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Abstract. Results illustrating the nonlinear dynamics of ultrashort laser pulse filamentation in
gases are presented, with particular emphasis on the filament properties useful for developing
attosecond light sources. Two aspects of ultrashort pulse filaments are specifically discussed: (i)
numerical simulation results on pulse self-compression by filamentation in a gas cell filled with
noble gas. Measurements of high harmonics generated by the pulse extracted from the filament
allows for the detection of intensity spikes and subcycle pulses generated within the filament.
(ii) Simulation results on the spontaneous formation of conical wavepackets during filamentation in gases, which in turn can be used as efficient driving pulses for the generation of high
harmonics and isolated attosecond pulses.
Keywords. Femtosecond filamentation; high-harmonic generation; nonlinear conical waves; strong
field; attosecond science.
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1. Introduction
The propagation of powerful ultrashort laser pulses in transparent media results in a
peculiar temporal and spatial pulse reshaping into structures known as filaments [1,2].
Filaments experience a number of nonlinear processes during their propagation and have
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numerous properties: long distance propagation [3], spontaneous transformation of the
input Gaussian pulse into a non-diffractive and non-dispersive conical wavepacket [4,5],
source of secondary radiation [6], and remote actions to mention a few. Frequently,
the scientific community proposes potential applications based on these properties. In
this paper, we investigate filaments as a possible route to attosecond science. Ultraviolet and soft X-ray attosecond pulses open the way to numerous applications: they are
used as probes for time-resolved studies of ultrafast dynamics of electronic wavepackets
in various physical systems [7,8], for molecular orbital reconstruction [9], and real-time
observation of motion of valence electrons [10].
The standard route consists of several steps from the generation of intense few-cycle
pulses to high harmonic generation and subfemtosecond (fs) pulse synthesis [11]. More
specifically, the technology is based on (1) a compression technique by the propagation of
infrared pulses in a gas-filled hollow fibre, (2) high harmonic generation (HHG) by focussing few-cycle pulse in a gas jet. The atoms are driven into a strong nonlinear regime and
re-radiate a part of the incoming light in the form of high-order odd harmonics and (3)
recombination of harmonics to generate attosecond pulses.
In this paper, we summarize recent results showing that ultrashort laser pulse filamentation in a noble gas constitutes a viable all-in-one scheme for shortening infrared
pulses down to a few femtoseconds, generating high harmonics and synthezising isolated attosecond pulses. We illustrate the various steps with simulation and experimental
results in §3. As nonlinear conical waves are formed during filamentation, we investigate
HHG directly from intense conical waves with well-defined properties in §4. This leads to
an understanding of the generation of sub-fs events in the filamentation dynamics and an
identification of the filament features to be engineered in order to control the generation
of isolated attosecond pulses by reshaping the driving pulse.
2. Model for nonlinear pulse propagation and high harmonic generation
We performed simulations based on the forward Maxwell equation (FME). Revolution
symmetry around the z-axis is assumed for the pulse electric field, E(r, z, t), where r
denotes the radial coordinate. The FME governs the propagation along the z-direction for
the pulse frequency components Ẽ(r, z, ω) [12–14]:
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The laser pulse propagates in argon, featured by its dispersion relation k(ω) [15]. The
Fourier-transformed nonlinear polarization P̃OKE (r, z, ω) and current J˜(r, z, ω) are linked
to the electric field by constitutive relations of the medium. The nonlinear polarization
response describes e.g., the optical Kerr effect: POKE (r, z, t) = 0 χ (3) E 3 (r, z, t), where
the third-order susceptibility is linked to the nonlinear Kerr index coefficient by χ (3) ≡
40 cn2 n20 /3, with n2 = 1.74 × 10−19 × p cm2 /W for local argon pressure p expressed
in bar. The current includes two contributions: J (r, z, t) = Jp (r, z, t) + JNLL (r, z, t),
where Jp accounts for plasma-induced defocussing and absorption and JNLL for nonlinear losses associated with optical field ionization (OFI). The coupling with the electron
plasma of density Ne (r, z, t), generated by OFI, is described by evolution equations
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for Jp : ∂t Jp = (e2 /me )Ne E − Jp /τc , and for the density of argon atoms NAr (r, z, t):
∂t NAr = −W (|E|)NAr , from which the electron density Ne (r, z, t) is obtained by charge
conservation Ne (r, z, t) = N0 − NAr (r, z, t). N0 denotes the neutral density of the argon
gas before propagation of the ionizing pulse: NAr (t → −∞) = N0 . e and me denote
the electron charge and mass and τc = 190 fs is the collision time in argon. The current
for nonlinear losses, JNLL = [W (|E|)/|E|2 ]NAr Ui E, where Ui denotes the ionization
potential of argon and W (|E|) denotes the ionization rate that depends on field amplitude, dissipates the power that is necessary to ionize argon atoms. We finally model the
field-dependent ionization rate W (|E|) according to the Keldysh formulation [16–18].
Numerical resolution techniques used for solving eq. (1) are detailed in [13,14].
High harmonic generation is explained in terms of a semiclassical model known as
the three-step model [19,20], and its quantum counterpart called strong field approximation (SFA) which evaluates the atomic dipole response for a single electron wavefunction
[21]:
Step 1 – Ionization: When the pulse intensity is high enough, the electron escapes the
binding potential through a tunnelling process and becomes a free particle.
Step 2 – Acceleration of the free electron by the electric field of the laser pulse.
Step 3 – Recollision of the electron on the parent ion with the emission of a burst of
extreme ultraviolet light with energy depending on the kinetic energy of the
electron.
The highest kinetic energy defines the cut-off of the XUV spectrum. The return time of
an electron depends on the phase of the driving field at which electrons are liberated. A
given value for the kinetic energy is obtained for two different phases, corresponding to
two electron trajectories: a short and a long path, which are the classical counterparts of
short and long quantum paths referring to the time an electron spends in the continuum
(the reader is referred to [12] for more details).
3. High harmonic generation from ultrashort laser pulse filaments
Filamentation is known to lead to a spontaneous generation of few-cycle pulses [22–24].
A simple route to the formation of attosecond pulses was proposed from numerical simutaions of HHG in a low pressure gas with driver pulses extracted from self-compressed
filaments and transported to a low pressure gas cell where high harmonics are generated
[25,26]. As the extraction process requires a pressure gradient to couple the filamentation
cell with the high-harmonic chamber [27,28], shortening of the driving pulse, HHG and
attosecond pulse synthesis can be simply achieved in a single gas cell [13,29,30].
Figure 1 shows a typical simulation result for the propagation of a 800 nm, 30 fs pulse
undergoing filamentation in argon: The cycle-averaged intensity increases until the nonlinear focus (z ∼ 20 cm). An intensity plateau (I < 1014 W/cm2 ) is then reached. It is
often interpreted as resulting from a clamping mechanism that reflects a balance between
self-focussing and plasma defocussing [31]. However, light filaments were reported in
the absence of an electron plasma [3]. A different scenario explains intensity clamping
in a filament without plasma defocussing playing a role: It is based on the spontaneous
transformation of the initially Gaussian beam into a non-diffracting conical wave, associated with an energy flux from the periphery of the beam towards the intense core, where
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Figure 1. On-axis peak intensity vs. propagation distance in argon at atmospheric
pressure, starting from a 10 cycle, 800 nm laser pulse. The insets show the time
profile of the instantaneous intensity at the position of the second spike. The laser
period T1 is 2.7 fs [13].

multiphoton absorption occurs [4]. Experiments and simulations have confirmed that filamentation can be viewed as an imbalance between the inward and outward energy flux
regularized by multiphoton absorption [5]. This determines the clamping intensity. The
inward energy flux may, however, exceed the amount of energy that nonlinear losses can
dissipate at a given intensity, leading to the formation of intensity spikes above the clamping value at certain distances within the filament (z = 33 cm and 41 cm in figure 1). Very
recently, intensity spikes above the clamping value were measured by analysing the fluorescence accompanying filamentation in air [32], although peak intensities remain smaller
than the levels reached in tight focussing conditions [33,34]. These spikes are usually
associated with a refocussing process of the beam energy contained in the periphery of
the hot core. The inset of figure 1 shows that the pulse at the position of the second spike
consists of a trailing peak as short as a couple of fs. As predicted by numerical simulations, truncating the filament by a pinhole at the position of a spike then leads to efficient
HHG in the residual gas and emission of XUV bursts in the form of isolated attosecond
pulses [13].
Experiments performed at the Institute for Quantum Optics in Hannover allowed us
to confront measurements with these predictions. Pulses from a chirped-pulse amplifier
were focussed into a semi-infinite gas cell filled with argon. The filament formed in the
argon gas was truncated by a laser-drilled pinhole with subsequent propagation in vacuum.
The generated white light was coupled out with an exit window for spectral analysis and
showed Fourier-transform limited durations compatible with a single cycle [30]. At an
abrupt transition to vacuum, high-order harmonic radiation in the XUV spectral region
was extracted by means of an Al filter and monitored along the filament by changing the
distance between the focussing optics and the pinhole.
In figure 2a, we identify two regions where harmonics are produced with high yield.
The region around 68 cm exhibits a resolved harmonic structure corresponding to a driving pulse of several cycles, whereas the second region around 75 cm shows a continuous
spectral shape which confirms that the second spike occurs with a quasisingle-cycle pulse
224
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Figure 2. (a) Map of the high-order harmonic yield vs. order and propagation distance recorded along the filament. The measurements reveal one area of resolved and
one area of continuous harmonic distribution. (b) Calculated high-order harmonic
spectra from a filament generated at different positions in the filament. The simulation was performed in conditions comparable to the experiment and those in figure 1
(distances are shifted by ∼35 cm with respect to figure 1) [29].

duration. We note that the filament itself is much longer than the region over which harmonics are produced. HHG constitutes the signature of the presence of intensity spikes
and reveals that the peak intensity increases substantially at several distances along the
propagation axis, of direct interest to filament applications that require high peak intensities. Intensity spikes obtained at specific positions also constitute a direct signature of the
energy flux from the cold periphery of the beam towards the intense core of the filament.
The observation of one region with spectrally resolved harmonics and one region with a
continuous spectrum finally suggests that the self-compression process reaches the nearsingle-cycle limit. Figure 2b shows simulation results for the harmonic yield which is in
excellent agreement with the measurements. This harmonic spectrum supports isolated
attosecond pulses [29], suggesting that filaments may be regarded as promising candidates
for a simple alternative route to attosecond science.
4. High harmonic generation with conical waves
Filamentation is associated with the spontaneous generation of conical waves with features that are entirely governed by the nonlinar filamentation dynamics [4,5]. In this
section, we present simulation results of HHG with three types of conical waves propagating in argon. We show that engineering conical waves (CW) with a control of the
axial envelope peak velocity with respect to the axial phase velocity allows for a control
of the XUV emission. A CW can be viewed as a superposition of Bessel beams. Phase
and envelope peak velocities are entirely determined by two features: the cone angle θ0
typical of the phase front tilt and the tilt angle δ typical of the amplitude front tilt [35].
The so-called Bessel-X pulse (BXP) has zero tilt angle and has approximately equal
phase and envelope peak velocities. Thus, the carrier envelope phase (CEP) of the BXP
does not vary along propagation. The pulsed Bessel beam (PBB) has a tilt angle opposite
to the cone angle, and envelope velocity smaller than the phase velocity. The superluminal
pulse (SLP) has envelope peak velocity larger than the axial phase velocity. All pulses
Pramana – J. Phys., Vol. 83, No. 2, August 2014
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have an input intensity of 2.7×1014 W/cm2 , 5 fs duration, a central wavelength of 800 nm
and propagate in argon at 100 mbar according to the model of §2. The harmonic field is
generated using the SFA to calculate the nonlinear polarization and copropagated with the
pump [12].
Figure 3 shows the axial temporal profiles of the harmonic field intensity vs. propagation distance for two different CEPs in the case of the BXP. As expected from the
constant CEP along propagation, the field maxima and the envelope peak propagate at
nearly equal speed. The harmonic field exhibits distinct extrema along time, following
the peaks of the pump with almost constant delay. Each extremum corresponds to a harmonic burst centred around the return time for the electron with highest kinetic energy.
Along ζ , the harmonic field exhibits oscillations related to phase matching properties for
the HHG process. An almost isolated attosecond pulse is generated for a CEP of π/2
whereas two attobursts are obtained in the φ = 0 case. This is explained in terms of
ionization gating [35].
For the PBB or the SLP, peak envelope and axial phase velocities differ (see figure 4).
The CEP therefore changes along the propagation distance. This induces a shearing effect
in the harmonic field. The optimal CEP for HHG and the formation of an isolated attosecond pulse are reached at a specific distance. The harmonic field is still generated along the
isophase curves of the driving field but the shift of the driving field under the envelope
induces a shear in the harmonic field which is either negative (for the PBB) or positive
(for the SLP). The shear continuously modifies the CEP of the driving field. At a certain
position, it reduces to an optimal parameter for an almost isolated attosecond pulse in
the harmonic field. This result was obtained without filtering except for a high pass filter
which mimics an aluminium filter in the experiment.
To understand the shearing effect, we analysed the quantum trajectory contributions
by means of a FROG analysis of the harmonic field (presented in figure 5). The harmonic burst is chirped and exhibits two contributions from the two main quantum paths:
short and long trajectories. The front (trailing) part before (after) the cut-off corresponds

Figure 3. Axial temporal profile (linear scale) of the intensity of the harmonic field
vs. propagation distance ζ for the BXP case. Initial CEP: (a) φ = π/2 rad and
(b) φ = 0 rad. The harmonic field was synthesized with no further spectral filtering
other than a high-pass filter ω > 10ω0 . The solid blue curves and the dashed red
curves show the propagation of the envelope peak and the positions of squared field
maxima for the pump infrared pulse, respectively. The vertical green dashed–dotted
lines mark the ζ positions chosen for the analysis of figure 5.
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Figure 4. Axial temporal profile (linear scale) of the intensity of the harmonic field
vs. propagation distance ζ for (a) PBB and (b) SLP. The harmonic field was synthesized with all the frequency contributions ω > 10ω0 . The solid blue curves and the
dashed curves have the same meaning as in figure 3. (c) and (d) show the near-field
(r, τ ) intensity profile of the harmonic field (linear scale) for PBB and SLP at the
distance marked by the green dashed–dotted lines of (a) and (b), respectively.

to the short (long) path contribution, respectively. The shearing effect acts as a gating
mechanism in the spectral domain. In BXP, the main portion of the spectrum associated
with the temporal harmonic peak falls in the region around the cut-off frequency and corresponds to both contributions: short and long trajectories. In SLP, it corresponds to short
trajectories, whereas the contribution of long quantum paths prevails in PBB.
The above is a propagation effect. We have performed a FROG analysis of the nonlinear
polarization, i.e., the source term for HHG. The instantaneous component of the harmonic
field, which coherently sums up with the previously generated field, is proportional to
this term. In both PBB and SLP, we found that the main contribution is related to short
trajectories and lower frequencies [35]. The effect is thus related to phase matching.
To explain the selection of quantum trajectory contributions, we considered the evolution along the intensity maxima of the driving field. For SLP, it increases whereas
for PBB, it decreases [35]. This determines different signs for the dipole phase contribution to the phase mismatch. The phase mismatch comprises four terms: k =
kdisp + kplasma + kgeom − α(s,l) ∂ζ I . The first three terms due to dispersion, plasma and
focussing geometry are, in general large and positive. The last term, with the same sign as
the intensity slope ∂ζ I , depends on the quantum trajectory and its absolute value is small
(large) for short (long) quantum paths, respectively. Thus, the largest coherence length,
i.e., the smallest k, requires the selection of long trajectories for the PBB in order to
Pramana – J. Phys., Vol. 83, No. 2, August 2014
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Figure 5. Temporal gated spectral analysis of the axial component of the harmonic
field (logarithmic scale over two decades) at a given propagation distance: (a) BXP
(φ = 0 rad) at ζ = 0.64 cm, (b) BXP (φ = π/2 rad) at ζ = 0.56 cm, (c) PBB at
ζ = 1 cm and (d) SLP at ζ = 0.74 cm. The dashed curves represent the temporal
intensity profile of the harmonic field.

compensate for the large positive k and short trajectories for the SLP in order to have
the smallest k.
Therefore, the difference between phase and envelope velocities determines an
enhancement of the contribution from long or short quantum trajectories around the cutoff and the selection of the quantum path contribution enables the tuning of temporal and
spatial characteristics of the emitted harmonic field [36,37].

5. Conclusions
Due to the formation of few-cycle intensity spikes at certain positions in a filament,
high-order harmonics can be generated and extracted directly. A continuous harmonic
spectrum indicates a near-single-cycle intensity spike with the emergence of isolated
attosecond pulses directly from the filament. We have investigated HHG from intense
few-cycle conical waves modelling those spontaneously generated in a filament. We
found that the difference between the envelope and phase velocities has important consequences for the temporal and spectral content of the emitted harmonic radiation, most
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Pramana – J. Phys., Vol. 83, No. 2, August 2014

High harmonic generation by filamentation and conical waves
notably the selection of different quantum path contributions and the generation of isolated attosecond pulses. The peak envelope velocities of conical waves generated during
filamentation may be tuned by changing the pump pulse initial parameters, thereby providing potential control on the attosecond pulse features. These results suggest a new
and simple route to the controlled production of isolated attosecond pulses from multicycle, commercially available laser systems. A new measurement tool for probing intensity
spikes within filaments and their duration was also demonstrated.
Acknowledgements
AC was supported by the Centre National de la Recherche Scientifique (CNRS), the University of Hyderabad, the Indian Society for Atomic and Molecular Physics and the Tata
Institute for Fundamental Research. PDT and DF acknowledge financial support from the
Consorzio Nazionale Interuniversitario per le Scienze Fisiche della Materia (CNISM),
INNESCO project. MBG was supported by the National Science Foundation under grant
number PHY-0449235 and by the PULSE Institute at Stanford University. DS, ES, TB,
UM and MK acknowledge support from the Deutsche Forschungsgemeinschaft within
the Cluster of Excellence QUEST, Centre for Quantum Engineering and Space-Time
Research.
References
[1] A Braun, G Korn, X Liu, D Du, J Squier and G Mourou, Opt. Lett. 20(1), 73 (1995)
[2] A Couairon and A Mysyrowicz, Phys. Rep. 441, 47 (2007)
[3] G Méchain, A Couairon, Y-B André, C D’Amico, M Franco, B Prade, S Tzortzakis, A
Mysyrowicz and R Sauerbrey, Appl. Phys. B 79, 379 (2004)
[4] A Dubietis, E Gaižauskas, G Tamošauskas and P Di Trapani, Phys. Rev. Lett. 92(25), 253903
(2004)
[5] D Faccio, A Averchi, A Lotti, P Di Trapani, A Couairon, D Papazoglou and S Tzortzakis, Opt.
Express 16, 1565 (2008)
[6] C D’Amico, A Houard, S Akturk, Y Liu, J Le Bloas, M Franco, B Prade, A Couairon, V T
Tikhonchuk and A Mysyrowicz, New J. Phys. 10, 013015 (2008)
[7] T Popmintchev, M-C Chen, P Arpin, M M Murnane and H C Kapteyn, Nature Photon. 4(12),
822 (2010)
[8] M Hentschel, R Kienberger, Ch Spielmann, G A Reider, N Milosevic, T Brabec, P Corkum,
U Heinzmannand, M Drescher and F Krausz, Nature 414, 509 (2001)
[9] J Itatani, J Levesque, D Zeidler, H Niikura, H Pépin, J C Kieffer, P B Corkum and D M
Villeneuve, Nature 432, 867 (2004)
[10] E Goulielmakis, Z-H Loh, A Wirth, R Santra, N Rohringer, V S Yakovlev, S Zherebtsov, T
Pfeifer, A M Azzeer, M F Kling, S R Leone and F Krausz, Nature 466, 739 (2010)
[11] F Krausz and M Ivanov, Rev. Mod. Phys. 81, 163 (2009)
[12] M B Gaarde, J L Tate and K J Schafer, J. Phys. B 41, 132001 (2008)
[13] M B Gaarde and A Couairon, Phys. Rev. Lett. 103, 043901 (2009)
[14] A Couairon, E Brambilla, T Corti, D Majus, O de J Ramírez-Góngora and M Kolesik, Eur.
Phys. J. Special Topics 199, 5 (2011)
[15] B L Henke, E M Gullikson and J C Davis, At. Data Nucl. Data Tables 84, 181 (1993)
[16] L V Keldysh, Sov. Phys. JETP 20(5), 1307 (1965)
[17] A M Perelomov, V S Popov and M V Terent’ev, Sov. Phys. JETP 23(5), 924 (1966)

Pramana – J. Phys., Vol. 83, No. 2, August 2014

229

A Couairon et al
[18] F A Ilkov, J E Decker and S L Chin, J. Phys. B: At. Mol. Opt. Phys. 25, 4005 (1992)
[19] P B Corkum, Phys. Rev. Lett. 71, 1994 (1993)
[20] K C Kulander, K J Schafer and J L Krause, in: Proceedings of the Workshop on Super-Intense
Laser-Atom Physics (SILAP III) edited by B Piraux, A L’Huillier and K Rzazewski (Plenum
Press, New York, 1993) Vol. 316, pp. 95–110
[21] M Lewenstein, Ph Balcou, M Yu Ivanov, A L’Huillier and P B Corkum, Phys. Rev. A 49, 2117
(1994)
[22] C P Hauri, W Kornelis, F W Helbing, A Heinrich, A Couairon, A Mysyrowicz, J Biegert and
U Keller, Appl. Phys. B 79, 673 (2004)
[23] A Couairon, J Biegert, C P Hauri, W Kornelis, F W Helbing, U Keller and A Mysyrowicz, J.
Mod. Opt. 53(1–2), 75 (2006)
[24] A Zaïr, A Guandalini, F Schapper, M Holler, J Biegert, L Gallmann, U Keller, A Couairon, M
Franco and A Mysyrowicz, Opt. Express 15(9), 5394 (2007)
[25] H S Chakraborty, M B Gaarde and A Couairon, Opt. Lett. 31, 3662 (2006)
[26] A Couairon, H S Chakraborty and M B Gaarde, Phys. Rev. A 77, 053814 (2008)
[27] A Couairon, M Franco, A Mysyrowicz, J Biegert and U Keller, Opt. Lett. 30(19), 2657 (2005)
[28] A Mysyrowicz, A Couairon and U Keller, New J. Phys. 10, 025023 (2008)
[29] D S Steingrube, E Schulz, T Binhammer, M B Gaarde, A Couairon, U Morgner and M
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