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Abstract. This paper presents increased-order generalized synchronization (GS) of chaotic and
hyperchaotic systems with different order based on active control technique. By this technique, we
design suitable control functions to achieve GS between (i) a new three-dimensional (3D) chaotic
system and four-dimensional (4D) hyperchaotic Lorenz system and (ii) four-dimensional hyperchaotic Lorenz system and five-dimensional (5D) hyperchaotic Lorenz system. The corresponding
numerical simulation results are presented to verify the effectiveness of this technique.
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1. Introduction
Chaos synchronization has gained a lot of attention over the last two decades [1] due to
its potential applications in vast areas of physics and engineering sciences. Synchronization of chaotic dynamical systems has received considerable interest among scientists in
various fields. The results of chaos synchronization are utilized in biological sciences,
chemical reactions, secure communication and cryptography, nonlinear oscillation synchronization and so on [2–5]. So far, different types of chaos synchronization have been
investigated, such as complete synchronization [6], generalized synchronization (GS)
[7], phase synchronization [8], lag synchronization [9], and projective synchronization
[10–12].
Recently, a generalization of synchronization, called generalized synchronization (GS)
was proposed where two systems are said to be synchronized if there is a functional
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relation between the states of both systems. This kind of synchronization in a generalized
sense lead to a dynamics richer than complete synchronization [13]. Although Kocarev
and Parlitz [14] have developed a general theorem on necessary and sufficient conditions
for the functional relation between the states of the drive and response systems, it is still
hard to show how they are related to each other even if the existence of functional relation
is known. To the best of our knowledge, there are few theoretical results for detecting this
kind of functional relation [13,15–17].
The main feature of the increased-order synchronization is that the order of the slave
system is higher than that of the master system. There is increasing interest to study
chaotic synchronization with different structures and different orders due to its wide
applications in biological and social sciences [18–21]. For example, the order of the
thalamic neurons can be different from the hippocampal neurons. One more instance is
the synchronization that occurs between heart and lungs, where one can observe that the
circulatory and respiratory systems synchronize despite the fact that they have different
dynamical structures and order. Hence, the investigation of synchronization of different chaotic systems, even though they are of different orders, is very important from the
perspective of practical application and control theory.
For a nonlinear system, hyperchaotic behaviour was defined as a dynamical state for
which more than one Lyapunov exponent (LE) become positive [22]. This situation arises
as a natural regime in extended space-time systems, delayed systems or in situations
where many oscillators are coupled, a frequent situation in complex networks. Because
of different reasons such as the presence of symmetries restricting the possible solutions,
or the delays transforming the system into an infinite-dimensional one [23], it is very difficult to understand what is happening physically inside the system. Sometimes, when the
attractor presents some kind of symmetric properties, it is easier to adopt a clearer point
of view about the system dynamics.
Most of the reported works so far, is on low-dimensional chaotic systems with only
one positive Lyapunov exponent. Hyperchaotic systems possessing at least two positive
Lyapunov exponents have more complex behaviour and abundant dynamics than chaotic
systems and are suitable for some engineering applications such as secure communication. Hence, realization of increased-order GS of hyperchaotic systems is an interesting
and challenging work. Generalized synchronization between hyperchaotic systems of different orders is very important in science and engineering applications because they have
a completely different complex dynamical behaviour. However, GS between systems of
different orders have not been adequately explored.
Motivated by the above reasons, in this paper we study the increased-order GS of
hyperchaotic systems. Based on active control method, we design appropriate controllers to implement GS of systems with different orders (increased order) between (i)
the hyperchaotic response system and chaotic drive system and (ii) the hyperchaotic
response system and the hyperchaotic drive system. To the best of our knowledge, these problems have not been considered yet despite their important practical
applications.
The paper is organized as follows: Section 2 discusses the GS scheme. Section 3
gives description of the systems. Sections 4 and 5 present the GS and numerical simulation results between 3D chaotic system and 4D hyperchaotic system and 4D and 5D
hyperchaotic systems. Finally, some concluding remarks are given in §6.
34
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2. Definition of generalized synchronization
In general, a standard definition of GS is as follows: given a drive system x =
(x1 , x2 , . . . , xn )T ∈ R n and a response system y = (y1 , y2 , . . . , yn )T ∈ R m , two
dynamical systems x and y exhibit GS if there exists a function ϕ such that y = ϕ(x).
DEFINITION
Two dynamical systems
ẋ = f (x, t) ← drive system,
ẏ = h(x, y, t) ← response system

(1)

are said to be in a state of GS if there exists a differentiable transformation ϕ: R n → R m ,
a manifold M = {(x, y) | y = ϕ(x)}, and a set B = Bx × By ⊂ R n × R m with M ⊂ B
such that all trajectories of eq. (1) with initial conditions in basin B approach M as time
goes to infinity, i.e.,
lim y − ϕ(x) = 0.

t→∞

(2)

Remark. One can predict the state of one of the systems using the function ϕ(x) provided
the state of the other system is known.
The purpose of this paper is to construct a response system in systems (1) to satisfy
eq. (2) by using active control method. Hence, we rewrite the response system of eq. (1)
as
ẏ = h(x, y, t) = g(y) + u(y, x),

(3)

where u(y, x) = u(u1 , u2 , . . . , um )T ∈ R m is a controller to be designed later [13].
3. System description
3.1 A new 3D chaotic system
A new 3D chaotic system similar to Lü system as described in [24] having the same
number of linear and nonlinear terms, but some other terms different and which exhibits
different dynamics is given in (4)
x˙1 = −ax1 + ax2 ,
x˙2 = cx1 − ax1 x3 ,
x˙3 = x1 x2 − bx3 ,

(4)

where a, b, c are the real parameters and a = 0. The phase space of (4) is shown in
figure 1.
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Figure 1. Attractor for the 3D response system. The parameters chosen are: a = 2.0,
b = 1 and c = 9.

3.2 Hyperchaotic Lorenz system
The hyperchaotic Lorentz system used in this paper is described below as
y˙1 = a1 (y2 − y1 ) + y4 ,
y˙2 = −y1 y3 + ry1 − y2 ,
y˙3 = y1 y2 − b1 y3 ,
y˙4 = −y1 y3 + d1 y4 ,

(5)

where a1 = 10.0, b1 = 8/3, r = 28.0, and d1 = 1.3. The phase space of the system for
the values given is shown in figure 2.
3.3 Hyperchaotic 5D Lorenz system
A 5D hyperchaotic Lorenz system was designed by introducing two state feedback
controllers to the classical 3D Lorenz system. The new system, which can generate
hyperchaotic attractors (figure 3) with three positive LEs, is described by
y˙1 = −σy1 + σy2 + y4 ,
y˙2 = r1 y1 − y2 − y1 y3 − y5 ,
y˙3 = −βy3 + y1 y2 ,
y˙4 = −y1 y3 + k1 y4 ,
y˙5 = k2 y2 ,

(6)

where α, β, r are the parameters of the system and k1 , k2 are the control parameters. When
parameters are set by default as σ = 10, β = 8/3, r1 = 28, k1 = 2, and k2 ∈ (2, 12), the
36
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Figure 2. Attractor for the 4D response system.

Figure 3. Attractor for the 5D response system.

system (6) behaves hyperchaotically with three positive LEs. The attractor for the system
is shown in figure 3.
4. Simulation results
In this section, we give some simulation results to realize increased-order synchronization
of the systems.
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4.1 Simulation of 3D and 4D systems
Taking the 3D system described in (4) as the drive system, the response described by the
4D Lorenz hyperchaotic system (5), with the control added is given as
y˙1 = a1 (y2 − y1 ) + y4 + u1 ,
y˙2 = −y1 y3 + ry1 − y2 + u2 ,
y˙3 = y1 y2 − b1 y3 + u3 ,
y˙4 = −y1 y3 + d1 y4 + u4 .

(7)

Our goal is to design the appropriate active controllers ui (t), i = 1, 2, 3, and 4 such that
the trajectory of the slave system (7) asymptotically approaches the drive system (4) for a
given functional relation and finally undergoes GS, in the sense that limt→∞ y −ϕ(x) =
0. The error states are defined as
e1 = y 1 − ϕ 1 ,
e2 = y 2 − ϕ 2 ,
e3 = y 3 − ϕ 3 ,
e4 = y 4 − ϕ 4 .

(8)

For simplicity, consider a special GS consisting of linear GS in which ϕ(x) =
(ϕ1 , ϕ2 , ϕ3 , ϕ4 ) = (x2 , x1 − 2x3 , 3x1 − x2 , 3x3 )T . Using the notation (8), we obtain the
error dynamical system
ė = ẏ − ϕ̇ = ẏ − Dϕ(x)f (x),

(9)

where Dϕ(x) is the Jacobian matrix of the map ϕ(x)
⎛ ∂ϕ1 (x) ∂ϕ1 (x) ∂ϕ1(x) ∂ϕ1 (x) ⎞
⎜
⎜
Dϕ(x) = ⎜
⎝

∂x1
∂x2
∂x3
∂x4
∂ϕ2 (x) ∂ϕ2 (x) ∂ϕ2 (x) ∂ϕ2 (x)
∂x1
∂x2
∂x3
∂x4
∂ϕ3 (x) ∂ϕ3 (x) ∂ϕ3 (x) ∂ϕ3 (x)
∂x1
∂x2
∂x3
∂x4
∂ϕ4 (x) ∂ϕ4 (x) ∂ϕ4 (x) ∂ϕ4 (x)
∂x1
∂x2
∂x3
∂x4

⎟
⎟
⎟.
⎠

In the following, an active control of the form
u(t) = v(t) + Dϕ(x)f (x)
is adopted to design the controllers, where v(t) = (v1 (t), v2 (t), v3 (t), v4 (t))T .
Hence,
e˙1 = a1 e2 − a1 (x1 − 2x3 ) − a1 e1 − a1 x2 + e4 − 3x3 + u1 (t),
e˙2 = −y1 y3 + re1 + rx2 − e2 + x1 − 2x3 + u2 (t),
e˙3 = y1 y2 − b1 e3 − 3b1 x1 + b1 x2 + u3 (t),
e˙4 = −y1 y3 + d1 e4 − 3d1 x3 + u4 (t).
38
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We redefine the control functions to eliminate all terms which cannot be shown in the
form of e1 , e2 , e3 and e4 as follows:
u1 (t) = −a1 (x1 − 2x3 − x2 ) − 3x2 + v1 (t),
u2 (t) = y1 y3 − rx2 + x1 − 2x3 + v2 (t),
u3 (t) = −y1 y2 − b1 (3x1 + x2 ) + v3 (t),
u4 (t) = y1 y3 − 3d1 x3 + v4 (t).

(11)

Substituting eq. (11) in eq. (10) we get
e˙1 = a1 (e2 − e1 ) + e1 + v1 (t),
e˙2 = re1 − e2 + v2 (t),
e˙3 = −b1 e3 + v3 (t),
e˙4 = d1 e4 + v4 (t).

(12)

The error system in (12) to be controlled is a linear system with control inputs
v1 (t), v2 (t), v3 (t) and v4 (t) as functions of e1 , e2 , e3 and e4 . As long as these feedbacks stabilize the system, e1 , e2 , e3 and e4 will converge to zero as time tends to infinity.
This implies that systems (4) and (7) are synchronized in a generalized differentiable
transformation y = ϕ(x). Using the active control method, we choose
⎛ ⎞
⎞
⎛
e1
v1 (t)
⎜ e2 ⎟
⎜ v2 (t) ⎟
⎜ ⎟
⎟
⎜
⎝ v3 (t) ⎠ = A ⎝ e3 ⎠ ,
v4 (t)
e4
where A is a constant matrix.
There are many possible choices for the elements of the matrix A provided that all
eigenvalues of A have negative real parts. As a result, the system (12) will be stable. For
simplicity, we choose
⎞
⎛
0
0
λ1 + a1 −a1
⎜ −r λ2 + 1
0
0 ⎟
⎟,
(13)
A=⎜
⎝ 0
0 λ3 + b1
0 ⎠
0
0
0
λ4 − d1
the values of λ1 , λ2 , λ3 , λ4 in eq. (13) are chosen to be −1, −1, −1 and −1, respectively.
4.2 Numerical results
The parameters of the 3D system are chosen to be a = 2.0, b = 1, c = 9 and the
parameters of the 4D system are chosen to be a = 10.0, b = 8/3, r = 28.0 and
d = 1.3 so that both systems exhibit chaotic behaviour without the controller. The
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Figure 4. Error dynamics of 3D and 4D systems with control introduced.

initial values of the drive and response systems are arbitrarily given as 1, 1, 1 and 3, 12,
18, 16, respectively. The simulation results of the two systems are shown in figures 4
and 5.

Figure 5. Variation of synchronization time with changes in λ.
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5. Simulation results
5.1 Simulation of 4D and 5D systems
Taking the 4D hyperchaotic Lorenz system (5) as the drive system and the 5D hyperchaotic Lorenz system (6) as the response system, with the control added is given
as
y˙1 = −σy1 + σy2 + y4 + u1 ,
y˙2 = r1 y1 − y2 − y1 y3 − y5 + u2 ,
y˙3 = −βy3 + y1 y2 + u3 ,
y˙4 = −y1 y3 + k1 y4 + u4 ,
y˙5 = k2 y2 + u5 .

(14)

Our goal is to design the appropriate active controller ui (t), i = 1, 2, 3, 4 and 5 such
that the trajectory of the slave system (14) asymptotically approaches the drive system (5) for a given functional relation and finally undergoes GS, in the sense that
limt→∞ y − ϕ(x) = 0. Again, the error states are defined as
e1 = y 1 − ϕ 1 ,
e2 = y 2 − ϕ 2 ,
e3 = y 3 − ϕ 3 ,
e4 = y 4 − ϕ 4 ,
e5 = y 5 − ϕ 5 .

(15)

For simplicity, we consider a special case of linear GS in which ϕ(x) = (x2 , x1 , 2x4 −
x1 , x3 − x4 , 2x3 )T . Using the notation (15), we obtain the error dynamical system
ė = ẏ − ϕ̇ = ẏ − Dϕ(x)f (x),

(16)

where Dϕ(x) is the Jacobian matrix of the map ϕ(x)
⎛ ∂ϕ1 (x) ∂ϕ1 (x) ∂ϕ1(x) ∂ϕ1 (x) ∂ϕ1 (x) ⎞
⎜
⎜
⎜
Dϕ(x) = ⎜
⎜
⎝

∂x1
∂ϕ2 (x)
∂x1
∂ϕ3 (x)
∂x1
∂ϕ4 (x)
∂x1
∂ϕ5 (x)
∂x1

∂x2
∂ϕ2 (x)
∂x2
∂ϕ3 (x)
∂x2
∂ϕ4 (x)
∂x2
∂ϕ5 (x)
∂x2

∂x3
∂ϕ2 (x)
∂x3
∂ϕ3 (x)
∂x3
∂ϕ4 (x)
∂x3
∂ϕ5 (x)
∂x3

∂x4
∂ϕ2 (x)
∂x4
∂ϕ3 (x)
∂x4
∂ϕ4 (x)
∂x4
∂ϕ5 (x)
∂x4

∂x5
∂ϕ2 (x)
∂x5
∂ϕ3 (x)
∂x5
∂ϕ4 (x)
∂x5
∂ϕ5 (x)
∂x5

⎟
⎟
⎟
⎟.
⎟
⎠

In the following, an active control of the form
u(t) = v(t) + Dϕ(x)f (x)
is adopted to design the controllers, where v(t) = (v1 (t), v2 (t), v3 (t), v4 (t), v5 )T .
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Hence,
e˙1 = −σ e1 − σ x2 + σ e2 + σ x1 + e4 + x3 − x4 + u1 (t),
e˙2 = r1 e1 + r1 x2 − e2 − x1 − y1 y3 − e5 − 2x3 + u2 (t),
e˙3 = −βe3 − 2βx4 + βx1 + y1 y2 + u3 (t),
e˙4 = −y1 y3 + k1 e4 + k1 x3 − k1 x4 + u4 (t),
e˙5 = k2 e2 + k2 x1 + u5 (t).

(17)

We redefine the control functions to eliminate all items which cannot be shown in the
form of e1 , e2 , e3 , e4 and e5 as follows:
u1 (t) = σ x2 − σ x1 − x3 + x4 + v1 (t),
u2 (t) = −r1 x2 + x1 + y1 y3 + 2x3 + v2 (t),
u3 (t) = 2βx4 − βx1 − y1 y2 + v3 (t),
u4 (t) = y1 y3 − x1 x3 + k1 x4 + v4 (t),
u5 (t) = −k2 x1 + v5 (t).

Figure 6. Time series of the 5D systems without active control.
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Substituting eq. (18) in eq. (17) we get
e˙1 = −σ e1 + σ e2 + e4 + v1 (t),
e˙2 = r1 e1 − e2 − e5 + v2 (t),
e˙3 = −βe3 + v3 (t),
e˙4 = k1 e4 + v4 (t),
e˙5 = k2 e2 + v5 (t).

(19)

The error system in (19) to be controlled is a linear system with control inputs
v1 (t), v2 (t), v3 (t), v4 (t) and v5 (t) as functions of e1 , e2 , e3 , e4 and e5 . As long as these
feedbacks stabilize the system, e1 , e2 , e3 , e4 and e5 will converge to zero as time tends
to infinity. This implies that systems (5) and (14) are synchronized in a generalized
differentiable transformation y = ϕ(x). Using the active control method, we choose
⎛ ⎞
⎛
⎞
e1
v1 (t)
⎜ e2 ⎟
⎜ v2 (t) ⎟
⎜ ⎟
⎜
⎟
⎜ v3 (t) ⎟ = A ⎜ e3 ⎟ ,
⎜ ⎟
⎜
⎟
⎝ e4 ⎠
⎝ v4 (t) ⎠
v5 (t)
e5

Figure 7. Error in the 4D and 5D systems with active control.
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Figure 8. Variation of synchronization time with changes in λ in 4D and 5D systems.

where A is a constant matrix. There are many possible choices for the elements of the
matrix A provided all eigenvalues of A have negative real part. As a result, the system
(19) will be stable. For simplicity, we choose
⎛
⎞
0
−1 0
λ1 + σ −σ
⎜ −r λ2 + 1
0
0
1 ⎟
⎜
⎟
⎜
0 λ3 + β
0
0 ⎟
A=⎜ 0
(20)
⎟.
⎝ 0
0
0
λ4 − k1 0 ⎠
0
0
0
0
λ5
So the eigenvalues of system (20) are found to be −1, −1, −1, −1 and −1.
5.2 Numerical results
The parameters of the 4D system are chosen to be a = 10.0, b = 8/3, r = 28.0 and
d = 1.3 and the parameters of the 5D system are chosen to be σ = 10, β = 8/3, r =
28, k1 = 2 and k2 = 3 so that both systems exhibit hyperchaotic behaviour without
the controller. The initial values of the drive and response systems are arbitrarily given
as 0, 1, 0, 1 and 0, 1, 0, 1, 1, respectively. The simulation results of the two systems are
shown in figures 6–8.
6. Conclusion
To summarize, we have studied increased-order GS of chaotic and hyperchaotic systems
using active control technique. Using this technique, we have designed suitable control functions which achieve increased-order GS between (i) a new three-dimensional
(3D) chaotic system and four-dimensional (4D) hyperchaotic Lorenz system and (ii) 4D
44
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hyperchaotic Lorenz system and five-dimensional (5D) hyperchaotic Lorenz system. The
simulation examples illustrated the effectiveness of the proposed method.
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