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Abstract. The state of the art of non-linear dynamics applied to pulse combustor theoretically
and experimentally is reviewed. Pulse combustors are a class of air-breathing engines in which
pulsations in combustion are utilized to improve the performance. As no analytical solution can be
obtained for most of the nonlinear systems, the whole set of solutions can be investigated with the
help of dynamical system theory. Many studies have been carried out on pulse combustors whose
dynamics include limit cycle behaviour, Hopf bifurcation and period-doubling bifurcation. The
dynamic signature has also been used for early prediction of extinction.
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1. Introduction
Pulse combustors are power-producing devices in which pulsating combustion is deliberately maintained. Properly designed pulsations lead to improved performance like higher
efficiency and lower emissions compared to steady combustors. Pulse combustors are
mostly used for heating applications like domestic heating and drying [1]. However, the
idea of pressure gain combustion (i.e., combustion with gain in total pressure across
the combustor as opposed to pressure-loss combustion experienced in constant pressure
devices like conventional gas turbine combustors) is gaining popularity for propulsion
devices [2]. Thus pulse combustors, which provide a practical way of achieving pressure
combustion, have a good potential for use in propulsion devices, especially, small-sized
devices like micro-unmanned air vehicles (micro-UAVs) [3]. However, the performance
of pulse combustors strongly depends on the combustor dynamics. Despite its advantages, lack of thorough understanding of the dynamics complicates the design of pulse
combustors and is one of the main reasons for lack of adequate interest in the combustion
engineering community. Many researchers have investigated the dynamic behaviour of
pulse combustors both experimentally [4–7] and theoretically [4,6,8–12]. Barring a few
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[4,9,10], most of these works have concentrated on the qualitative aspects of the combustor dynamics and combustor performance in terms of emission and efficiency. For
the last several years, we have worked on systematic investigation of pulse combustor
dynamics using the tools of dynamical systems analysis. The current work provides a
holistic review of these efforts which involve both theoretical and experimental works.
This work has three broad aims: (i) dynamic characterization of the system, (ii) extending
the regime of periodic behaviour, and (iii) using the dynamic characteristics to predict
events like extinction.

2. Dynamic characterization using mathematical model
Pulse combustor consists of a combustion chamber that is often modelled as a wellstirred reactor due to intense mixing with a tailpipe extending from one end. Fuel
and air are injected into the combustion chamber through orifices given opposite to the
tailpipe, which makes the thermal pulse combustor especially simple compared to the
more conventional pulse combustors. Conventional pulse combustors use mechanical
or aerodynamic valves to regulate the inlet air and fuel flow depending on the combustion chamber pressure. Even with the constant inflow, the thermal pulse combustor is
observed to provide pulsating combustion over a range of operating conditions. Theoretical studies on thermal pulse combustor were carried out using a lumped model consisting
of four coupled nonlinear ordinary differential equations. The model, consisting of an
unsteady well-stirred reactor and a lumped model of a tailpipe, was originally developed
by Richards et al [13] and subsequently modified by us to include radiative heat loss from
the flames, which introduces an additional nonlinearity. The four coupled ordinary differential equations are obtained from conservation of mass, fuel mass and energy in the
combustor and momentum in the tailpipe and can be written as
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where T is the temperature, T0 is the ambient temperature, Tw is the wall temperature, Cp
is the specific heat at constant pressure, P is the pressure, τf is the flow time, τh is the heat
transfer time, τc is the chemical reaction time, γ is the ratio of specific heats, ρ0 is the
ambient velocity, Lc,2 is the second characteristic length, LTP is the length of the tailpipe,
DTP is the diameter of the tailpipe, f is the friction factor, u is the gas velocity in the
tailpipe, yf is the fuel mass fraction and yf,i is the inlet fuel mass fraction.
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The above equations involve three characteristic times, flow time (τf ), heat transfer time
(τh ) and chemical reaction time (τc ), which are defined as
τf =

Zi
,
ρ0

(5)
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where Lc,1 is the first characteristic length, B is the pre-exponential factor, Ta is the
activation temperature and heff is the effective heat transfer coefficient.
The effective heat transfer coefficient, based on both convection and radiation, is
defined as


(8)
heff = h + 4κP σ Lc,1 T03 Tw2 + T 2 (Tw + T ) ,
where h is the convective heat transfer coefficient, κP is the Planck mean absorption
coefficient and σ is the Stefan–Boltzmann coefficient.
Ze is obtained from conservation of mass within the tailpipe as
Ze =

u Pe
,
τf Te

(9)

where Pe is the pressure in the tailpipe and Te is the temperature in the tailpipe.
Flow in the nozzle connecting the combustor and the tailpipe is assumed isentropic,
although irreversibilities are present in both the combustor and the tailpipe. Thus, the
temperature and the pressure in the tailpipe are obtained as
Te = T −

u2 L2c,2

,
(10)
2Cp T0 τf2
 γ /(γ −1)
Te
Pe = P
.
(11)
T
Thermal pulse combustors show three types of behaviour, namely, steady, periodic and
complex aperiodic unsteady behaviour, close to extinction. The periodic behaviour is
obtained at intermediate values of the state variables at which the reaction rate is such
that the fuel consumption rate is less than the steady fuel supply rate. This leads to fuel
accumulation and pressure and temperature buildup in the combustor, which increases
the reaction rate such that the fuel consumption rate exceeds the fuel supply rate leading
to fuel depletion and drop in pressure and temperature. This alternate sequence of fuel
accumulation and depletion is responsible for the pulsating behaviour which includes flow
reversal in the tailpipe. Mukhopadhyay et al [14] investigated the effect of tailpipe friction on the dynamic characteristics of a thermal pulse combustor. As the friction factor is
reduced, the combustor behaviour changes from steady state to periodic. On further reduction of the friction factor, the system undergoes a series of period doubling bifurcations
and ultimately shows chaotic behaviour before extinction. The dynamics represented by
time delay phase plots and Poincaré maps are shown in figure 1. Similar sequence of
Pramana – J. Phys., Vol. 84, No. 3, March 2015
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Figure 1. Phase plots and Poincaré maps for different friction factors: (a) f = 0.03,
(b) 0.0285, (c) 0.0275, (d) 0.0255 (reprinted with permission from ref. [14]).
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dynamic behaviour was observed by Datta et al [15] by varying wall temperature. They
substantiated the qualitative observations similar to that in figure 1 with quantitative estimates based on correlation dimension calculated using time delay state vectors. The delay
time is evaluated on the basis of first zero-crossing of autocorrelation function [16]. The
embedding dimension is calculated using the method of Grassberger and Proccacia [17].
For calculating the correlation dimension, the correlation integral which is a measure of
the probability of finding neighbours within a hypersphere of radius  in a m-dimensional
hyperspace is first determined. It is expressed as

C m () =

N

1  
H  − 
xi − xj 
N 2 i,j =1

(12)





xi − xj  denotes the Euclidean distance between the two vectors and H ( ) is the
Heaviside function. Correlation dimension is defined as
log (C m ())
.
→0
log()

Dc (m) = lim

(13)

According to the theory of dynamic systems [16], correlation dimension saturates at a
finite value as the embedding dimension m is increased for deterministic systems. For
periodic systems, this value is 1, while fractional values indicate a strange attractor. On
the other hand, for random systems, correlation dimension increases unboundedly with
embedding dimension when Dc (m) ∼ m. Figure 2 shows the correlation dimensions for
different wall temperatures. The results show that as the wall temperature decreases, the
correlation dimension approaches 1 till the temperature reaches 1090 K. Beyond that, the

Figure 2. Correlation dimension for different wall temperatures (reprinted with
permission from ref. [15]).
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correlation dimension increases as the wall temperature is decreased showing the presence of increasingly strange attractors. These results show that the pulsating behaviour
of the combustor shows a rich diversity of dynamic characteristics, all of which are not
conducive to the desired performance of the combustor. In particular, the periodic regime
is generally the preferred dynamics for pulse combustors. As the required power output from the combustor increases, the reactant flow rate has to increase. This leads to a
decrease in flow time. Reduction in flow time implies less available time within the combustor for the chemical reaction. This has an effect on the combustor dynamics similar
to that of reduction in wall temperature. Thus as flow time is reduced, the combustor
dynamics changes from periodic to chaotic through a series of period doubling bifurcations before the eventual extinction. Mondal et al [18] explored preheating and dilution of
reactants as a mechanism for extending the periodic regime at higher reactant flow rates.
Figure 3 shows that by preheating and diluting the reactants, the periodic regime can be
extended even to flow rates where under unheated conditions, the flame is extinguished.

Figure 3. Time series data of pressure of (1a) yfi = 0.059, (1b) yfi = 0.0585, (1c)
yfi = 0.0584 for Ti0 = 1.1 (1st row), (2a) yfi = 0.0565, (2b) yfi = 0.056, (2c) yfi =
0.0555 for Ti0 = 1.3 (2nd row) and (3a) yfi = 0.0545, (3b) yfi = 0.054, (3c) yfi =
0.0535 for Ti0 = 1.5 (3rd row), keeping the flow time (0.025 s) constant (reprinted
with permission from ref. [18]).
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3. Dynamic characterization of laboratory-scale combustor
Mondal et al [19] carried out a systematic characterization of the dynamics of a
laboratory-scale pulse combustor. The experimental set-up shown in figure 4a consists
of a vertical combustor of 55 mm inner diameter with a tailpipe of 25 mm diameter. In
the combustor, air is admitted axially from a compressor through the bottom of the combustion chamber. Fuel supplied from a high-pressure cylinder enters through a series of
2 mm diameter holes drilled on a 6 mm diameter pipe placed along the diameter near the
bottom of the combustor. Two arrangements for fuel supply are shown in figure 4. In one
arrangement (vertical), the fuel enters parallel to the air stream in a coflow–counterflow
configuration, while in the other (horizontal configuration) the fuel enters the combustor
perpendicular to the air stream in a crossflow arrangement. In both the cases, the fuel–air
ratio is progressively reduced from a fuel-rich to fuel-lean condition by keeping the air
flow rate constant and reducing the fuel flow rate. As the fuel flow rate is only a very small
fraction of the total flow rate, this ensures that the flow time remains nearly constant and

Figure 4. Schematic of (a) experimental set-up and air and fuel flow arrangements
for (b) vertical and (c) horizontal configurations (reprinted with permission from
ref. [19]).
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the changes are mainly due to the fuel–air chemistry. The dynamics is measured in terms
of fluctuations in combustor pressure, measured with a piezoelectric water-cooled pressure transducer. Similar dynamic signature was also obtained from chemiluminescence
emitted by CH ∗ radical (431 nm) recorded by a photomultiplier tube fitted with a narrow
band-pass filter (centred at 430 nm with a bandwidth of 10 nm). This chemiluminescence signal is widely regarded as a representative of the heat release rate from the flame.
Figure 5 shows the phase plots for different fuel–air ratios for both vertical and horizontal
configurations. The fuel–air ratio is expressed in a normalized form as equivalence ratio
(φ), which is the ratio of the actual fuel–air ratio to stoichiometric fuel-air ratio. Thus,
for fuel-lean mixtures, the equivalence ratio is less than 1 and for fuel-rich mixtures it is
greater than 1. For the vertical configuration, it is observed that at a fuel-rich condition
(φ = 1.35) the time delay phase plot shows a limit cycle structure with a banded nature
due to the presence of noise. As the equivalence ratio is reduced, at near stoichiometric
conditions, the phase plot is still a limit cycle but with large scatter signifying a weakly
periodic behaviour. At φ = 0.715, the phase plot shows a non-pulsating noisy behaviour.
On the other hand, for the horizontal configuration, pulsating behaviour is observed at
all equivalence ratios (even for fuel-lean mixtures) and the phase plot shows a lobed
structure. Such a lobed structure is also reported for quasiperiodic orbits by Subramanian
et al [20].
For quantitative characterization, correlation dynamics are estimated using a procedure
similar to that reported in [15]. The results shown in figure 6 show that for vertical configuration, at φ = 0.715, the correlation dimension increases almost linearly with increase
in embedding dimension confirming that the fluctuations in pressure are primarily due to
noise. On the other hand, at φ = 1.35, the correlation dimension saturates at a fairly
low value of the embedding dimension, signifying the existence of a low-dimensional
attractor. For the horizontal configuration also, the correlation dimension for φ = 0.39

Figure 5. Time delay phase plots for (a) vertical and (b) horizontal configurations.
(reprinted with permission from ref. [19]).
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Figure 6. Correlation dimension for (a) vertical and (b) horizontal configurations
(reprinted with permission from ref. [19]).

does not saturate, showing the dominance of noise. On the other hand, the correlation
dimensions for the other two cases become constant again showing low-dimensional
attractors.
4. Prediction of extinction using dynamic characteristics
Datta et al [15] used dynamic characteristics directly for early prediction of extinction.
They used the number of distinct pressure peaks and the number of distinct points in
Poincaré map to predict extinction. Figure 7 shows the variation of these quantities with
wall temperature. In the periodic regime, all pressure peaks had the same value while the
Poincaré section was a single point. Thus, both these metrics had the value of unity. As
the wall temperature was reduced, the sequence of period-doubling bifurcations implied
progressive increase in the value of these quantities. Due to the existence of strange
attractors, both these values increased very rapidly close to extinction. Thus, a sharp
Pramana – J. Phys., Vol. 84, No. 3, March 2015
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Figure 7. Variation of pressure peaks and Poincaré points with wall temperature
(reprinted with permission from ref. [15]).

increase in either of these quantities can be considered as an index for proximity to
extinction.
5. Remaining challenges and conclusions
Different authors have explored the existence of limit cycles and bifurcations of steady
state from both mathematical model and experimental results. Chaotic dynamics and
controlling of chaos have also been studied. A few researchers have explored the quantification of chaos varying different parameters by calculating correlation dimension and
Lyapunov exponent. Previous researches show that parameters like equivalence ratio,
tailpipe friction, wall temperature and inlet temperature are crucial for studying non-linear
dynamics in pulse combustor. Unlike the combustion instability in all other combustion
devices, limit cycle behaviour in pulse combustor is desirable and a detailed analysis of
stability boundaries of steady state as well as limit cycle in terms of various parameters
is needed. Stability boundaries of limit cycle in parameter space is essential for maintaining and extending the oscillation regimes. Investigation of different parameters for
controlling chaos and stabilizing limit cycle can be a direction for future research.
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