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Abstract. A design of coupling is proposed to control partial synchronization in two chaotic oscillators in a driver–response mode. A control of synchrony between one response variables is made
possible (a transition from a complete synchronization to antisynchronization via amplitude death
and vice versa without loss of synchrony) keeping the other pairs of variables undisturbed in their
pre-desired states of coherence. Further, one of the response variables can be controlled so as to
follow the dynamics of an external signal (periodic or chaotic) while keeping the coherent status of
other variables unchanged. The stability of synchronization is established using the Hurwitz matrix
criterion. Numerical example of an ecological foodweb model is presented. The control scheme is
demonstrated in an electronic circuit of the Sprott system.
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1. Introduction
Control of synchronization [1–3] and desynchronization [4] in chaotic systems is an
important issue of practical relevance. However, such control of synchronization is not
easy to implement using the diffusive-type linear coupling. Designing of coupling, in
recent times, is found to be a better solution for engineering a desired coherent state/
pattern and its control in a network of oscillators [4–6] or a few oscillators [7–9]. A few
related issues, such as engineering of coherent patterns [5], synchronization in cellular
systems [6], enhancing the anticipation synchronization etc., have already been investigated
[8]. We have reported a general scheme for designing coupling based on Hurwitz matrix
stability in our earlier works [10–15]. The stability for engineering complete synchronization (CS) or antisynchronization (AS) with a scaling (amplification or attenuation) of
chaotic attractors has been discussed using Lyapunov function [16], where the coupling
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was considered as a black-box and assumed a priori unknown. For a given dynamical
system, the coupling was designed to realize a targeted state of synchrony whose stability
was established using a chosen criterion. The coupling functions, in most of these cases,
are nonlinear in nature. However, a trade-off between the cost and benefit of the coupling
can always be made which is important for practical purposes. It is worth debating that,
although linear diffusive coupling is a realistic assumption of a process of exchanging
information, in many dynamical systems in nature, it is not really known how exactly the
natural systems interact in many other situations. It is likely that they could also interact
in a nonlinear fashion whenever it requires for adjustment of rhythms and adaptability for
cooperative behaviours. Accepting nonlinearity in dynamical systems’ definitions, inclusion of nonlinearity in the coupling definition is a logical consequence although it risks to
pay a higher price. However, an exact form of interaction or coupling is yet to be defined,
which has been approached so far mainly by using the nonlinear feedback control theory
[17] and other methods [18].
A common feature of the conventional linear diffusive coupling [19–23] and the existing nonlinear coupling [3,5,8,11,12] is that they are able to induce a uniform coherent
state when all the pairs of the state variables of the interacting oscillators emerge into
one unique synchronization regime (CS or AS). On the other hand, we introduced earlier
[12] an open-plus-closed-loop (OPCL) method of designing coupling to realize a type of
mixed synchronization (MS): different pairs of similar state variables in coupled oscillators attain different forms of synchronization, CS, AS and partial amplitude death (AD)
simultaneously. By partial AD, we meant that one of the response variables was forced
to AD while other response variables remain in CS or AS state with the driver variables.
This coupling scheme is further explored, in this paper, to control partial synchronization
in coupled chaotic systems. This is relevant in situations [24,25] as explained using the
example of foodweb model. Such a control of partial synchronization may be necessary,
particularly, in the case of limited measurements accessibility. An identical synchrony
in a small/large number of oscillators may be the most desired perfect symmetry of a
coupled system or a network and observed in many systems. It might not occur in many
other real systems such as the brain network or the power grid, where multiple clusters
may appear instead of single symmetric cluster. Even isolated desynchronized cluster [26]
may coexist with synchronized clusters with a breaking of the perfect symmetry such as
seen in chimera states [27,28]. Similarly, in the simplest case of two oscillators too, a perfect symmetry may be absent when some pairs of variables show synchrony while others
do not. This state is defined as almost synchrony (AL) [29] or quasisynchrony (QS) [30].
In two or more coupled genetic oscillators, it is reported [31,32] that limit cycle and
steady-state behaviour coexist. In such situations, a control of partial synchronization is
quite relevant and may be approached via a design of coupling instead of using the conventional linear coupling and it is reasonably justified to pay a price for the nonlinear
coupling. In fact, a control of all the response variables is already presented in our
previous work [33].
As an example of external controlling, we mention a recent work of coupling design
[7], where a driving system first stabilized a fixed point origin of a response system, i.e.,
to an AD state [34,35]. A new stable fixed point different from the origin can also be
targeted in the response system. Note that this new stable fixed point is also defined as an
AD state or a homogeneous steady state (HSS) [9,36]. The coupling was so defined that
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it allowed to control all the response variables uniformly by an external periodic signal
of desired amplitude and frequency. All the response variables, in principle, followed
the dynamics of the external periodic signal. Such a control strategy is important from
the viewpoint of controlling the dynamics of many physical systems by an external drive.
On the other hand, it may be necessary for specific practical purposes to control just one
or a few of the response variables instead of all the response variables simultaneously
because all the variables are not always accessible for measurements. Control of the
partially synchronized response is a necessity in such a situation which is not possible by
the above method [7].
In this paper, we attempt to realize such a control of partial synchronization. For this,
we insert a scaling matrix in the definition of the OPCL coupling [12,13] when one of the
matrix elements is tunable. Some interesting consequences of the approach are demonstrated here. First, different coherent states (CS, AS and AD) are targeted in different
pairs of variables simultaneously by a heterogeneous choice of the elements of the scaling matrix. The response variable which is forced to an AD state, is then controlled to
follow an external signal (periodic or chaotic). Alternatively, instead of using an external
signal, a smooth transition of the AD state to a CS state or an AS state in that pair of
drive–response variables is made possible while other pairs of driver–response variables
remain undisturbed. By smooth transition, we mean that there is no intermediate loss
of synchronization during the transition, which is counterintuitive to the existing knowledge in the literature. An amplification or attenuation (scaling up or down) of any of the
response variables in the AS or CS state is also made possible. This control of partial
synchronization is physically demonstrated in an electronic experiment using a chaotic
Sprott circuit.
The theory of the coupling design is described in §2. The control method is elaborated
using numerical examples of an ecological foodweb model in §3. Experimental results
using a Sprott circuit are presented in §4. Results are summarized in §5.

2. Theory of coupling design: Control of partial synchrony
A design of unidirectional coupling was reported earlier [10,11] to obtain CS or AS
in two chaotic oscillators identical as well as mismatched. An extension of this coupling design was made later to realize MS [12] which we use here to realize the control
of partial synchronization. Consider one chaotic oscillator ẋ = f (x) that is driving
another oscillator ẏ = f (y) to achieve a desired goal dynamics g(t) = αx(t), where
α = diag(α1 , α2 , ..., αn ) is a n × n constant matrix [12] called the scaling matrix and
αi is a real number (i = 1, 2, ..., n); x ∈ n , y ∈ n , f: n → n is a continuously
differentiable function that defines the dynamics of the uncoupled system.
The response system after the coupling is
ẏ = f (y) + D(y, g),

(1)

where the coupling function D(y, g) is to be defined. A choice of the α-matrix sets the
goal dynamics g(t) as
g(t) = [ g1 (t), g2 (t), . . . , gn (t) ]T = [ α1 x1 , α2 x2 , . . . , αn xn ]T .
Pramana – J. Phys., Vol. 84, No. 2, February 2015
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If the off-diagonal elements of the α-matrix are also taken as nonzero, the desired goal
can be set for a generalized synchronization (GS) [13] which we do not discuss here. We
start with the assumption that the off-diagonal elements are always zero. Using the goal
dynamics (2), we define the coupling function as
⎡
⎡ ⎤ ⎡
⎤
⎤
y1 − g1
f1 (g)
ġ1
⎢ y2 − g2 ⎥
⎢ ġ2 ⎥ ⎢ f2 (g) ⎥
⎢
⎢ ⎥ ⎢
⎥
⎥
(3)
D(y, g) = ⎢ . ⎥ − ⎢ . ⎥ + (H − J ) ⎢
⎥,
..
.
.
⎣
⎣ . ⎦ ⎣ . ⎦
⎦
.
ġn

fn (g)

yn − gn

where f = [ f1 , f2 , . . . , fn ]T , J = ∂f (g)/∂g is the Jacobian of the dynamical system
and e = [ e1 , e2 , . . . , en ]T = [ y1 − g1 , y2 − g2 , . . . , yn − gn ]T . H is a n × n constant
matrix. The H-matrix is constructed [11,12] from the Jacobian of the dynamical system
by replacing its state variables with arbitrarily chosen constant parameters and keeping
the system parameters unchanged. The error dynamics can be easily determined [10–12]
using eqs (1)–(3) as ė = H e which is stable if H is a Hurwitz and then
lim yi − gi  = 0,

t→∞

gi = αi xi .

The H-matrix becomes a Hurwitz by the appropriate choice of its elements, when all the
eigenvalues have negative real parts. For the H-matrix to be a Hurwitz, the range of values
of its elements can be determined using the Routh–Hurwitz (RH) criterion [11,12,17].
The range of parameter values is found to be sufficiently wide. The design of coupling
mainly concerns appropriate choice [11,12] of the parameters of the H-matrix. Note that
αi is not involved in the H-matrix and hence the stability of the error dynamics never
depends on it. This provides a major advantage in practical applications and play a key
role in our control strategy as demonstrated in the next sections.
Once the H-matrix is a Hurwitz, yi = αi xi represents a stable dynamics of the coupled
system and so separate targeted coherent states (CS, AS and AD) can be realized between
different pairs of the state variables of the coupled system by a heterogeneous choice of
αi . As an example, for a 3D system, one can choose any αi (say, α2 ) larger or smaller
than unity when an amplification (α2 > 1) or attenuation (α2 < 1) is desired in one of
the response variables. One can also control the amplitude of the response variables by
continuously varying α2 . A smooth control of the amplitude (scaling up or down) of a
response variable is thus possible. In addition, we can vary any αi (say, i = 1) from −1
to +1 to introduce a smooth transition from an AS state (α1 = −1) to a CS state (α1 = 1)
via an intermediate AD state (α1 = 0). In contrast to the conventional methods, there
is no loss of synchrony during the transition because the stability of synchronization is
independent of αi . Other pairs of variables remain undisturbed in their targeted coherent
states as decided by the choice of αj (i = j = 2, 3, ..., n). Control of the partially
synchronized response and its amplitude is thereby realizable.
Finally, we emphasize the issue of partial control of the response dynamics by an external signal. Let us consider all αi = 0, then the response dynamics stabilizes at the origin
when gi = 0. It may be the fixed point of the uncoupled system, otherwise a new fixed
point is created at the origin which is stabilized by the coupling. In fact, the response
dynamics can be stabilized at any arbitrary fixed point by a choice of the goal dynamics
gi = αi xi + ci (ci is a constant) and αi = 0 when gi = ci . Using this strategy, we control
206
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the partial AD state of the response system. The partial AD state is first induced by taking
one of the αi = 0 (say, α1 = 0) and inducing CS and AS in the other pairs of state
variables of the drive–response system by a choice of nonzero αj (i = j = 2, 3, . . . , n) as
discussed above. Then the partial AD response is controlled by an external periodic signal
of desired amplitude and frequency without any loss of synchronization in other pairs of
the state variables. Instead of a periodic signal, one can also force a desired chaotic signal
into the partial AD response state. This is a departure from the previous report [7] on
targeted amplitude dynamics where all the response variables were controlled uniformly.
Instead, a separate control of a single response variable is made possible here.

3. Partial control of response variables: Numerical example
We describe how to introduce a partial control of one response variable by an external
signal of desired amplitude and frequency. The case of identical systems is only presented
here although the theory of the coupling design is valid for any model system with or
without mismatch [11]. As a numerical example, we consider a foodweb model [38],
ẋ1 = ax1 − 1.5 − d1 x1 x2 ,
ẋ2 = −bx2 + d1 x1 x2 − d2 x2 x3 ,
ẋ3 = −cx3 + 0.1 + d2 x2 x3 .

(4)

This model describes a three-level vertical food chain where the vegetation (or prey)
x1 is consumed by herbivores (or predator) x2 which themselves are preyed upon by the
top predator x3 . The coefficients a, b and c represent the respective nett growth and death
rates of each species. The predator–prey interactions are introduced via Lotka–Volterra
terms with strength d1 and d2 . The model exhibits chaotic dynamics for a wide range of
parameter values. Two identical systems (4) are taken as well to drive one by the other.
There are several options of the target or goal dynamics in the drive–response system.
A mixed coherent state of AD (α1 = 0), CS (α2 = 1) and AS (α3 = −1) is opted for
different pairs of state variables. However, one needs to make a judicious decision in
choosing the goal dynamics for this particular model. We target an AD state different
from the origin rather choose a HSS in one of the response variables as it means a constant population in a foodweb model, while the AD at origin means a zero population or
extinction of a species [39] which is not desirable.
Now consider a goal function, g = αx + ζ , where α = diag(α1 , α2 , α3 ), ζ = diag(β +
γ sin ωt, 0, 0) and β and γ are constants. β defines a targeted shift of the AD state from the
origin and γ denotes the amplitude of external dynamics of frequency ω. The response
system ẏ = f (y) + D(y, g), y = [y1 , y2 , y3 ]T , is easily derived using the coupling
function (3). The H-matrix is obtained from the Jacobian of the model (4) as described
above following a general rule [11], H = [ p11 p12 0, p21 p22 p23 , 0 p32 p33 ]T . The
H-matrix is simplified by taking only the diagonal elements as nonzero, without loss of
generality, H = [ p11 0 0, 0 p22 0, 0 0 p33 ]T . The parameters of the H-matrix are then
appropriately chosen so as to satisfy the RH criterion [17] when the H-matrix becomes a
Hurwitz.
Pramana – J. Phys., Vol. 84, No. 2, February 2015
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Now a goal dynamics is targeted as
⎤ ⎡
⎤
α1 x1 + β1 + γ1 sin ωt
g1
⎣ g2 ⎦ = ⎣ α2 x2 + β2 + γ2 sin ωt ⎦ .
g3
α3 x3 + β3 + γ3 sin ωt
⎡

Based on this desired goal and the coupling definition (3), the coupling matrix of the
response system is obtained as
⎡

⎤
α1 (ay1 − 1.5 − d1 y1 y2 ) − ag1 + d1 g1 g2 + 1.5
⎢ +(p11 − a + d1 g2 )e1 + d1 g1 e2 + γ1 ω cos ωt ⎥
⎢
⎥
⎢
⎥
⎢
⎥
⎢ α2 (−by2 + d1 y1 y2 − d2 y2 y3 ) + bg2 − d1 g1 g2 ⎥
⎢
⎥
⎥.
+γ2 ω cos ωt + d2 g2 g3 − d1 g2 e1
D=⎢
⎢
⎥
⎢
⎥
+(p22 + b − d1 g1 + d2 g2 )e2 + d2 g2 e3
⎢
⎥
⎢
⎥
⎢
⎥
⎣ α3 (0.1 − cy3 + d2 y2 y3 ) + cg3 − 0.1 − d2 g2 g3 ⎦
−d2 g3 e2 + (p33 + c − d2 g3 )e3 + γ3 ω cos ωt
The error vector of the coupled foodweb model is given by e = [e1 , e2 , e3 ]T =
[x1 − g1 , x2 − g2 , x3 − g3 ]T which includes the constants αi , βi and the periodic function
γi sin ωt. The error dynamics can be easily stabilized to zero by an appropriate choice
of the Hurwitz parameters. The choice is again found to be wide. However, details are
not presented. Now if we consider α1 = α2 = α3 = 0, β1 = β2 = β3 = β = 0 and
γ1 = γ2 = γ3 = γ = 0, the response system stabilizes at the origin. The stabilized origin
can now be controlled or modulated by the external periodic signal if the amplitude γ
and frequency ω are considered nonzero and varied. In this case, the goal is an explicit
function of time which will be asymptotically stable by the RH criterion and the response
system, as a whole, will follow the amplitude and frequency of the external signal as given
by γ and ω, respectively. This is similar to the previous result reported in [7]. Instead,
we attempt a control of one of the response variables by the external signal. By choosing
α1 = 0, β1 = 15 (an arbitrary choice) and γ1 = 0, a partial AD state is imposed in one
response variable while the choices of α2 = 1(β2 = 0, γ2 = 0), α3 = −1(β3 = 0, γ3 = 0)
establish CS and AS states, respectively in the other two pairs of the drive–response variables. Numerical results for the coupled ecological model are presented in figure 1 where
the targeted states coexisting as AD, CS and AS in the response variables are confirmed.
Time series of the driver (in red lines) x1 and the response y1 (in blue horizontal line) are
shown in figure 1a. The response AD state is deliberately induced in the primary level
(prey) or the vegetation with a choice of β1 = 15 to shift from zero. The response variable
y1 thus stabilizes at 15 (non-dimensionalized) as shown in figure 1a. The other two pairs
of driver–response variables are in the CS and AS states as shown in figures 1b and 1c
respectively.
Next, a sinusoidal signal is introduced in the coupling function (γ1 = 0, γ2 = γ3 = 0)
to control the partial AD state and keeping α1 = α2 = α3 = 0, β1 = β2 = β3 = β = 0.
By this choice, the external signal is only applied to the driver vegetation x1 . We
control the response vegetation (primary prey) y1 to modulate around the AD state
208
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Figure 1. Synchronization in two coupled ecological Foodweb models. Time series
shows (a) AD state in response to vegetation as a horizontal line while the driver
is oscillatory and chaotic, (b) CS between x2 and y2 , (c) AS between x3 and y3 .
Parameter values: a = 1, b = 1, c = 10, d1 = 0.1, d2 = 0.6, α1 = 0, α2 = 1, α3 =
−1, β1 = 15, β2 = 0, β3 = 0, γ = 0, ω = 0. Hurwitz parameters are: p11 =
−1, p22 = −2, p33 = −3.

by the sinusoidal signal of amplitude (γ1 ) and frequency (ω) as shown in figure 2a.
The driver time series (red lines) shows the original chaotic dynamics (refer figure 1a),
while the response is periodic (blue lines) as applied externally to the driver variable x1 .
Other pairs of variables are found to remain in CS (α2 = 1) and AS (α3 = −1) states
similar to that shown in figures 1b–1c, respectively. It is worth noting that the physical
meaning of our periodic modulation is that the primary resource (primary prey, here) in
the driver patch of the ecological system never remains constant but rather fluctuating
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Time (t)
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Time (t)
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Figure 2. Partial control of response dynamics in coupled ecological Foodweb model.
Time series shows (a) driver prey variable (x1 ) in chaotic oscillation, the response
(y1 ) oscillating periodically (dotted line) around a desired steady state (β = 15), (b)
chaotic driver and response (dotted line) that follows the chaotic Rössler dynamics,
parameter values are the same as in figure 1 except that γ = 2 and ω = 1.0.
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periodically. However, it is more realistic that a possible environmental fluctuation of the
primary resource is more irregular than periodic and hence we add an example of chaotic
modulation around the AD state (β1 = 15). The applied chaotic signal is derived using
the Rössler system,
[ ż1 , ż2 , ż3 ] = [ −(z2 + z3 ), z1 + Az2 , B + (z1 − C)z3 ],

(5)

where A = 0.2, B = 0.4, C = 7.5. The z1 variable is introduced as an external signal in
the goal dynamics for the control of the partial OD response state. The goal dynamics is
then redefined as
[ g1 , g2 , g3 ]T = [ α1 x1 + β1 + z1 , α2 x2 , α3 x3 ]T ,

3

2

2

out

3

γ1

ωout

where α1 = 0, α2 = 1, α3 = −1.
Figure 2b clearly reflects the effective control of the response by the chaotic Rössler
system. The original driver (red lines) time series x1 and the response chaotic signal
(blue lines) y1 are shown where the response time series mimics the Rössler system
dynamics. It is important to verify if the external signal is exactly reproduced or not at the
response. The response signal is checked for both the periodic and the chaotic driving and,
they remain unchanged by its amplitude and frequency as shown in figure 3. In figure 3a,
the frequency (ωout ) of the first response variable (y1 ) is plotted with a variation of the
frequency (ωin = ω) of the external periodic signal which shows one-to-one correlation.
The frequency of the response signal thus follows the frequency of the external signal.

1
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Figure 3. Amplitude and frequency response in coupled ecological Foodweb model.
(a) External and response signal frequencies (ωout vs. ωin ) show one-to-one correlation, (b) their amplitudes (γout vs. γin ) show one-to-one correlation, (c) time series of
external Rössler system (XE ) and output response (XR ) are in CS.
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The amplitude of the external signal also remains unchanged at the first response (y1 )
as shown in figure 3c (γ1in vs. γ1out ). In the case of chaotic drive, the input signal too
remains unchanged at the first response variable as shown in figure 3b by their one-to-one
correlation. It is confirmed that the external signal periodic or chaotic as applied to
the driver variable x1 remains undistorted at the response y1 . Therefore, it reveals
a successful partial control of the response dynamics which is so far not reported. A
question may be raised here as to ‘why the driver is only affected by the environmental
fluctuations?’ Such a special situation may arise when the driver patch is only affected by
the external fluctuation and drives a migration of population to another patch, namely a
response patch. A situation may also arise when both the driver and the response patches
are influenced by external events which may be considered, in the future, for a partial
control to address many such realistic questions. It is important to note that the methodology is quite general and applicable to other model systems not restricting only to this
Foodweb model. However, the specific choice of the controllable variable is always based
on the realistic situation of a particular model considered in the case of the Foodweb
model.
4. Control of partial synchronization: Experimental results
A strategy for controlling synchronization in two coupled chaotic oscillators in drive–
response mode was implemented earlier [33] in an electronic circuit. It was shown that a
smooth transition from a CS state to an AS state and vice versa was possible via a uniform
AD state in all the response variables without intermediate loss of synchronization by
continuously varying the scaling constant (α). Instead, we implement here the control of
the partial response system. For this, the scaling constant is replaced by a scaling matrix α
as described already. We tune only one of the elements αi of the scaling matrix to induce
a transition from CS to AS via AD in one of the response variables. The coupling scheme
is implemented using a Sprott system [40]. Consider one Sprott system as a driver,
[ ẋ1 , ẋ2 , ẋ3 ] = [ −ax2 , x1 + x3 , x1 + x22 − x3 ].

(6)

The goal dynamics is once again set as defined by (2). The coupling term D(y, g) is
derived using (3)
⎡
⎤
a(α2 − α1 )x2
⎢ (α2 − α1 )x1 + (α2 − α3 )x3 ⎥
⎥
D(y, g) = ⎢
(7)
⎣ (α3 − α1 )x1 + (α3 − α22 )x22 ⎦ ,
+(p − 2α2 x2 )(y2 − α2 x2 )
where the H-matrix is given by H = [ 0 −a 0, 1 0 1, 1 p −1 ]T , T denotes transpose
of a matrix. A choice of the Hurwitz parameter, p < −0.225 [11,12], suffices to establish
the stability of synchronization. The response variables converge to either CS or AS with
the driver variables for appropriate choices of α1 , α2 and α3 . A goal dynamics of a MS
state is targeted by a choice of α1 = 0, α2 = 1 and α3 = −1 whose numerical details were
presented earlier [12]. We select α1 as a variable constant to allow a continuous variation
from −2.0 to +2.0 with an intermediate 0 value. This implements a smooth control of the
partial synchronization from an AS state to a CS state via an AD state in response to y1
Pramana – J. Phys., Vol. 84, No. 2, February 2015
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variable of the coupled oscillator. Near both the extremes of |α1 | > 1, we observe either
AS or CS, when actually, we recorded an amplification of one of the driver variables (x1 )
as expected. Alternatively, attenuation of the same driver signal is noted for all |α1 | < 1
near the AD state.
We choose a = 0.222, p = −1, when the Sprott system is chaotic and the Hurwitz
parameter [11,12] ensures stability of the MS. Substituting the values of α2 = 1 and
α3 = −1, and varying α1 , the coupling function (7) is simplified as

T
D(y, g) = a(1−α1 )x2 , (1−α1 )x1 +2x3 , −(1+α1 )x1 −x2 −y2 − 2x2 y2 .
(8)
The electronic circuit of the Sprott oscillators and the coupling (8) are designed as
shown (in separate dotted boxes) in figure 4. The driver circuit OS1 is designed using
three op-amp (U1–U4: μA741) and one multiplier (A1: AD633) with resistances R1–
R8 and capacitances C1–C3. Three differential equations of the driver system (6) are
implemented in the circuit using three integrators (U1, U3 and U4) while U2 is an inverter.
The multiplier A1 is used to derive the only nonlinearity in the system as a quadratic term.
Similarly, the response system OS2 is designed using integrators (U5, U7 and U8), an
inverter U6 and a multiplier A2 with associated resistances R10–R16 and capacitances
OS1 (Driver)

OS2(Responce)

C1

47k Ω

47kΩ

R1

C4
R3

R2

−

−

U1

+

R6
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+

+

U4
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R14

+

U8

+

R15
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R23
R20

R22
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W
X2
Y1
500 Ω
Z
Y2

50kΩ
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40kΩ
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X1
W
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Z
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1k Ω

R18

−
U9

R35

+
R26

20kΩ

R19

R16

−
U7

R13

+12V

R17

1k Ω

C5

−

+

R7

+

A2

R12
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Figure 4. Electronic circuit of two unidirectionally coupled Sprott oscillators. The
coupling circuit is composed of adding amplifiers U9: μA741 and U12: μA741,
amplifiers (U10−U11: μA741), three multipliers A3–A5:AD633 and resistances
R20–R36. Resistances R17–R19 form a divider network when R18 is 10-turn helical
variable potentiometer that allows smooth change in α1 of the scaling matrix.
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C4–C6. All R2–R7 and R10–R15 are identical and chosen as 10 k and capacitances
C1–C6 are chosen as 10 nF. The resistances (R1, R9) are the variable potentiometers
whose values decide the system parameters (a1 , a2 ) and the values of R8, R16 are noted
in the circuit. The coupling function (8) is designed using op-amps (U9–U12: μA741),
multipliers (A3–A5: AD633) and resistances R17–R36. A divider network is built using
the resistances R17–R19, where the resistance R18 (a 10-turn helical potentiometer) can
be varied to allow a slow change in the α1 value from −2.0 to +2.0. Effectively, an analog
voltage variation from −2 V to +2 V with an intermediate 0 V is applied to the Y2
terminal of the multiplier A3 and X1 terminal of the multiplier A4. Analogs of the driver
(x1 , x2 , x3 ) and the response variables (y1 , y2 , y3 ) are measured as output voltages of
the (U1, U3, U4) and the (U5, U7, U8) terminals, respectively using a 4-channel digital
oscilloscope (Yokogawa, DL9140, 1 GHz, 5 GS/s) and taking two pairs of signals at a
time as output of the pairs of op-amps (U1, U5) and (U3, U7) or (U1, U5) and (U4, U8).
Experimental results are shown in figure 5. MS in two unidirectionally coupled Sprott
circuits is confirmed from three pairs of time series and their attractors in figure 5. The
2D attractors of the driver oscillator (x2 vs. x3 plot) in the left and the response (y2 vs. y3
plot) in the right are given in the uppermost panels. Time series measured at U1 (upper)
and U5 (below) shown in the second row confirm that this response variable is at an AD
state for α1 = 0. Note, at this point, that we first set the R18 value so as to apply 0 V at
the Y2 terminal of the A3 and X1 terminal of the multiplier A4, and it realizes α1 = 0. In
the middle panel of the second row, time series measured at U3 (upper) and U7 (below)

Figure 5. Oscilloscope pictures of MS in coupled Sprott circuits. Upper row: 2D
attractors of driver oscillator (x2 vs. x3 ) at left, response (y2 vs. inverted y3 ) at
middle; axes are in same scale. Right panel shows time series of x1 (upper) and
y1 (lower) measured at U1 and U5 devices, respectively. It confirms a chaotic driver
and AD response. Lower row: Left panel shows time series of x2 (upper) and y2
(below) measured at U3 and U7 devices; in the immediate right panel, they are plotted
one against the other as a U3 vs. U7 plot, and confirm CS of them. Time series of x3
(upper) and y3 (below), measured at U4 and U8 respectively are shown in the next right
panel. A plot of one against the other time series as a U4 vs. U8 plot in right panel,
confirms AS.
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are shown and the output voltages of U3 and U7 are plotted against each other in the left
panel of the third row and it confirms CS in the second pair of driver–response variables
for α2 = 1. At the right panel of the second row, time series measured at U4 (upper)
and U8 (below) are plotted, and the voltages at U4 and U8 are plotted against each other
at the right panel in the third row. This confirms AS (α3 = −1) in the last pair of the
drive–response variables. It is to be mentioned that the time series of y1 in the second row
(right) shows a small fluctuation around zero. This is due to the imperfect manual control
of the resistance R18 in the circuit. In fact, R18 in the divider network is slowly varied to
implement a smooth change in α1 , thereby it is possible to implement a smooth transition
from a CS to an AS state via the OD state with a scaling of the response attractor.
5. Conclusions
A control of partial synchronization is implemented in two unidirectionally coupled
chaotic oscillators by a design of coupling. Separate synchronization or coherent states
are realized in different pairs of state variables of the coupled oscillators and one of the
response variables is then controlled while keeping other pairs of driver–response variables undisturbed in their synchronized states. We showed, both in theory and numerical
demonstration, the method to derive a control of the dynamics of any one of the response
variables by an external signal (periodic or chaotic). A selected response variable, by
the choice of a scaling parameter, will follow the amplitude and frequency of an external
signal when the other response variables remain undisturbed. This is in contrast to the
previous report [7], where a control of all the response variables was realized by using an
external periodic signal. This control of partial synchronization is physically realized in
electronic circuit. It is shown, in the experiment, that a smooth transition from a complete
synchronization to antisynchronization via an oscillation death and vice versa is possible
in any one pair of the driver–response variables. The amplitude of the response variable
is allowed to scale up and down from its original size. The concept of partial control
has particular relevance in systems where one needs to control instabilities by external
sources but having limited measurement accessibility.
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