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Abstract. We investigate the effects of symmetry-preserving and symmetry-breaking interactions
in a drive–response system with the driving-induced bistability. The basins of attraction on the
initial conditions plane are observed for the driving-induced bistability. The basins are dependent
on the interaction between the driven and the driving system. The coexisting attractors display both
in-phase as well as antiphase synchrony.
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1. Introduction
It is an inherent nature of the dynamical systems across all the disciplines [1] to interact
with one another. In nonlinear dynamics, the interaction of dynamical systems is represented by coupled chaotic attractors. Depending upon the interaction, the coupling can
be in different forms, but it can mainly be either mutual (bidirectional) or forced (unidirectional). In mutual interaction, both coupled attractors alter the dynamical state of
each other. However, in forced coupling the driven system is enslaved by the forcing
system. Hence, it is also called as drive–response or master–slave interaction. Coupled
nonlinear dynamical systems display a range of interesting behaviours that includes
synchronization, hysteresis, and phase locking [2,3].
Synchronization is a ubiquitous phenomenon in the dynamics of interacting nonlinear
systems. Although first used to denote the establishment of identical dynamics in weakly
coupled systems, in recent decades it has been realized that the concept extends itself to
describe correlated motion in coupled systems quite naturally [4]. Based on the nature
of the systems and the manner in which they are coupled, several types of synchronizations are known [2,3,5–9]. The complete synchronization (CS) occurs in unidirectionally
coupled nonlinear identical systems, but when the coupled systems are not identical,
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generalized synchronization (GS) can occur [8,10]. Phase synchronization (PS) occurs to
mutually coupled chaotic systems: the phases of interacting systems are entrained while
the amplitudes remain uncorrelated [9].
In the ‘drive–response’ scenario, a system is unidirectionally coupled to another system. Here, the response system is forced by the drive (master) system, and the equations
are represented as
(1)
Ṙ1 = F(R1 ),
(2)
Ṙ2 = G(R2 , R1 ),
where R1 and R2 are the dynamical variables of the drive and response systems, respectively. F and G are continuous and differentiable vector fields. The occurrence of GS
in such systems implies the existence of a functional relationship R2 = (R1 ) between
the drive and the response systems. The onset of GS occurs, when the largest conditional
Lyapunov exponent (LCLE) of the response system becomes negative [10,11]. The presence of GS is further determined by constructing an auxiliary copy (R3 ) of the response
system as
Ṙ3 = G(R3 , R1 ).

(3)

The occurrence of GS between the drive (R1 ) and the response (R2 ) is confirmed by
observing the CS between R2 and R3 [8].
GS has been extensively studied in monostable chaotic systems. These monostable
systems are comprised of single-scroll dynamics, i.e., the systems oscillate around one
fixed point. However, the dynamical systems may exhibit the multiscroll dynamics where
the trajectory hops around many fixed points. These dynamical systems are also called
as the ‘multistable’ dynamical systems, as the coexistence of several attractors is also
possible in them. Multistability has been observed in different fields of science [12–16];
it is referred as bistability in the case of two coexisting attractors. The coexistence of
chaotic attractors has been studied by Agrawal et al [4], Pisarchik et al [17], Guan et al
[18], etc., for coupled nonlinear dynamical systems. In this work, we analyse the drivinginduced bistability in inversion symmetric response systems from the viewpoint of basins
of attraction.
This paper is organized as follows. The possible modes of interaction in the context
of symmetry of response system are discussed in §2. The basins of attraction and phase
relations of coexisting attractors with different coupling schemes are explored in §3 and
4. This paper concludes with a summary and discussion in §5.
2. Modes of interaction
In this work, we are interested to study the response behaviour of inversion symmetric
dynamical systems. The trajectory of such symmetric systems congregates across the
symmetry elements. The celebrated Lorenz [19] oscillator is one such systems with some
inherent symmetry. The governing equations of this system are
ẋ = σ (y − x),
ẏ = rx − y − xz,
ż = xy − βz.
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This system is invariant under the transformation T: (−x, −y, z) → (x, y, z), thus the
attractor has the symmetry of line inversion with respect to the z-axis, or equivalently
it has the symmetry of inversion in the x–y plane, where trajectory (consider system
parameters as σ = 10, r = 28, and β = 8/3) hops between first and third quadrants
in the x–y plane. Let us consider a drive–response scenario, where an external system
(whether symmetric or not) is used to force this Lorenz system, i.e., the Lorenz system
functions as a response system, while the external system functions as a driving system. It
is trivial to ask as to how the response system interacts with the driving system. In present
case, the systems are interacting with diffusive scalar coupling [20], where one of the
driving system’s variable is coupled to single variable of the response system. Depending
upon the symmetry elements, the response system can be forced in either way, the way
in which its symmetry is contained or the way when the symmetry is lost due to the
unidirectional coupling.
Therefore, if the coupling is introduced to z variable of Lorenz (response) system then
symmetry in x and y variables remains preserved. This mode of interaction is referred
to as symmetry-preserving interaction. When the response is coupled with either x or y,
the inversion symmetry with respect to the z-axis or x–y plane gets lost. This interaction
is named as symmetry-breaking interaction in this study. The dynamical behaviour of
the response system under these two modes of interactions is studied in the following
sections.
3. Symmetry-preserving interaction
Here, the complete system is represented by the equations
ẋ 1 = −y1 − z1 ,
ẏ 1 = x1 + ay1 ,
ż1 = b + z1 (x1 − c).
ẋ 2 = σ (y2 − x2 ),
ẏ 2 = rx2 − y2 − x2 z2 ,
ż2 = x2 y2 − βz2 + (z2 − z1 ).

(5)

Inversion symmetry of the response (Lorenz) system in x2 –y2 plane is conserved by
coupling it to the driving (Rössler) system through z2 variable. The internal parameters
of the drive and the response oscillators are fixed at a = 0.2, b = 0.2, and c = 5.7 and
σ = 10, r = 28, and β = 8/3, respectively.  is the coupling parameter.
Figure 1a shows that the LCLE becomes negative at  ≈ 0.767, indicating the onset of
GS between the drive and the response systems. Response system is asymptotically stable
for negative values of the LCLE; trajectories starting from different initial conditions
should converge, leading to GS between the drive and the response system.
Auxiliary system approach [8] is an important measure to detect GS. In this approach
CS between the response system and its auxiliary copy confirms the presence of GS.
CS between the response system and its auxiliary copy can be determined by measuring
the average synchronization error () [21] between the evolving trajectories of the concerned systems;  is zero in CS state because there should be no difference between the
Pramana – J. Phys., Vol. 84, No. 2, February 2015
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Figure 1. Lorenz (response) system: (a) The largest conditional Lyapunov exponent
(LCLE) and (b) the average synchronization error () between the response system
and its auxiliary copy, with coupling parameter .

trajectories of the response system and its copy in this synchronization state.  between
the trajectories of the response and its copy is defined as

 =  ((x2 − x3 )2 + (y2 − y3 )2 + (z2 − z3 )2 ),
where · denotes the average over time. Figure 1b shows that  fluctuates between zero
as well as some positive values in GS regime.
To observe the characteristically different dynamical behaviour across this transition of
LCLE, we observe the trajectories of the response system. Before the onset of GS the
response attractor displays its butterfly structure in the x2 –y2 plane [4]. However, in GS
regime (figure 2a), the response system consists of two symmetric coexisting attractors
A and B for two sets of different initial conditions. These two attractors A and B are
separated from each other by the first and third quadrants, respectively in the x2 –y2 plane.
In other words, beginning from two sets of different initial conditions, if both the response
system and its copy evolve to either the attractor A or attractor B then  = 0 is realized.
Another scenario is possible when the response system converges to attractor A while
the copy (at different initial conditions) of the response system settles to attractor B or
vice versa. This situation corresponds to positive average synchronization error ( > 0).
Figures 2b and 2c represent the expanded views of the coexisting attractors A and B.
The possibility of these two coexisting attractors A and B is verified for a number of
different initial conditions. It infers the consistent presence of driving-induced bistablity
in the response system. The basins of attraction for these two coexisting attractors (A and
B) are shown in figure 3. These basins are observed for initial condition plane z = 0 (here
z2 = 0), and the origin is excluded. As shown in figure 3, these basins are characterized
by the regular basin boundary and both the attractors are equally probable, i.e., neither
of these two coexisting attractors (A and B) is favoured by the initial conditions. Equal
186
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Figure 2. (a) The symmetric pair of coexisting attractors A and B in the response
system for model eqs (5). (b) and (c) The expanded views of the coexisting attractors
A and B. Coupling parameter  = 1.95.

probability is further cleared by figure 3, as the covered basin area is the same for both
the attractors A and B.
It is interesting to question that when  = 0, the response system and its copy are
in CS, but does there exist any synchrony between the two coexisting attractors when 
> 0. To acknowledge this, we observe the time evolution of the response system and its
copy under different initial conditions. Shown in figure 4a are the trajectories in the x2 −x3
plane (to infer relative phase) when both the response system and its copy lead to the same
attractor (here A) for two sets of different initial conditions. Thus, the response system
and its copy are in PS or CS (x2 = x3 , y2 = y3 ). Figure 4b shows that when different
initial conditions settle in different attractors (A and B), the response system and its copy
(or coexisting attractors) are in antiphase synchronization (APS) (x2 = −x3 , y2 = −y3 ).
Thus, the different initial conditions may settle to either the same attractor or to two
different coexisting attractors, but the trajectories are always in phase synchronization
states, where phase differences may be either 0 or π.
Pramana – J. Phys., Vol. 84, No. 2, February 2015
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Figure 3. Symmetric case: The basins of attraction on initial conditions plane. The
coexisting attractors are equally probable. The figure is drawn for  = 1.95.

Figure 4. Lorenz attractor: The evolution of the response system (x variable) for two
different sets of initial conditions, where these conditions converge to (a) the same
attractor A (CS, φ1 − φ2 = 0), (b) either of the symmetric coexisting attractors A and
B (APS, x2 = −x3 ). The parameters are the same as that of figure 2a.

4. Symmetry-breaking interaction
The inherent inversion symmetry of the response system is broken by introducing a
coupling term to an appropriate system variable. As the equations of the driving (Rössler)
system remain the same as in eq. (5), we write only Lorenz system (with coupling in
x-variable) equations
ẋ 2 = σ (y2 − x2 ) + (x1 − x2 ),
ẏ 2 = rx2 − y2 − x2 z2 ,
ż2 = x2 y2 − βz2 .
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Figure 5. Lorenz (response) system in symmetry breaking case. (a) LCLE and (b)
the average synchronization error (), with coupling parameter .

The internal parameters of the drive and the response systems are the same as in eq. (5),
and  is the coupling and varying parameter.
Figures 5a and 5b show the LCLE and , respectively. These figures are obtained when
coupling is introduced to x variable of the response system. The coexisting attractors are
observed even in symmetry-breaking case. As can be seen from figure 5b, the fluctuation of  between  = 0 and  > 0 infers the presence of bistable chaotic attractors.
As shown in figure 6, the response system consists of two coexisting asymmetric attractors C and D (in GS regime) for two sets of different initial conditions. The basins of
attraction for the two asymmetric coexisting attractors (C and D) are shown in figure 7.
These basins are observed for initial condition plane z = 0 (here z2 = 0), and the origin
is excluded. These basins are characterized as regular basin boundary, but as shown in

Figure 6. Asymmetric pair of coexisting attractors C and D in the symmetry-breaking
case for  = 5.26.
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Figure 7. Asymmetric case: The basins of attraction on initial conditions plane,
 = 5.26. Coexisting attractors are not equally probable.

figure 7 the coexisting attractors are not equally probable, i.e., one coexisting attractor is
preferred over other in initial condition plane. These coexisting attractors do not share the
equal basin area as represented in figure 7.
Figure 8a shows the results when both the response system and its copy lead to the same
attractor (here C) for two sets of different initial conditions.  is zero in this case and the
response system and its copy are in CS. Figure 8b shows the case when response system
evolves to attractor C while its copy converges to attractor D or vice-versa. Now, we
investigate if any correlation exists between the variables of coexisting attractors in this

Figure 8. Symmetry-breaking interaction: The evolution of the response system for
two different initial conditions, where these conditions converge to (a) the same attractor C ( = 0) and (b) either of the asymmetric coexisting attractors C and D ( > 0).
The parameter  = 5.26.
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symmetry-breaking case. All the respective variables (either x, y, or z) of the asymmetric
coexisting attractors are observed in PS, while the results for x are shown in figure 8b.
5. Summary and discussion
In this work, we have studied the effects of external forcing on systems with invariant
symmetry. The effects of external forcing by chaotic Rössler attractor are studied on
Lorenz system, because it consists of the desired inversion symmetry. The drive–response
coupling scenario of the interacting systems is realized by diffusive scalar coupling. The
forcing to response system has been introduced in two manners, either to preserve or to
break its symmetry.
The results have been first presented on symmetry-preserving interaction. The onset of
generalized synchronization (GS) between the drive and the response systems is observed
at a critical value of coupling strength, where the largest conditional Lyapunov exponent
(LCLE) tends to be negative. The auxiliary system approach has been used, where ‘zero’
value of average synchronization error () between the response system and its copy
confirms GS in drive–response pair. By applying this technique, we have found that 
is fluctuating between zero and some positive value. This discrepancy in  in the GS
regime has originated due to the driving-induced bistability in the response system. The
coexisting attractors are found to be symmetric to each other, and starting from two different initial conditions the trajectory might evolve to either one or another bistable attractors. The zero value of  (in the GS regime) has inferred that the response system and
its copy were in complete synchrony (CS). However, for positive , the response system
and its copy (or coexisting attractors) are observed in antiphase synchronization (APS)
state.
We have also considered the symmetry-breaking interaction. The asymmetric coexisting attractors are observed and the particular variables of these coexisting attractors are
found in phase synchrony (PS).
In this work, it is also observed that the external forcing is not just limited to set GS
in drive–response pair, but it also induces some dynamical changes in the driven system.
Driving-induced bistability has enhanced the auxiliary system approach to positive average synchronization error in the GS regime, its zero value corresponds to CS and nonzero
value refers to PS between the driven system and its auxiliary copy, in GS regime. The
induced bistability is observed as a robust result as the basins of attraction for the coexisting attractors contain the finite basin area. However, the distribution of total basin area
(between the coexisting attractors) depends upon the mode of interaction in the drive–
response pair. In this paper we have used only one Lorenz attractor as a driven system,
but we have observed similar results on an array of driven Lorenz attractors. The study
on this array of response oscillators is presently under way [22].
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