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Abstract. We study the role of mean-field diffusive coupling on suppression of oscillations for
systems of limit cycle oscillators. We show that this coupling scheme not only induces amplitude
death (AD) but also oscillation death (OD) in coupled identical systems. The suppression of oscillations in the parameter space crucially depends on the value of mean-field diffusion parameter. It
is also found that the transition from oscillatory solutions to OD in conjugate coupling case is different from the case when the coupling is through similar variable. We rationalize our study using
linear stability analysis.
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1. Introduction
During the last few decades, coupled oscillators are studied with a primary focus to provide a deep insight in complex real world problems. In fact, the inevitable tendency
of interaction for most of the natural systems makes the study of coupled oscillators
more toned [1]. Depending on the nature of coupling among the units of the system,
different emergent behaviours can be found for the system. Among these, one of the fascinating behaviour is the suppression/quenching of oscillations in the system of coupled
oscillating units [2–4].
The suppression of oscillation in coupled systems come under two classes: Amplitude
death (AD) [2] and oscillation death (OD) [4]. The stabilization of steady state of the
uncoupled system due to coupling is termed as AD, whereas stabilization of steady states
which emerge from symmetry-breaking bifurcation is termed as OD. In AD, all oscillators
in the system display identical steady-state behaviour. Thus, AD results in a homogeneous
steady state (HSS). However, in OD, each oscillator goes to different steady states present
in the system. Thus, OD is manifested as inhomogeneous steady state (IHSS) [5].
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The phenomena of AD have been extensively studied in literature and could have a
close relevance in controlling the dynamics of many physical systems. To induce AD
in the systems, various coupling schemes have been proposed in the past; most notable
schemes are mean-field diffusion [6], linear augmentation [7], dynamic coupling [8], conjugate coupling [9] and time-delayed coupling [10]. In contrast to AD, OD has been the
least studied, although it is very relevant in biological systems. In these systems, OD
was found to be a background mechanism for cellular differentiation [11–13] and also
associated with neurological conditions [14,15]. Moreover, along with the chemical and
biological systems [16], the phenomenon of OD is also found and analysed in various
systems, for example, tunnel diode circuit [17], electrochemical reactions [18], chemical
droplets [19], genetic oscillators [20] and calcium oscillators [21]. For a comprehensive
review over this topic, please see [2,4].
The phenomenological work of Turing in [22] was the first evidence where OD has been
observed for stationary media. Later, this observation was mathematically formulated by
Prigogine and Lefever [23]. In a very recent study, Koseska et al [3] have reported that the
transition from AD to OD takes place via Turing bifurcation under the effect of frequency
mismatch. However, there have been other studies also of OD with various coupling
schemes, for example, dynamic and conjugate coupling [24] and repulsive coupling [25]
which depicts the transition from AD to OD in homogeneous systems. The realization
of OD state in coupled chaotic oscillator is also found [26]. Lately, Zou et al [24] have
shown that presence of time delay in coupling is insufficient to stimulate such transition
for identical oscillators. However, for non-identical oscillators time delay alleviate its
occurrence even when the degree of heterogeneity is very low. Moreover, with a specific
case of homogeneous Stuart–Landau oscillator, it has been articulated that in the absence
of delay, internal parameter of the oscillators plays a crucial role to stabilize the system
to OD state [27]. In all of these works, to impel the system to OD state, either detuning
of the parameter or change in the internal parameter is necessary and if the system is
homogeneous, then other types of coupling schemes such as dynamic, conjugate and
repulsive coupling are needed [8,9,25]. Recently, the role of mean-field coupling for
the occurrence of OD has been investigated extensively [28]. The scheme of mean-field
coupling is important because it has been vastly used in laser application [29], and also
in biological systems [30], where it provides a more realistic picture for the effective
mechanism.
This work is focussed on the significant transition of AD and OD in the presence of
mean-field coupling between either similar or dissimilar (conjugate) variables. In order
to illustrate our scheme, we consider two limit-cycle oscillators coupled via mean-field
diffusion. Here, mean-field control parameter defines the density of effective interaction.
We observed that depending on the coupling strength and mean-field density, coupled system exhibits a transition from AD to OD state and provides the dominance of oscillation
death. Apart from the work in [5], where the dominance of OD is shown for a specific
case of synthetic genetic oscillator, recently a general scheme has been reported which
can bring the dominance of OD in a coupled identical limit-cycle oscillators [28]. Here,
important point to note is that, along with coupling strength, mean-field density is also
essential to make the parameter space for the existence of OD. Here, we have considered
two coupling schemes: coupling between the similar or dissimilar (conjugate) variables.
To find suppression of oscillations and dominance of IHSS/HSS solutions in parameter
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space, analytically, we have carried out the linear stability analysis and computed the
bifurcation diagram using the continuation tool XPPAUT [31].
In this work, our basic unit,
ż = f (z) = (1 + iω − |z|2 )z

(1)

is the Stuart–Landau (SL) oscillator. z is a complex variable with real part R(z) = x and
imaginary part I(z) = y. This oscillator is an exemplary model of standard limit-cycle
oscillator undergoing supercritical Hopf bifurcation. It has a stable limit cycle, z = eiωt
and an unstable focus at z = 0.
The dynamics of the system for two cases of coupling scheme can be written as
ż1 = (1 + iω − |z1 |2 )z1 + (q x̄ − x1 ),
ż2 = (1 + iω − |z2 |2 )z2 + (q x̄ − x2 )
and

(2)

ż1 = (1 + iω − |z1 |2 )z1 + (q ȳ − x1 ),
ż2 = (1 + iω − |z2 |2 )z2 + (q ȳ − x2 ),

(3)

where  ( > 0, ∈ R), is the coupling strength, x̄ = 12 (x1 + x2 ), ȳ = 12 (y1 + y2 ) are
the mean field of x and y variables and q (with 0 ≤ q < 1) is the mean-field diffusion
parameter. Clearly, the dynamical equations of the two oscillators are invariant under
the permutation of indices. But, continuous rotational symmetry present in the single SL
oscillator is broken by the coupling term in both equations giving rise to different nontrivial steady states. In this work, our emphasis will be on the stability of the homogeneous
and inhomogeneous steady states of these two coupled systems defined by eqs (2) and
(3). Without loss of generality, we have set the internal frequency ω of each oscillator at
ω = 2.
The stability of steady states can be determined by the eigenvalues of the Jacobian
matrix calculated at these points. If the real part of the largest eigenvalue of this matrix
is negative then the steady state is stable. We can also define unstable dimension [32] for
this system, which is the number of strictly positive eigenvalues at the fixed point. The
unstable dimension will be zero for the stable fixed point in the parameter plane.
2. Steady states when coupling is through similar variables
First, we consider the coupling between similar variables as given by eq. (2). In order to
study the behaviour of homogeneous and inhomogeneous fixed points, we introduce the
following linear coordinate transformations for the system [27]:
zs = 12 (z1 + z2 );

za = 12 (z1 − z2 )

(4)

which are symmetric and antisymmetric variables and correspond to symmetric (za = 0)
and antisymmetric (zs = 0), manifold, respectively. The dynamical equations in this
coordinate system will transform to
z˙s = 12 (f (zs + za ) + f (zs − za )) − (1 − q)R(zs ),
z˙a = 12 (f (zs + za ) − f (zs − za )) − R(za ).
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Similarly, the dynamical equations for eqs (5) can be written as [27]
z˙s = (1 + iω − |z|2s )zs − (1 − q)R(zs),
z˙a = 0,

(6)

for the symmetric subspace, Zs = {(zs , za )|za ≡ 0}, and
z˙s = 0,
z˙a = (1 + iω − |z|2a )za − R(za ),

(7)

for the antisymmetric subspace, Za = {(zs , za )|zs ≡ 0}.
Clearly, apart from trivial homogeneous steady state, (z1 , z2 ) = (0, 0), eqs (6) and
(7) also allow the appearance of non-trivial steady states in symmetric and antisymmetric
subspaces for the aforementioned system.
(i) The antisymmetric subspace allows only inhomogeneous solutions. So, here two
different branches b1 and b2 of steady-state solutions, represented as (zs , za ) = (0, ±zbih1 )
and (zs , za ) = (0, ±zbih2 ), emerge from the trivial steady state, (z1 , z2 ) = (0, 0) and given
by,



√
√
2 − 4ω2
−
+

 − 2ω2 +  2 − 4ω2
ih
ih
ih
,
xb1 = yb1
; yb1 =
2ω
2

xbih2 = ybih2

+

√

2

−
2ω

4ω2




;

ybih2 =

√
 − 2ω2 −  2 − 4ω2
,
2

(8)

where zbih1 ,b2 = xbih1 ,b2 + iybih1 ,b2 . If the system stabilizes to any of the solution branch, b1 or
b2 , it is called oscillation death as in here, solution of the system will be of the form
x1 = −x2 and y1 = −y2 . The superscript ih denotes inhomogeneous steady state.
(ii) For the symmetric subspace, by definition, only homogeneous steady states can
be found. The HSS of the system for symmetric subspace also emerge from trivial
steady state, (z1 , z2 ) = (0, 0). The two solution branches of homogeneous steady states
represented as (zs , za ) = (zbh1 , 0) and (zs , za ) = (zbh2 , 0), are given by



2 (1 − q)2 − 4ω2
−(1
−
q)
+

;
xbh1 = ybh1
2ω
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xbh2
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,
=
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where zbh1 ,b2 = xbh1 ,b2 + iybh1 ,b2 . The superscript h denotes homogeneous steady states. If
the system stabilizes to any of the solution branch, b1 or b2 , it is called amplitude death
as in this case both the solutions are of the form, x1 = x2 and y1 = y2 .
For ω = 2, we shall only have solution branch b1 for all the other parameters q and 
in both HSS and IHSS.

3. Steady states when coupling is through dissimilar variables
Now, we discuss the dynamical behaviour of two SL oscillators coupled via dissimilar
(conjugate) variables given by eq. (3). The presence of conjugate coupling brings out
the emergence of both HSS and IHSS in the system along with the trivial steady state
(z1 , z2 ) = (0, 0). Using the linear coordinate transformations defined by eq. (4) for this
case we have,
z˙s = 12 (f (zs + za ) + f (zs − za )) − I(zs ) + qR(zs),
z˙a = 12 (f (zs + za ) − f (zs − za )) − R(za ).

(10)

Thus, the dynamical equations for eqs (10) can be written as [27]
z˙s = (1 + iω − |z|2s )zs − I(zs ) + qR(zs),
z˙a = 0

(11)

for the symmetric subspace, Zs = {(zs , za )|za ≡ 0}, and
z˙s = 0,
z˙a = (1 + iω − |z|2a )za − R(za )

(12)

for the antisymmetric subspace, Za = {(zs , za )|zs ≡ 0}.
Thus, in this case also eqs (6) and (7) allow the appearance of non-trivial steady states
in symmetric and antisymmetric subspaces, apart from trivial homogeneous steady state,
(z1 , z2 ) = (0, 0).
(i) The antisymmetric subspace which allows only inhomogeneous solutions has two
branches b1 and b2 given by eq. (8).
(ii) The symmetric subspace, by definition, only allows homogeneous steady states.
The HSS of the system for symmetric subspace also has two branches emanating from
zero solution in this coupling case. These two solution branches, represented as (zs , za ) =
(zbh1 , 0) and (zs , za ) = (zbh2 , 0), are given by

xbh1

=

ybh1


ybh1

=

− +



 2 + 4qω − 4ω2
2ω


;


−2ω(ω − 1) + (1 + qω)  2 + 4qω − 4ω2
,
2(1 + q 2 )
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xbh2

=

ybh2


ybh2

=

− +



 2 − 4qω − 4ω2
2ω


;


−2ω(ω − 1) + (1 + qω)  2 − 4qω − 4ω2
,
2(1 + q 2 )
(13)

where zbh1 ,b2 = xbh1 ,b2 + iybh1 ,b2 .
4. Results
The phase diagrams of different dynamical regime of the system described by eqs (2) and
(3) are shown in figures 1a and 1b, respectively. In this figure, AD refers to stabilization
of the system to trivial fixed point, namely the origin. The IHSS, OS and the HSS represent that the system is stabilizing to inhomogeneous steady states, oscillatory state and
homogeneous steady states, respectively.
We shall first consider the stability of the origin in the parameter plane of  and q. In
similar variable coupling case, Hopf bifurcation occurs at  = 2 in the antisymmetric subspace. Here, the two eigenvalues cross the zero, and reduce the unstable dimension of the
system from 4 to 2, which can be seen in figure 2a. However, in the symmetric subspace
Hopf bifurcation occurs at  = 2/(1 − q) and for q = 0.2 we have  = 2.5. These two
Hopf bifurcation points have been marked by HB1 and HB2 , respectively in figure 3. The
Hopf bifurcation in the symmetric subspace stabilizes the origin. Furthermore, real part
of the largest eigenvalue in the two subspaces of the system again crosses 0 at  = 1 + ω2
and (ω2 + 1)/(1 − q) in antisymmetric and symmetric subspaces,
 Thus, the
 respectively.
2
2
unstable dimension of the origin reduces to zero in the -range 1−q : ω + 1 , provided,
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Figure 1. Regions of different dynamical states calculated numerically in the parameter plane of  and q for systems given by (a) eq. (2) (coupling through similar variable)
and (b) eq. (3) (coupling through conjugate variable). Here, the horizontal lines correspond to the bifurcation diagram that is drawn for different values of q for ω = 2.
For details please see text. The red lines, which are obtained analytically, represent
the boundary between different dynamical states.
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Figure 2. Plot showing the real part of eigenvalues of the Jacobian matrix (η), evaluated at fixed point (z1 , z2 ) = (0, 0), against . In (a) (coupling through similar
variable) the values of q are: (i) 0.2, (ii) 0.6 and (iii) 0.7 for the system given by
eq. (2). Similarly, in (b) (coupling through conjugate variable) the values of q are: (i)
0.1, (ii) 0.4 and (iii) 0.7 for the system described by eq. (3). ω = 2 for all cases.

[2/(1 − q)] < ω2 + 1 and therefore origin becomes stable. For instance, when q = 0.2,
the origin is stable only, in the -range [2.5 : 5]. As shown in figure 2a, these extreme
points,  = 2.5 and 5, are marked by A and B, respectively in the eigenvalue diagram.
The validation of the above statements is also confirmed by the bifurcation and phase
diagrams portrayed in figures 3a and 1a, respectively, for q = 0.2.
For the conjugate coupling case, the unstable dimension of the system for the trivial
fixed point (z1 , z2 ) = (0, 0) or zero solution reduces from 4 to 2 at  = 2 for all values of q which can be seen in figure 2b. However, for  > 2 and q < 0.75, the other
two eigenvalues of the Jacobian matrix are negative, thus further reducing the unstable
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Figure 3. Bifurcation diagram showing different dynamical regimes in two coupled
SL oscillators for (a) q = 0.2, (b) q = 0.6 and (c) q = 0.7 for system given by eq.
(2). The solid/dashed lines denote stable/unstable steady states and filled/unfilled
blue circles denote stable/unstable periodic solutions. The bifurcation points Hopf
bifurcation (HB) and pitchfork bifurcation (PB) are marked. The other parameter is
ω = 2.
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dimension of the Jacobian matrix by 2. Thus, for this region the zero solution is stable.
The real parts of eigenvalues of the Jacobian matrix for zero solution are plotted in
figure 2b for the representative cases q = 0.1, 0.4 and 0.7 which validate the assertions
made earlier. Thus, the origin is stabilized via Hopf bifurcation (point HB in figure 4a
and HB2 in figure 4b).
However, in both cases the -range, which gives the stability of origin, shrinks as the
value of q increases. Let us first consider the case when coupling is through similar variable. At q = qc , we have 2/(1 − q) = ω2 + 1. Thus, for, q > qc = (ω2 − 1)/(ω2 + 1),
the unstable dimension of the system will always be equal to or greater than one as
can be seen in panel (iii) of figure 2a for q = 0.7. In this case, the origin is unstable
and the critical value of q for ω = 2 is qc = 0.6. In the case, where the coupling is through dissimilar variable, zero solution loses its stability at the critical value
 = c (q) = (1 + ω2 )/(1 + qω). Thus, for q < 0.75 the zero solution is stable in the
1+ω2
]. These extreme points for q = 0.1 are marked by A and B in panel
-range [2 : 1+qω
(iii) of figure 2b indicating the stable regime of zero solution.
The loss of stability of the zero solution gives rise to the birth of different steady states.
Coupling through similar variable leads to IHSS whereas, coupling through dissimilar
variable, leads to HSS. Now, we shall describe the stability of both IHSS and HSS in
the two coupling cases. In similar variable coupling, for  = ω2 + 1, symmetry of
the system is broken and IHSS are born via pitchfork bifurcation. The antisymmetric
subspace allows for the appearance of these fixed points. First, we consider the case
where q < qc . The IHSS is stable for all  > ω2 + 1, as shown in figure 1. We have
also drawn the corresponding bifurcation diagram for q = 0.2 as shown in figure 3a. It is
important to note that, at q = qc = 0.6 the Hopf bifurcation point of the antisymmetric
subspace (marked by HB2 ) meets with the PB point which is marked by PB in figure 3b.
This is the case of degenerate bifurcation. Moreover, as the value of q is further increased
from qc , the IHSS become unstable (green dashed line in figure 3c for q = 0.7) and
these IHSS branches are stabilized via an inverse Hopf bifurcation (marked by HB3 in
figure 3c). The analytical critical curve representing this transition in the parameter plane
of  and q for q > 0.6 is given by
2(1 + q)
=
(3 + q)(1 − q)
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Figure 4. Bifurcation diagram showing different dynamical regimes in two coupled
SL oscillators for (a) q = 0.3 and (b) q = 0.9 when coupling is through conjugate
variable for system given by eq. (3). The other parameter is ω = 2.
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which is consistent with the numerically calculated phase diagram shown in figure 1a. We
also have oscillatory solutions corresponding to antisymmetric subspace which coexist
with IHSS. These oscillatory solutions are found to be in-phase with each other. The oscillatory solutions corresponding to the Hopf bifurcation point HB are unstable (not shown
here). This is a quite interesting result which has often been observed in experiments [18].
In this case, HSS is also formed at  = (1/(1 − q))(ω2 + 1) via pitchfork bifurcation
marked by PB2 in figure 3a. Here, appearance for these fixed points is allowed by symmetric subspace and the unstable dimension of the system turns out to be equal to one
for these steady states. These unstable HSS branches are shown as dashed black lines in
figure 3a. Moreover, the eigenvalue corresponding to these points as a function of  and
q is given by

2
+  2 (r 2 − 2y 2 ) − ω2 ,
(15)
η = 1 − 2r 2 − + r 4 +
2
4
where r 2 = x 2 + y 2 . The value of x and y are given by eq. (9) for branch b1 . For q = 0.2
and ω = 2, the eigenvalue η = 0 for  ∼ 6.79 and thus, the unstable dimension of HSS is
zero if  > 6.79 and HSS is stable. At  ∼ 6.79 pitchfork bifurcation occurs (marked by
PB3 in figure 3a) and from this point two new solution branches from each HSS solution
branch emanate as shown by PB3 in figure 3a by dashed green lines. However, these
branches are unstable and only the HSS branches which are shown by red lines in the
figure 3a are stable for higher values of .
Now, where coupling is through conjugate variable, loss of stability of the origin leads
to the birth of HSS. For q < 0.75, these solutions are born at  = (1 + ω2 )/(1 + qω)
via pitchfork bifurcation which is indicated by PB1 in figure 4a. We have two branches
of HSS emanating from points PB1 which remain stable for all values of . As q is
increased, the interval between pitchfork bifurcation points PB1 and Hopf bifurcation
point HB reduces and finally, these two points meet at q = 0.75 for ω = 2. For q > 0.75,
the stability of pitchfork bifurcation point is lost and the two branches of HSS are further
stabilized by Hopf bifurcation which are denoted by HB1 in figure 4b. The periodic solutions, which are indicated by open red circles, are unstable. Also, the periodic solutions
corresponding to Hopf bifurcation point HB2 are destabilized at the point HB1 which is
shown by unfilled circles in figure 4b. Thus, conjugate coupling removes the bistability
of oscillatory solutions with other states.
In this case, two IHSS branches of the system are born via pitchfork bifurcation in
the system. They are the solution of antisymmetric subspace and born at  = ω2 + 1.
This point is denoted by PB2 in figure 4a for a representative case q = 0.3. Here, the
unstable branches of IHSS are indicated by dashed green lines. These two branches are
further stabilized by another pitchfork bifurcation which is denoted by PB3 in figure 4a.
The stable IHSS branches are shown by solid red lines in the same figure and these IHSS
solutions coexist with HSS solutions in the –q parameter space as shown in figure 1b.
In summary, we have studied the effect of interplay between mean-field density and
coupling strength on the stability of HSS and IHSS for a system of two identical SL
oscillators with coupling between similar or dissimilar variables. These oscillators are
coupled via mean-field diffusion. The route to stable OD from oscillatory solution
depends very sensitively on the mean-field density. We observed the dominance of OD
in a large region of parameter space when the coupling is through similar variable. In
this case, it is found that the transition from oscillatory solution to stable OD occurs
Pramana – J. Phys., Vol. 84, No. 2, February 2015
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through pitchfork bifurcation when the mean-field density is small, while for large meanfield density it takes place via Hopf bifurcation. We have also found stable in-phase
solutions along with stable OD for large mean-field density, which is reminiscent of
various experiments [18]. Dominance of HSS in parameter space is observed for the
case where the coupling is through dissimilar variables. The bistability occurring in the
form of inhomogeneous steady states and oscillations, for similar variable coupling, is
replaced by homogeneous steady-state solution in the case of coupling with dissimilar
variables. In this way, the scheme of conjugate (dissimilar) variable coupling is quite helpful to overcome the bistability regime obtained in similar variable coupling. Furthermore,
the transition from oscillatory solution to oscillation death, i.e., IHSS, is also different in
both the cases. We hope that these studies may provide an efficient control mechanism
for practical purposes, where mean-field density as well as the coupling scheme can be
used as control parameters.
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