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Abstract. The Penner interaction known in studies of moduli space of punctured Riemann surfaces is introduced and studied in the context of random matrix model of homo RNA. An analytic
derivation of the generating function is given and the corresponding partition function is derived
numerically. An additional dependence of the structure combinatorics factor on N (related to the
size of the matrix and the interaction strength) is obtained. This factor has a strong effect on the
structure combinatorics in the low N regime. Databases are scanned for real ribonucleic acid (RNA)
structures and pairing information for these RNA structures is computationally extracted. Then the
genus is calculated for every structure and plotted as a function of length. The genus distribution
function is compared with the prediction from the nonlinear (NL) model. The specific heat and
distribution of structure with temperature calculated from the NL model shows that the NL interaction is biased towards planar structures. The second derivative of specific heat changes phase
from a double peaked function for small N to a single peak for large N . Detailed analysis reveals
the presence of the double peak only for genus 0 structures, the higher genii behave normally with
N . Comparable behaviour is found in studies involving interactions of RNA with osmolytes and
monovalent cations in unfolding experiments.
Keywords. Ribonucleic acid; random matrix model; Penner interaction; database.
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1. Introduction
Random matrix theory has played an important role in understanding diverse areas of
physics, mathematics, statistics and engineering including fields as diverse as statistical
physics [1], nuclear physics [2], string theory [3], information theory [4], disordered systems [5], wireless communication [6], stock and financial market [7] and many more. In
many of these applications, universal properties of the eigenvalue statistics of the random
matrix models are used like the spacing distributions. More recently, it has been applied
to study RNA structure combinatorics which includes the effect of external interactions in
a novel way. This is described in this paper. RNA is one of the vital constituent in every
cell ranging from prokaryotes where it is a prime genetic material to eukaryotes where it
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not only serves as a mediator of information from DNA to proteins but is also crucial in
biochemical reactions and acts as a catalyst [8], as a controller for gene expression [9] and
stimulator of cellular response [10]. These functions are directly linked to the RNA structure. Even a minor change in the sequence and shape of RNA molecule has a very adverse
effect on the cellular processes leading to the formation of a functionally inactive protein
or an irregular gene expression etc. Therefore, to determine the function of a given RNA
it is required to first estimate its shape. The main steps towards structure prediction is to
enumerate all possible conformations for a given RNA chain and then identify the energetically favoured structure. Many models have been proposed in this direction dealing
with secondary conformations [11] but the fundamental understanding of RNA folding
combinatorics needs an estimation of RNA tertiary structure which is largely unexplored
and is an important research topic [11]. Orland and Zee proposed a random matrix-field
theoretic model [12] which addressed the problem of exact RNA structure combinatorics
including tertiary structures.

2. Model
The random matrix model of RNA folding is a theoretical model proposed to enumerate
all possible RNA conformations. The model [12] is proposed such that the RNA chain of
length L is mapped onto a large N matrix field of i = 1, ...., L Hermitian matrices φi of
size N ×N. The interaction between nucleotides is represented by the interaction between
φi at each vertex i and is given by the interaction matrix V (of size L × L). In the large N
limit, the partition function can be expanded in powers of 1/N 2 which gives a topological
expansion, originally observed by ’t Hooft [13]. In this theory [12], the N → ∞
limit gives secondary structures (planar structures) and tertiary structures (pseudoknots)
are obtained by finding corrections to 1/N 2 terms in the partition function. In the model
proposed by Orland and Zee [12], the presence of external interactions were not taken into
account. In the cellular environment, RNA not only faces interactions with other molecules
(like proteins, osmolytes, salts etc.) but also deals with varying temperature, pressure and
stress. These external factors play important roles in deciding the correct conformation of
RNA chain and therefore, cannot be neglected. To the model proposed by Orland and
Zee (VOZ model) an additional linear external interaction was studied [14–16] to model
the effect of environment on RNA structure combinatorics. It was observed that the linear
interaction could possibly model the effect of changing temperature and pressure on RNA
chain [16]. In this paper, we review the work done by adding an external nonlinear Penner
interaction in the random matrix model of RNA folding [17,18]. The Penner matrix models originally appear in the context of quantum gravity, disordered systems [5,19], string
theory [3,20], and spin glasses [21] and are now applied in the study of RNA folding.
The generalized partition function of random matrix model (of length L) with Penner
interaction in the action is given by
 
L
L
1
−1
dφi e−N/2 i,j =1 (V )i,j Trφi φj
ZL (N ) =
AL (N ) i=1
×eN/2
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where φi are the random Hermitian matrices of size (N × N) placed at each base position
i = (1, ..., L). The internal interaction between bases is given by Vij and AL (N ) is the
normalization constant given by
AL (N ) =

 
L

dφi e−N/2

L

i,j =1 (V

−1

)i,j Trφi φj N/2

e

L

i=1 (W

−1

)i Tr[log φi2 ]

.

i=1


here W −1 is the external interaction strength at base position i. The factor (1/N )Tr i (1 +
φi ), the observable in the model is the ordered product over the matrices φi and ensures
that the diagonal terms in the potential V do not contribute and guarantees the saturation
in the hydrogen bonding between bases. Two simplifications are made: (i) interaction
between bases is the same for all pairs, i.e., Vij = v and (ii) external interaction does not
distinguish between bases and acts with the same strength on each base, i.e., Wi = w.
One can then carry out a series of Hubbard–Stratonovich transformation and eq. (1)
becomes

1
1
2
2
(2)
ZL (N ) = 
dσ e−NTr[(1/2v)σ −(1/2w)(log σ )] × Tr(1 + σ )L ,
AL (N )
N
where σ is (N × N) matrix, and normalization AL (N ) is given by

2
2

AL (N ) = dσ e−NTr[(1/2v)σ −(1/2w) log σ ] .
The potential in the action is given by
V (σ ) =

1 2
1
σ −
(log σ 2 )
2v
2w

and is the Gaussian Penner model with interaction log(σ 2 ) representing a double well
separated by an infinite thin barrier. The spectral density of the matrix σ at finite N with
z as eigenvalue is given by

1
1
ρN (z) = 
dσ e−NTrV (σ ) Trδ(z − σ ).
AL (N )
N
The exponential generating function of the partition function [12] is defined as
G(t, N ) =

∞

L=0

ZL (N )

tL
.
L!

To solve for G(t, N ) the orthogonal polynomial method [22] is used. The orthogonal
polynomials for the Gaussian Penner matrix model split into even and odd polynomials
which obey the orthogonality condition:
 ∞


dye−N [ν0 (y)−t log y] Pn (y)Pm (y) = hn δnm ,
(3)
0

where y = z , N  = N/2, ν0 (y) = 2V0 (z) = μy + · · · .
The difference between odd and even polynomials is that t  = (t  − (1/2N  )) for even
polynomials and t  = (t  + (1/2N  )) for odd polynomials. As each polynomial can
completely determine the recursion coefficients independent of the other, it is sufficient
2
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to work with any of the two polynomials. We choose the even polynomials to work with.
On solving the orthogonality relations the normalized even polynomials are

1/2
 
n!(N  μ)N t +1
−(N  /2)[μy−t  log y]
P̂n (y)
ψ2n (y) = e
(n + 1 + N  t  )
 



 

t

×y N t /2 e−N μy/2 LN
(4)
n (N μy).
N−1
The kernel defined by K(yi , yj ) = n=0 ψ2n (yi )ψ2n (yj ) gives the normalized spectral
density for the even polynomials as ρNe (y) = N1 K(y, y). For the large N limit the spectral
density is


 
N−1
1  n!(N  μ)N t +1
 

2
 
e
2
t

2 2
(5)
ρN (z ) =
z2N t e−N μz [LN
n (N μz )] ,


N n=0 (n + 1 + N t )

where y = z2 . Using the relation ρNe (z) = zρNe (z2 ) [22,23] and substituting ρNe (z2 ) in the
generating function, we get
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e

(6)

To solve this integral, a simplification is made, N  t  = 1/2 (−1/2 for the odd polynomials) which requires t  = 2/N (−2/N for the odd polynomials). Using this simplification
and the relation
2
H2n+1 (x) = (−1)n 22n+1 n!xL1/2
n (x )
−1/2

−1/2

(for odd polynomials, H2n (x) = (−1)n 22n n!Ln (x 2 )) where Ln
generalized Laguerre polynomials, eq. (6) gives
 2   
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1
1  e(t /4N μ )+t
e
G (t, N ) =
3
2n+1
N n=0 (n + 2 ) n!(2
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[Hk (x)]2 =
and the integral
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successively, G (t, N ) becomes
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Table 1. Partition functions for L up to 6 for the NL and VOZ models.
L

ZLNL (N )

ZLVOZ (N )

1
2
3
4
5
6

1
1 + v(2 + N1 )
1 + 3v(2 + N1 )
2
1 + 6v(2 + N1 ) + 2v 2 (4 + N3 ) + Nv 2
2
1 + 10v(2 + N1 ) + 10v 2 (4 + N3 ) + 5v
N2
1 + 15v(2 + N1 ) + 30v 2 (4 + N3 )
2
3
1
+5v 3 (8 + N8 ) + 15v
+ 10v
(2 + 2N
)
N2
N2

1
1+v
1+3
2
1 + 6v + 2v 2 + Nv 2
2
1 + 10v + 10v 2 + 5v
N2
1 + 15v + 30v 2 + 5v 3 +

and for the odd polynomials, the generating function is found to be
l

2n
N−1

t2
1 2 
2n 1
Go (t, N ) = e(t /4N μ)+t
.
l
N
l! 2N  μ
n=0 l=0

15v 2
N2

+

10v 3
N2

(9)

Equating powers of t  on both sides of equation


G (t , N) =
e

∞


ZLe (N )

L=0

t L
L!

(10)

with Ge (t  , N ) given by eq. (8), gives the partition function in terms of v and N. The
comparison between the partition functions for the VOZ and NL models is given in table 1.
3. Large length asymptotic analysis
The asymptotic analysis is divided into determining the structural combinatorics factor
and then the secondary and tertiary critical exponents. Taking the asymptotic form of the
VOZ model [12] as a reference, the NL model partition function is assumed to be
ZLNL (N ) =

NL
 aL,g
g

N 2g

,

NL
where aL,g
= kg XL Ls∗g−b . The parameters X, kg , s and b are analysed and fitted in the
asymptotic region. X is known as the structure combinatorics factor, b as the secondary
structure exponent and s as the tertiary exponent.

3.1 Combinatorics
The combinatorics factor in the VOZ model (all possible countable conformations possi√
ble for a given RNA length) is given by X = (2 vVOZ + 1), taking√this as the benchmark
and assuming that the combinatorics obeys a general form X = (2 f (v) + 1), the function f (v) for the NL model is found to be f NL (v) = 2vVOZ [17,18]. This implies that the
pairing strength between the bases in the NL model is twice as strong as the VOZ model.
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Previous work [17,18] does not account for any dependence of the combinatorics factor
on N. We further checked the dependence of N on X.
We assume
a more general expression for this factor X which depends on v, L and N as
√
X = (2 f (v, N) + 1)L . In the partition function log[ZL (N )], for each length different
values of v (1–6) are considered. For each v different values of N are analysed.
For a given v, the function f (v, N) for different N are found from the slope s of
log[ZL (N)] vs. L using
2
eslope − 1
.
f (v, N) =
2
f (v, N ) thus obtained are plotted as a function of 1/N. The plots are linear but
the slopes and intercepts are different for different v. These slopes and intercepts are
fitted as functions of v to get a final functional form of f (v, N ) depending on v and N.
This 1/N dependence is true for both small and large N. This is a new observation and
the combinatorics factors’ dependence on N is found to be (v ∗ a/N) for all N . The contribution of this part is effective for small N. For large N, this part has a negligible effect
on the combinatorics and f (v, N) simply reduces to v. For the VOZ model
 
aOZ 
,
f OZ (v, N ) = v 1 +
2N
where aOZ ∼ 16 for L = 160 and for the nonlinear model [18]
 
aOZ 
f NL (v, N ) = 2v 1 +
.
2N
3.2 Large N: Secondary exponent
To fit the secondary exponent, we consider the large N region as the effect of the tertiary
term is negligible in this regime. Plotting log ZLe −L log X against log L gives a straight line
with slope as 1.5. Thus, the power law L−3/2 is the same as the VOZ model (figure 1a).
Different values of v give different curves with same slope indicating that the slope is
independent of N. The curve with v = 0.5 coincides with the VOZ curve with v = 1.
3.3 Small N
The curve log ZLe − L log X against log L for small N gives the contributions from both
secondary as well as tertiary structures (figure 1b). The curves are not straight lines but are
U-shaped, where the first half gets contribution from the secondary and some small genii
(for which (s ∗ g − b) < 0) and second half is mainly from the higher genii. Different
values of v give different curves which clearly indicate that the NL model cannot be
reduced to the VOZ model for any value of v (unlike in the large N region where the NL
model coincides with the VOZ model for v = 0.5). The contribution from N is dominant
and sharply changes the number of structures.
3.4 Asymptotic expression of partition function
The appearance of odd and even powers of N are merged into a single genus by taking
1/N 2g as the genus characterization and the next odd power of 1/N, i.e., 1/N 2g+1 as the
300
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(a)

(b)
Figure 1. Figure shows log ZLe − L log X against log L for (a) N = 100000 and
(b) N = 1 for the NL and VOZ models.

effect of external interaction on genus g. The numerically fitted asymptotic form of the
partition function as a function of N, v, L and g is given by
ZL (N ) =

∞


aL,g
g=0

N 2g

+


aL,g

N 2g+1

,

(11)



where aL,g
and aL,g
are the coefficients of 1/N 2g and 1/N 2g+1 , respectively. The


and aL,g
are [17]
numerically fitted form of aL,g
√

aL,g
= kg (2 2v + 1)L L3g−3/2

Pramana – J. Phys., Vol. 84, No. 2, February 2015

301

Pradeep Bhadola and N Deo
and

√

= kg (2 2v + 1)L L3g−1/2 ,
aL,g

where
kg =

1
.
√
34g−3/2 24g+1 g! (π )

Thus the partition function of the NL model is
ZL (N ) =

∞

1
2g
N
g=0

√
L−1/2
kg (2 2v + 1)L L3g L−3/2 +
N


.

4. Genus distribution function
Numerically, the coefficients of 1/N 2g are isolated by taking the pairing strength v equal
to unity. The only parameter involved in each coefficient is N. These coefficients for a
given g are plotted against L in figure 2 with different values of N.
The shape of the curves are nearly the same as the VOZ model but the most probable
length (length contributing the maximum) for a given genus is larger in the NL model
than in the VOZ model. The most probable length as well as height of the curve changes

(a)

(b)
Figure 2. Normalized structures for fixed genus plotted as a function of L for the NL
(solid line) and VOZ (dashed line) interactions (a) N = 1 and (b) N = 100000.
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with change in N in the NL model. These quantities are independent of N in the VOZ
model. Thus, the NL model has an additional advantage as the interaction parameter N
can be tuned to fit the structure distributions as observed in real RNA. The difference in
the NL and the VOZ models even for large N arises due to change in different pairing
strength in both models (v in VOZ and 2v in NL). The genus distribution predicted by the
NL model is compared with that from real RNA structures as discussed in the following
section.
4.1 Analysis of RNA databases
Databanks like the RCSB protein databank stores the structural information of biomolecules in the PDB files. The PDB files for RNA structures are downloaded from
the databank. The program RNAVIEW [24] is used to process the PDB files. The pairing between bases is extracted. This program gives information on all types of pairing
including Watson Crick base pairs (A–U, G–C), the Wobble pairing (G – U), sugar–sugar
interaction and other interactions present within the molecule. This pairing information
is processed, retaining only Watson Crick and Wobble base pairs. Watson Crick and
Wobble base pairing are used to calculate the genus of a given RNA structure. Using this
information, a distribution of normalized structures with length for each genus is created
(figure 3).
The observed distribution of real RNA contains a large peak with some secondary
peaks. The secondary peaks have very small magnitude as compared to primary peaks.
The distribution obtained from the database is compared with the NL model findings. For

(a)

(b)
Figure 3. Normalized number of structures plotted as a function of L for a fixed genus
(a) genus = 1 and (b) genus = 2 for RNA structures taken from the real databases.
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genus 1, the peak value of the database is matched with the NL model peak value for
interaction strength N = 1000 which is found to be close to 0.3. As mentioned, the NL
model helps to change the number of structures by changing the interaction parameter.
This is not possible in the VOZ model.
The data from the databases are still not complete, there are lengths which encounters
no structure. There are also many RNAs which are not yet found and recorded. Therefore,
the space of real RNA is not fully explored and only limited structures are available for
comparison. Surprisingly, this limited structural data nearly mimic the prediction of the
NL model. Further, there are limitations from the matrix model theory as N ≥ 1. In
the NL model, N also plays the role of external interaction strength (given by 1/N), thus
limiting the interaction to a maximum of 1 but even with these limitations the NL model
fares better than the VOZ model.
5. Thermodynamics
5.1 Structures with temperature (T)
To include the effect of temperature (T) on the number of structures, the pairing strength
v is treated as a function of T related by v = e− /kT . With the simplification that the
ratio between Boltzmann constant k and base specific binding energy is unity, we have
v = e−1/T . Analysing contributions from every genus separately for L = 20 plotted in
figure 4 shows different contributions from each genus. Genus 2 contributes the most for
the NL model whereas for the VOZ model the most contributing genus is 3. This confirms
the fact that the NL model is biased towards lower genus.
5.2 Specific heat
The specific heat is given by C = −T (∂ 2 F /∂T 2 ) where F is the free energy given by
FL (T , N ) = −(1/β) log[ZL (T , N )] with v = e−1/T . The specific heat is calculated
numerically for different values of N from the partition function, and then compared with
the VOZ model. For small N, both models have identical specific heat at high temperature

Figure 4. Normalized structures vs. T for different genii, where g is genus for the
VOZ (dashed lines) and gn is genus for NL (solid line) models.
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with differences at low temperature. The NL model shows a temperature bulge where it
differs from the VOZ model (figure 5). The second derivative of specific heat shows a
double peak behaviour and the first derivative shows a kink which is similar to the model
[25] which implies a glassy model of RNA structures.
With increase in N the specific heat of the NL model is always greater than the VOZ
model. This difference is due to the higher pairing strength of the NL model as compared
to the VOZ model. Rescaling v, i.e., vNL = vVOZ /2 reduces the NL model to the VOZ
model.
Each genus is analysed separately. The main difference in the specific heat and
its derivatives between the two models is for genus 0, the difference between models
decreases with increase in genus. Within the NL model, the double peak in the second
derivative of the specific heat is present only for genus 0 (figure 6b), the higher genii do
not exhibit the double peak behaviour (figure 6d). The VOZ model does not show double
peak at any genus (figure 6).

6. Experimental evidence
Lambert and Draper have conducted unfolding experiments on RNA interacting with
osmolytes giving double peaked absorbance curves [26]. A kink is observed in the NL

(a)

(b)

(c)
Figure 5. (a) Variation of specific heat C for different N , (b) second and first (inset)
derivatives for N = 1 and (c) second and first (inset) derivatives for N = 100000
as a function of temperature (T), for the NL interaction (solid line) and VOZ models
(dashed lines).
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(a)

(b)

(c)

(d)
Figure 6. Figure shows variation of (a) first derivative and (b) second derivative of
specific heat for genus 0, (c) and (d) first and second derivatives of specific heat for
genus 1 as a function of temperature (T), for the NL interaction model (solid line) and
the VOZ model (dashed line) for N = 1.

model for small N and small T in the specific heat curve. This effect is small in the
specific heat but more visible in higher-order derivatives (figure 5b). The experiment [26]
also shows two transition peaks in the absorbance curve. In the NL model two peaks
are present, visible slightly in the specific heat but more pronounced in first and second
derivatives (figure 5b). Analysis on the genus 0 plot (figure 6b), suggests that the NL
interaction may be linked to osmolytes as osmolytes are mostly known to affect secondary
structures [26].
Further, the specific heat of the RNA molecule as measured experimentally [27] shows a
kink at 20 mM NaCl concentration which vanishes when the concentration is increased
to 150 mM. The change in concentration also shifts the peak of specific heat curve. In
the NL model we observe a bump at N = 1 which disappears at large N, the change in
N also results in peak shift. Hence external ions and molecules can be linked to the NL
interaction.

7. Conclusion
The nonlinear Penner-type interaction was studied in the random matrix model of RNA
folding. The generating function was derived analytically from which the partition functions were extracted. The model reduces to the noninteracting case (VOZ model) at large
N with a rescaling of v to v/2. Structures in the NL model are twice as stable as that in the
VOZ model. The asymptotic analysis suggests that there are two secondary exponents,
L−1/2 for small N and L−3/2 for large N, possibly representing two phases. The genus distribution for the real RNA structures collected from the protein databank was created and
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compared with the NL and the VOZ genus distributions. The NL model gives a better handle
to change the contribution of structures in the genus distribution functions by changing
interaction strength. Analysis of the structures with temperature implies that the NL
model is biased towards planar structures. The specific heat shows a bump at small N and
its second derivative shows a double peak behaviour. The behaviour of the specific heat is
qualitatively similar to the RNA unfolding experiments in the presence of osmolytes and
monovalent ions, where the absorbance and specific heat curves show a kink. As indicated
by unfolding experiments, osmolytes have major effects on planar structures. Analysis on
each genus indicated that the NL interaction affect genus 0 the most as the double peak
in the second derivative of specific heat is present only for genus 0. Derivatives of the
specific heat curves for higher genus do not show double peak behaviour. Thus, the
NL model may physically be linked to the effect of external ions or osmolytes on RNA
structures.
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