occurred during the last two or three decades [10]. Low-dimensional
systems have revolutionized semiconductor physics. In the past two decades, the investigation of semiconductor quantum-conﬁned structures such as quantum wells, quantum
wires, quantum rings, quantum dots etc., has gained considerable interest, because of
their relevance in practical applications and as probes for the electronic structure of
mesoscopic media [11–17].
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The study and analysis of semiconductor quantum dots have always been of great importance both theoretically and experimentally. Quantum dots are exquisite tools by which
quantum behaviour can be probed on a larger scale than the atomic, i.e., the nanometer
scale. While the physics exhibited by these devices is closer to classical than to atomic
physics, quantum dots are still sufﬁciently small to clearly exhibit quantum phenomena.
Recently, optical and electronic properties of semiconductors have attracted considerable attention in physics. Optical properties of quantum dots depend on both the size and
composition of the dots. The linear and nonlinear optical properties have been studied
theoretically by several researchers [18–24]. For example, Wang and Guo [18] investigated excitonic effects on the third-harmonic generation (THG) coefﬁcient for typical
GaAs/AlGaAs parabolic quantum dots. They obtained an analytic formula by using the
compact-density-matrix approach and an iterative method. Recently, we have calculated
the linear and nonlinear optical properties of T-shaped quantum wires [19]. Shao et al [20]
investigated THG in cylindrical quantum dots with an applied electric ﬁeld. Morales et al
[21] calculated donor-related optical absorption spectra for a double quantum well under
hydrostatic pressure and applied electric ﬁeld. Karabulut et al [22] calculated the secondand third-harmonic generation susceptibilities of spherical quantum dots with parabolic
conﬁnement subjected to an external electric ﬁeld in the presence of an impurity. The
effect of pressure on intersubband optical absorption coefﬁcients and changes in refractive index in a V-groove quantum wire was studied in [23]. Recently, in another work, we
have studied the THG in GaAs/Ga1−x Alx AS ridge quantum wires [24].
The aim of this paper is to study the intersubband absorption coefﬁcients and the
changes in refractive index in spherical quantum dots using Tietz potential. For this
purpose, we have used the density matrix formulation to obtain the linear and thirdorder nonlinear changes in refractive index and absorption coefﬁcients. First, we have
solved the Schrödinger equation with Tietz potential to obtain wave functions and energy
levels [25]. Then, we have obtained optical properties of this system. The paper is
organized as follows: The total Hamiltonian of the system, relevant eigenvalues and wavefunctions are brieﬂy presented in §2. Analytical expressions for the linear and nonlinear
intersubband optical absorption coefﬁcients and refractive index changes are presented in
§3. The results and discussion are given in §4 and ﬁnally, conclusions are given in §5.
2. Theory and model
2.1 Tietz potential
It is well known that modelling the interaction potential of the real systems is of fundamental importance in many studies like atom–atom collisions, molecular spectroscopy,
prediction of cluster structures, chemical reactivity, and transport properties of complex
systems. Another application of the interaction potential is the long-lived metastable
doubly or multiply charged ions that are relevant to high-density energy storage materials. Therefore, there is a great interest in searching for the interaction potential function
of real systems. The reason is that the interaction potential function provides the most
efﬁcient way to summarize what we know about a system.
So far, many attempts have been done by researchers to analytically model the interaction potential function of real systems. The well-known potential functions are: Morse,
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Born–Mayer, Hulburt–Hirschfelder, Rosen–Morse, Rydberg, Lennard–Jones, Wei, and
Tietz potentials [26–30]. Some researchers have extended simple analytical potential
functions and successfully used them in direct spectroscopic data ﬁts for diatomic and
polyatomic systems. For example, a modiﬁed Lennard–Jones potential, an expanded
Morse potential, and an improved Tietz potential have been used for diatomic systems [31–33]. Among the aforementioned potential functions, the Tietz potential is an
interesting case. The Tietz potential is given by
V (r) = V0



sinh ((r − r0 )/a)
sinh (r/a)

2

,

(1)

where V0 is the chemical potential of the electron gas and r0 is the minimum value of the
Tietz potential. The Tietz potential is more realistic than the Morse potential in describing the molecular dynamics at moderate and high rotation–vibrational quantum numbers
[26,34]. The Tietz potential can be used to investigate the rotational–vibrational levels of
diatomic molecules and zero-point vibrational corrections on the isotropic and anisotropic
components of the hyperﬁne interaction. Liang et al [35] showed that the Tietz potential
can be used to reproduce the interaction potential energy curve of the A1 u+ state of
Na2 . Recently, we investigated singlet–triplet transition of a two-electron quantum dot
using the Tietz potential [36]. Our results showed much less transitions than the parabolic
potential.
Some researchers have found that the deformed Rosen–Morse potential, Sun potential, and deformed four-parameter exponential-type potential are equivalent to the Tietz
potential [37–39].
2.2 Energy levels and wave functions
In the framework of the effective-mass approximation, the Hamiltonian of an electron
conﬁned by a spherical quantum dot can be given as
H =−

h̄2 2
∇ + V (r),
2m∗e

(2)

where m∗e is the effective mass of the electron and V (r) is the conﬁning potential. In this
work, we have considered the conﬁning potential as the Tietz potential. To obtain energy
levels and wave functions, it is required to solve the Schrödinger equation. With respect
to eq. (1), the Schrödinger equation can be reduced to a radial equation which depends
only on one coordinate.
Substituting the wave function in the form ψ(r, θ, ϕ) = Rnl (r)Ylm (θ, ϕ) in the
Schrödinger equation, the radial part of this equation is given by
d2 Rnl (r) 2 dRnl (r) 2m∗e
+
+ 2
dr 2
r dr
h̄

 
2
sinh((r − r0 )/a) 2
l (l + 1) h̄
× Enl −
− V0
Rnl (r) = 0,
2m∗e r 2
sinh(r/a)
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where n and l are the principal and orbital quantum numbers. Also, Enl are energy eigenvalues. Using the transformation Rnl = Unl (r)/r, the radial eq. (3) appears as [25,40]
2m∗e
d2 Unl (r)
{Enl − V0 (cosh(αr0 )
=
−
dr 2
h̄2

l (l + 1) h̄2
−sinh(αr0 )coth(αr0 ))2 −
Unl (r) .
(4)
2m∗e r 2
It is to be noted that there is no analytical solution for the above equation. Therefore, to
solve the equation, a new improved approximation scheme (Pekeris-type approximation)
is used for the centrifugal term as [41]
α2
1
= α 2 cosh2 (αr),
≈
r2
sinh2 (αr)

(5)

where α = 1/a. To check the above approximation, both sides of eq. (5) are plotted as a function of r in ﬁgure 1. Now, by substituting the centrifugal term in eq. (4) by eq. (5), one obtains
d2 Unl (r)
dr 2

2m∗
+ 2e Enl − V0 cosh2 (αr0 ) − V0 sinh2 (αr0 )
h̄
− V0 sinh2 (αr0 )csch2 (αr) + 2V0 cosh(αr0 ) sinh(αr0 ) coth(αr)

l(1 + 1)h̄2 α 2
Unl (r) = 0
−
2m∗e

(6)

Figure 1. The linear, third-order nonlinear, and total refractive index changes as a
function of photon energy for α = 0.01, m = 5 fm−1 , r0 = 2, and v0 = 0.2.
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or, alternatively
 ∗
d2 Unl (r)
2m∗e V0
2m∗e V0
2me
2
+
E
−
cosh
(αr
)
−
sinh2 (αr0 )
n
0
dr 2
h̄2
h̄2
h̄2
−

4m∗e V0
(1 + e−2αr )
8m∗e V0 sinh2 (αr0 ) e−2αr
+
cosh(αr
)sinh(αr
)
0
0
(1 − e−2αr )
h̄2 (1 − 2e−2αr )2
h̄2

−


4α 2 l(l + 1)e−2αr
Unl (r) = 0.
(1 − e−2αr )2

(7)

With the change of variable z = e−2αr , we have
(1 − z) dUnl (z)
d2 Unl (r)
1
+
(Az2 + Bz + C)Unl (z) = 0. (8)
+
2
dz
z(1 − z) dz
(z(1 − z))2
The parameters A, B, and C are deﬁned as
A =

mEnl
mV0
mV0
− 2 2 cosh2 (αr0 ) − 2 2 sinh2 (αr0 )
2
2
2α h̄
2α h̄
2α h̄
−

B =

(9a)

mV0
mV0
mEnl
+ 2 2 cosh2 (αr0 ) + 2 2 sinh2 (αr0 )
2
2
2α h̄
2α h̄
2α h̄
−

C =

mV0
cosh(αr0 )sinh(αr0 ),
2α 2 h̄2

2mV0
sinh2 (αr0 ) − l(l + 1),
2α 2 h̄2

(9b)

mV0
mV0
mEnl
− 2 2 cosh2 (αr0 ) − 2 2 sinh2 (αr0 )
2
2
2α h̄
2α h̄
2α h̄
+

mV0
cosh(αr0 )sinh(αr0 ).
2α 2 h̄2

(9c)

To solve eq. (8) and obtain eigenfunctions and eigenvalues, the Nikiforov–Uvarov (NU)
technique is used [42–47]. First, consider the following equation:



1
d2
α1 − α2 s d
+
+
−ξ1 s 2 + ξ2 s − ξ3
2
2
ds
z (1 − α3 s) ds
(s (1 − α3 s))



ψ = 0. (10)

If the NU method is applied [47], the solutions of the above equation becomes
ψ(s) = s α12 (1 − α3 s)−α12 −(α13 /α3 ) Pn(α10 −1,(α11 /α3 )−α10 −1) (1 − 2α3 s),

(11)
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where

√
√
α2 n − (2n + 1)α5 + (2n + 1)( α9 + α3 α8 )
√
+n(n + 1)α3 + α7 + 2α3 α8 + 2 α8 α9 = 0,
1
α4 = (1 − α1 ) ,
2
1
α5 = (α2 − 2α3 ) ,
2
α6 = α52 + ξ1 ,
α7 = 2α4 α5 − ξ2 ,
α8 = α42 + ξ3 ,
α9 = α3 α7 + α32 α8 + α6 ,
√
α10 = α1 + 2α4 + 2 α8 ,
√
√
α11 = α2 − 2α5 + 2 α9 + α3 α8 ,
√
α12 = α4 + α8 ,
√
√
α13 = α5 − α9 + α3 α8 .

(12)

Now, by comparing eq. (8) with eq. (10), we get
α1 = 1,
α4 =
α9 =
α11 =
α12 =

α2 = 1,

α3 = 1,

ξ1 = −A, ξ2 = B, ξ3 = −C,
1
1
0, α5 = − , α6 = ξ1 + , α7 = −ξ2 , α8 = ξ3 ,
2
4
1
−ξ2 + ξ3 + ξ1 + , α10 = 1 + 2 ξ3 ,
4


1
2+2
−ξ2 + ξ3 + ξ1 + + ξ3 ,
4


1
1
ξ3 , α13 = − −
−ξ2 + ξ3 + ξ1 + + ξ3 .
4
4

The energy levels of charge carriers are given by

1
(2n + 1)
n+
+ (2n + 1)
−ξ2 + ξ3 + ξ1 + +
2
4
− ξ2 + 2ξ3 + 2 −ξ2 ξ3 + ξ32 + ξ1 ξ3 +
The wave functions are obtained as
√ 
Unl (r) = Nnl e−2αr ξ3 1 − e−2αr
× Pn
Pn(K,L) =
728

√

2

ξ3, 2

√

1
2+

−ξ2 +ξ3 +ξ1 + 14

(13)



ξ3 + n (n − 1)
ξ3
= 0.
4

(14)

√

−ξ2 +ξ2 +ξ1 + 14


1 − 2e−2αr ,

Ŵ(n + 1 + K)
2 F1 (−n, n + K + L + 1; K + 1; xt).
n!Ŵ(1 + K)
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Here Pn(K,L) is the associated Legendre polynomial. Inserting the above function in
eq. (15), the wave functions can be written as
Unl (r) = e−2αr
× Pn

√


1 − e−2αr
√

ξ3

√
2 ξ3 ,2

× 2 F1

1
2+

−ξ2 +ξ3 +ξ3 + 14



√

−ξ2 +ξ3 +ξ1 + 14

√
Ŵ(n + 1 + 2 ξ3 )
√
n!Ŵ(1 + 2 ξ3 )


1
−2αr
−n, n + 2 ξ3 + 2 −ξ2 + ξ3 + ξ1 + + 1; 2 ξ3 + 1; e
. (17)
4

3. Optical absorption coefficients and refractive index changes
In this section, the optical properties are calculated using the density matrix method
[48,49]. It is known that the system under study can be excited by an electromagnetic
ﬁeld of frequency ω such that
E(t) = E0 cos(ωt) = Ẽeiωt + Ẽ ∗ e−iωt .

(18)

The time evolution of the matrix elements of one-electron density operator, ρ, can be
written as [50,51]

1 
∂ρ
H0 − qxE(t), ρ − Ŵ(ρ − ρ (0) ),
(19)
=
∂t
i h̄

where H0 is the Hamiltonian for this system without the electromagnetic ﬁeld E (t), q
is the electronic charge. The symbol [,] is the quantum mechanical commutator, ρ (0)
is the unperturbed density matrix operator, and Ŵ is the phenomenological operator
responsible for the damping due to the electron–phonon interaction, collisions among
electrons, etc. It is assumed that Ŵ is a diagonal matrix and its elements are equal to
the inverse of relaxation time T . Equation (20) can be solved using the standard iterative
method [52]:

ρ (n) (t)
(20)
ρ (t) =
n

with

∂ρij(n+1)
∂t

=



1 
H0 , ρ (n+1) ij − i h̄Ŵij ρij(πn+1)
i h̄

1 
−
qx · ρ (n) ij E(t).
i h̄

(21)

For simplicity, we shall only focus on two-level electronic systems for electronic transitions. Therefore, the electronic polarization P (t) and susceptibility χ (t) are expressed by
dipole operator M and density matrix ρ
∗ eiωt =
P (t) = ε0 χ (ω)Ẽe−iωt + ε0 χ (−ω)E

1
Tr (ρM) ,
V
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where ρ and V are the one-electron density matrix and the volume of the system, ε0 is
the permittivity of free space, and the symbol Tr (trace) denotes the summation over the
diagonal elements of the matrix.
The analytical forms of the linear χ (1) and the third-order nonlinear χ (3) susceptibility
coefﬁcients are obtained from eqs (21) and (22) as
ε0 χ (1) (ω) =
ε0 χ

(3)

σv |M21 |2
,
E21 − h̄ω − i h̄Ŵ12

σv |M21 |2 |E|2
(ω) = −
E12 − h̄ω − i h̄Ŵ12

(23)


4|M21 |2
(E12 − h̄ω)2 −(h̄Ŵ12 )2
(M22 − M11 )2
−
,
(E21 − i h̄Ŵ12 ) (E12 − h̄ω − i h̄Ŵ12 )

(24)

where σv is the carrier density. The changes in refractive index are related to the susceptibility as [39]


χ (ω)
n(1) (ω)
,
(25)
= Re
nr
2n2r
where nr is the refractive index. By using eqs (22)–(24), the linear and the third-order
nonlinear refractive index changes can be expressed as [24]


E21 − h̄ω
n(1) (ω)
1
2
(26)
= 2 |M21 | σv
nr
2nr ε0
(E12 − h̄ω)2 + (h̄Ŵ12 )2
and
σv I
n(3) (ω)
μc
= − 2 |M21 |2 
2
nr
4nr ε0
(E12 − h̄ω)2 + (h̄Ŵ12 )2

(M22 − M11 )2
× 4(E21 − h̄ω)|M21 |2 −
(E21 )2 + (h̄Ŵ12 )2
× [(E21 − h̄ω){E21 (E21 − h̄ω) − (h̄Ŵ12 )2 }

2
− (h̄Ŵ12 ) (2E21 − h̄w)] ,

(27)

  
where μ is the permeability, Eij = Ei − Ej , and Mij = ϕi qx ϕj | is the electric
dipole moment matrix element. In this work, the polarization of the electric ﬁeld in z
direction is selected.
The symbol I is the optical intensity of the incident wave and it is expressed as
I =2

2nr
εR
|E(ω)|2 =
,
μ
μc

(28)

where c is the speed of light in free space. Using eqs (27) and (28), one can write the
change in total refractive index as
n(ω)
n1 (ω) n3 (ω)
=
+
.
nr
nr
nr
730
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The susceptibility χ (ω) is related to the absorption coefﬁcient α(ω) and real part of
permittivity as
μ
α(ω) = ω
Im[ε0 χ (ω)].
(30)
εR
Now, the linear and third-order nonlinear absorption coefﬁcients can be written as [52]


σv h̄Ŵ12 |M21 |2
μ
α 1 (ω) = ω
,
(31)
εR (E12 − h̄ω)2 + (h̄Ŵ12 )2
3

α (ω, I ) =



−ω μ/εR



I
2ε0 nr C





|M21 |2 σv h̄Ŵ12

(E21 − h̄ω)2 + (h̄Ŵ12 )2

2



×4 |M21 |2

 2


2
|M22 − M11 |2 3E21
− 4E21 h̄ω + h̄2 ω2 − Ŵ12
 2
×
.
2
E21
+ h̄Ŵ12

(32)

Using eqs (32) and (33), one can express the total absorption coefﬁcient α(ω, I ) as [24]
α(ω, I ) = α 1 (ω) + α 3 (ω, I ).

(33)

4. Results and discussions
In this section, we choose GaAs as an example to present the numerical results. In our
calculations, the following parameters are used: I = 0.2 MW/cm2 , ε0 = 8.85×10−12 F·
m−1 , α = 0.01, m = 5 fm−1 , r0 = 2, h̄ = 1, and v0 = 0.2, 0.4, 0.6, 0.8. It is worth
mentioning that the effective Bohr radius and the effective Rydberg are length and energy
scales, respectively.
In ﬁgure 1, the linear, third-order nonlinear, and total refractive index changes are plotted as functions of the photon energy for α = 0.01, m = 5 fm−1 , r0 = 2, and v0 = 0.2.
It is to be noted that the change in third-order nonlinear refractive index is negative and
therefore the change in total refractive index will be reduced. Also, the larger change in
the total refractive index is mainly caused by the linear term which is much larger than
nonlinear term with the opposite sign. For systems operating with a high optical intensity, the calculation of the change in refractive index using only the linear term, may be
excessively optimistic.
Figure 2 displays the change in total refractive index as a function of photon energy for
v0 = 0.2, 0.4, 0.6, α = 0.01, m = 5 fm−1 , and r0 = 2. It is seen from the ﬁgure that the
change in total refractive index increases and also shifts toward higher energies when v0
increases. The physical origin of this increases is the quantum conﬁnement effect which
predicts a strong conﬁnement in the quantum dot when v0 enhances. Also, the energy
level spacing increases when v0 increases. For this reason, the changes in total refractive
index shift towards higher energies.
In ﬁgure 3, the changes in total refractive index as a function of photon energy with
α = 0.01, m = 5 fm−1 , and v0 = 2 for r0 = 2, 3, and 4 have been presented. It can
be seen that as r0 increases, the total refractive index shifts toward lower energies. The
Pramana – J. Phys., Vol. 85, No. 4, October 2015
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Figure 2. The changes in total refractive index as functions of photon energy for three
different v0 with α = 0.01, m = 5 fm−1 , and r0 = 2.

Figure 3. The changes in total refractive index as functions of photon energy for three
different r0 with α = 0.01, m = 5 fm−1 , and v0 = 0.2.
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physical reason for this shift is the decrease in energy gap of two different electronic
states, E2 − E1 , between which an optical transition occurs. Also, by increasing r0 , the
quantum conﬁnement effect decreases.
Figure 4 shows the linear, third-order nonlinear, and total absorption coefﬁcients as a
function of photon energy for α = 0.01, m = 5 fm−1 , r0 = 2, and v0 = 2. In this ﬁgure,
there is a resonance peak at a photon energy of 0.2 meV as expected, which relates to the
energy difference between the levels considered. It is clear that the third-order nonlinear
absorption coefﬁcient is negative and therefore reduces the total absorption coefﬁcient.
Also, the larger change in total absorption coefﬁcient is mainly caused by the linear term
which is much larger than the nonlinear term with the opposite sign for relatively low
intensity.
In ﬁgure 5, the variations of total absorption coefﬁcient are plotted as a function of photon energy for v0 = 0.2, 0.4, 0.6 with α = 0.01, m = 5 fm−1 , and r0 = 2. It is observed
from the ﬁgure that the total absorption coefﬁcient reduces and shifts towards higher energies as v0 increases. The reason for this behaviour is the increase in quantum conﬁnement
with increased v0 . Also, the energy level spacing increases with increasing v0 .
In ﬁgure 6, the total absorption coefﬁcient has been plotted as a function of photon
energy with α = 0.01, m = 5 fm−1 , and v0 = 0.2 for r0 = 2, 3, and 4. It can be
seen that as r0 decreases, the total absorption coefﬁcients shift toward higher energies.
The physical reason for this shift is the increase in energy gap of two different electronic
states, E2 − E1 , between which an optical transition occurs. Also, by increasing r0 , the
quantum conﬁnement effect decreases.

Figure 4. The linear, third-order nonlinear, and total absorption coefﬁcient as a
function of photon energy for α = 0.01, m = 5 fm−1 , r0 = 2, and v0 = 0.2.
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Figure 5. The total absorption coefﬁcient as a function of photon energy for three
different v0 with α = 0.01, m = 5 fm−1 , and r0 = 2.

Figure 6. The total absorption coefﬁcient as a function of photon energy for three
different r0 with α = 0.01, m = 5 fm−1 , and v0 = 0.2.
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Figure 7. Differential refractive index changes (n) as a function of photon wavelength for three different v0 with α = 0.01, m = 5 fm−1 , and r0 = 2. In this ﬁgure,
we have compared our results with the experimental data (ﬁlled circles) of [52].

Figure 7 shows differential refractive index changes (n) as a function of photon wavelength for v0 = 0.2, 0.4, 0.6 with α = 0.01, m = 5 fm−1 , and r0 = 2, and I = 0.3 mW.
We have presented the experimental data [53] and compared with our results. From the
ﬁgure, one can see that our theoretical prediction deviates from the experimental data [53].
Related to this deviation, several points should be noted: (i) Considering the two-level
system for electronic transitions is not perfectly exact. (ii) There are several parameters
in our calculations like v0 , r0 , σv , and I which may be temperature-dependent. The determination of potential parameters is difﬁcult. But, we have considered these parameters
as independent of temperature. (iii) All calculations have been performed by numerical
methods but these methods often show some errors. (iv) The potential model used in this
work may not be a good one for calculating optical properties. To understand it further,
the reader can refer to the experimental results [54–56].

5. Conclusions
In this work, we have studied theoretically the linear, third-order nonlinear, and total
absorption coefﬁcients, and the changes in refractive index for a spherical quantum dot.
For this purpose, we have applied the Tietz potential as quantum conﬁnement. We have
solved the Schrödinger equation and obtained energy levels and wave functions. Then,
Pramana – J. Phys., Vol. 85, No. 4, October 2015
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using the density matrix method, we have studied the optical properties. The obtained
results show that the absorption coefﬁcients and changes in refractive index increase and
shift towards higher energies as v0 increases. With increasing r0 , the absorption coefﬁcients and changes in refractive index decrease and shift towards lower energies. In
general, structure parameters v0 and r0 have important roles in the absorption coefﬁcients
and refractive index changes.
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