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Abstract. The continuous-wave output of a single-mode erbium-doped fibre ring laser when subjected to cavity-loss modulation is found to exhibit linear as well as nonlinear resonances. At
sufficiently low driving amplitude, the system resembles a linear damped oscillator. At higher
amplitudes, the dynamical study of these resonances shows that the behaviour of the system exhibits
features of a nonlinear damped oscillator under harmonic modulation. These nonlinear dynamical
features, including harmonic and subharmonic resonances, have been studied experimentally and
analysed with the help of a simple time-domain and frequency-domain information obtained from
the output of the laser. All the studies are restricted to the modulation frequency lying in a regime
near the relaxation oscillation frequency.
Keywords. Fibre lasers; dynamics of nonlinear optical systems; relaxation oscillations; time-series
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1. Introduction
The study of nonlinear dynamics in lasers has gathered momentum ever since it was
realized that the apparent instabilities, which were found to occur even in a singlemode system, follow deterministic dynamics. In class B lasers, where the decay rate
of polarization is much faster than that of the laser field as well as the population,
a time-dependent stimulation is capable of generating interesting dynamical features such
as chaos in low-dimensional nonlinear systems. A time-dependent modulation renders the
system non-autonomous. Chaotic dynamics in a laser was observed for the first time in a
CO2 laser by periodic modulation of one of the parameters in the frequency regime of the
relaxation oscillation frequency [1], which is characterized by the cavity damping time,
upper state lifetime and the pumping ratio [2]. Under similar conditions, these dynamics
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have also been observed in an erbium-doped fibre laser (EDFL) which belongs to class B
[3,4]. The possibility of a chaotic carrier for secure communication and the use of chaos
for random number generation and LIDAR applications have led to further interest in the
study of temporal dynamics in fibre lasers [5–8].
Fibre lasers are of considerable interest in the study of temporal dynamics as they are
characterized by slow relaxation times [9] and are very sensitive to any external perturbation which may destabilize them from their normal operation. A single transverse mode
can be conveniently achieved by a suitable choice of core diameter and index difference
between the core and the cladding of the fibre. The single transverse mode laser is preferable for temporal studies due to its high confinement thereby being more susceptible to
the nonlinearities [10].
The dynamical behaviour of the laser is enhanced in a frequency regime related to the
relaxation oscillation frequency fo of the laser. The system response is maximum at fo
under the condition of small signal modulation [11,12] constituting the linear regime. For
larger modulation amplitudes, the laser response may consist of subharmonics or higher
harmonics of the modulation frequency , depending on whether  > fo or  < fo .
The dynamics of an EDFL has been studied earlier under the condition of pump modulation [13,14] and especially one with a Fabry–Perot cavity, subjected to a harmonic pump
modulation, has been studied recently to a great extent [4,15]. A rich variety of dynamical
states have been found to appear at frequencies associated with the main laser resonance.
Pisarchik et al [15] studied both the regimes (above and below the relaxation oscillation
frequency). While the possibility of multistability in EDFL under the condition of loss
modulation is explained in [12] with the help of a theoretical model, an experimental
demonstration of this aspect in EDFL is still awaited to the best of our knowledge.
In the present work, an EDFL operating in the continuous-wave mode is shown
to exhibit the characteristics of a nonlinear oscillator when subjected to periodic cavityloss modulation. The motivation for studying modulation of cavity losses is the fact that it
requires lower driving amplitude as compared to the case of pump modulation to exhibit
similar dynamical features [16,17]. This gives the possibility of a better control of the
modulation amplitude in the case of loss modulation. Experimental work in EDFL subjected to loss modulation is particularly lacking with a few exceptions [18]. Investigation
of the temporal dynamics in EDFL under loss modulation is the objective of this work
and the dynamical behaviour at different driving amplitudes is studied. To the best of
our knowledge, comprehensive work on experimental analysis of the dynamics of EDFL
under loss modulation has not been reported until now. Unlike the conventional analysis
using the bifurcation diagram, this work analyses the experimental results using simple
Fourier transform techniques. These results have also been studied with the help of phase
portraits. While the fibre laser as a dynamical system is well-known, an experimental
study of its features at resonance (both in the linear and nonlinear regimes) through a very
simple engineering approach is the highlight of this work.

2. Experimental details
The schematic of the experimental set-up for the EDFL configuration with loss modulation is shown in figure 1. An EDF of length 5 m, with wavelength division multiplexers
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Figure 1. Schematic of erbium-doped fibre ring laser. The modulation frequency is
provided by the function generator to the Mach–Zehnder modulator.

(WDM) on either side for coupling power in and out of the cavity, is pumped by a semiconductor laser diode operating at 980 nm. The total loop length is ∼ 8 m including the
5 m length of the active medium. Ninety nine percent of the emitted power from the EDF
is fed back into the cavity through a directional coupler which completes the ring cavity
structure. The port of the coupler containing 1% of the output power from the fibre is
monitored to study the spectral and time domain features of the output. A typical spectral
output as observed by the optical spectrum analyser (OSA) shows the lasing wavelength
at 1555.1 nm. The time domain output is observed on an oscilloscope (Agilent Infiniuum
DCA-86100A), which has an in-built photodetector. The oscilloscope data which are subsequently used to obtain the Fourier spectra are recorded for a sampling rate of 810 kHz
(4050 sampling points; 5 ms time window). A lithium niobate-based Mach–Zehnder modulator (MZM) is used in the cavity to provide loss modulation. It is biased such that its
operating point lies in the middle of the linear region of its transfer curve. Vbias = 2.4 V
for all the plots with Vpp = 10 mV. When Vpp = 50 and 75 mV, Vbias ∼ 2.7 V. The
transfer curve of the modulator showed a minor drift and hence the change in Vbias .
The sinusoidal modulating frequency is provided by a function generator. The polarization controller (PC) is tuned such that the maximum extinction ratio is obtained at the
operating point.
The laser output in the present work has a single transverse mode and multiple longitudinal modes. The optical power fed back into the cavity with the directional coupler
is modulated with a function generator. To estimate the relaxation oscillation frequency
of the system, the driving amplitude is maintained at a value as low as Vpp ∼ 10 mV,
while the modulation frequency () is varied in the regime of 1–100 kHz in the range of
the estimated relaxation oscillation frequency, and the optical peak-to-peak amplitude is
measured corresponding to a fixed pump power. The measurements are repeated for different values of pump power. For a higher value of driving amplitude of Vpp ∼ 50 mV, the
modulation frequency is again scanned in the same regime for the next part of the experiment, and the results clearly indicate the presence of nonlinearities in the system. The
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driving amplitude is further increased (Vpp ∼ 75 mV), and the dynamics is shown
to involve more complicated features. These features are studied while viewing the
behaviour of EDFL system as that of a nonlinear oscillator. For higher driving amplitudes,
the pump power was kept fixed at ∼ 57.2 mW at 980 nm.
3. Results and discussion
The threshold pump power (th ) of the laser for continuous-wave operation was experimentally measured to be ∼ 20 mW. The pump power used for the experiments () ranged
between 30 and 92 mW leading to a pumping ratio of r = /th to lie in the range of 1.5
to 4.6. The driving amplitude applied to the MZM modulator was kept as low as 10 mV;
sinusoidal modulation was applied over a frequency range of 1–100 kHz, and the correspondingly modulated laser output was studied at different pump powers. The optical
peak-to-peak power from the modulated output of the laser was extracted at each modulation frequency and depicted in figure 2. At each pump power, a single peak is observed,
and the optical peak-to-peak power drops almost symmetrically on either side of this
maximum, as the driving frequency is changed. At this low driving amplitude, the system
behaviour is approximated to be linear in view of this result [17]. The peak in figure 2
occurs when the driving frequency  becomes equal to the natural frequency of the system, causing a resonance. The natural frequency
of the system is the relaxation oscillation
1 √
(r − 1)/τ2 τc with τ2 and τc corresponding to the
frequency, which is given by fo = 2π
upper state lifetime and cavity damping time, respectively. In figure 2, the frequency of
the resonance is found to increase with an increase in pump power and lies in the range

Figure 2. Variation of optical peak-to-peak power Vpp (optical) with modulation
frequency at a low driving amplitude of 10 mV for four different values of pump
power.

150

Pramana – J. Phys., Vol. 83, No. 1, July 2014

Erbium-doped fibre ring laser under cavity-loss modulation
√
of 20–55 kHz for the pump powers used. It follows the r dependence expected with the
pumping ratio.
For a fixed pump power of 57.2 mW, the response of the system is then compared at
different driving amplitudes (figure 3). For a driving amplitude as low as 10 mV, maximum optical power was obtained at a frequency of ∼35 kHz, which can be approximated
as the relaxation oscillation frequency at this pump power. At this low driving amplitude,
the system response shows that the laser behaves like a damped linear oscillator which
was predicted in [12]. At a higher driving amplitude of 50 mV, the main resonance is
found to occur at ∼31 kHz, with secondary resonances at ∼ 18 and 64 kHz as shown
in figure 3 even though the pump power was unchanged. Through these experimental
results, the system is observed to behave like a damped nonlinear oscillator at higher
driving amplitudes, near the relaxation oscillation frequency regime. A further increase
in the driving amplitude to 75 mV shifted the main resonance down to ∼25 kHz and the
resonance features are clearly more complicated than the two previous cases. Specifically, the secondary resonance at the lower frequency side becomes more prominent. In
the case of the higher modulation amplitudes of 50 and 75 mV, the main resonance is
found to detune from the frequency observed in the case of the lower amplitude of 10 mV.
This can be explained by the fact that at higher driving amplitudes, more particularly in
the region of resonances, the nonlinearity of the system is evidently affecting the natural
frequency of the system as well [19].
In order to understand the nonlinear characteristics in the laser’s dynamics, it is important to analyse the time-domain features of the laser output. These are shown for some

Figure 3. Variation of optical peak-to-peak power Vpp (optical) with modulation frequency at a fixed pump power of 57.2 mW and driving amplitudes of 10 mV (filled
triangles), 50 mV (filled circles) and 75 mV (open squares).
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selected modulation frequencies at the driving amplitude of 50 mV along with the corresponding frequency-domain contents in figure 4. In the time-domain images, the green
line represents the sinusoidal (modulating) electrical signal which is provided by the
function generator and the yellow line represents the optical output of the laser. The
time-domain data points were extracted from the oscilloscope and were used to mathematically analyse the corresponding frequency components by Fourier transform. The
spectra hence obtained at each modulating frequency are shown in figure 4 below the
corresponding time-domain images.
At modulation frequencies less than 10 kHz, the time domain appears to be sinusoidal
and a replica of the driving frequency. For instance, at  = 7 kHz, the time domain and
frequency spectrum are shown in figure 4a, indicating a single frequency, which is the
modulation frequency. Upon increasing the frequency further, an increase in the amplitude is observed initially at a slow rate, after which the higher harmonics arise and the
time domain is no longer a sinusoid. At a modulation frequency of 18 kHz,  ∼ fo /2, the
amplitude is high (as compared to its neighbourhood), and the higher harmonics of modulation frequency are prominent (figure 4b). This is a superharmonic resonance. With
an increase in frequency, the harmonic resonance occurs at a frequency (31 kHz) close to
the relaxation oscillation frequency (35 kHz) obtained at the lower driving amplitude, at
this pump power. It corresponds to a period-1 state of resonantly enhanced stable pulses
where the optical amplitude is very high (figure 4c). This is also evident in the corresponding frequency spectrum. The high optical amplitude in this case can be compared to
that in the nearly linear resonance case from figure 3. At  = 64 kHz ( ∼ 2fo ), another
secondary resonance is observed to occur, which has a significantly higher amplitude as
shown in figure 4d. At frequencies >75 kHz, there was a clear period-2 state which gradually went into a period-1 state again with optical amplitudes similar to those observed
at the lower end of the frequencies. These features did not arise at the lower amplitude
of 10 mV. Thus, at higher driving amplitudes, the EDFL exhibits such dynamic features
which are possible only in a nonlinear system.
The time series is further analysed in more detail for a larger driving amplitude of
∼75 mV. The time-domain data as well as the associated spectra show the rich dynamical
features including the signature of chaos in the subharmonic resonance region. Figure 5a
shows the low-amplitude sinusoidal output of the fibre laser at a low frequency of 7 kHz.
As the frequency is increased, the laser power is observed to be distributed in the higher
harmonics as well. At a frequency of 11 kHz ( ∼ fo /3), the Fourier spectra show the
third harmonic having more power as compared to the second harmonic in figure 5b. At
a frequency of 16 kHz ( ∼ fo /2), secondary resonance occurs which has significant
power in higher harmonics (figure 5c). This is a superharmonic resonance. As evident
from figure 5d, the main resonance occurs at a frequency of ∼25 kHz, which is associated with narrow, high-amplitude peaks in the time domain. Several higher harmonics
induced due to the nonlinearity and significant powers distributed in them are clear from
the Fourier spectra. On resonance, the high-amplitude peaks become narrow in the form
of spikes, since the average output power must be constant for a fixed input pump power.
A period-2 state of the system is indicated in figure 5e at a modulation frequency of
40 kHz. The amplitude falls as the frequency detunes from fo . Several subharmonics
are found to arise and fill the entire spectrum at a frequency of ∼43 kHz as shown in
figure 5f. At  = 52 kHz, a period-4 state is observed (figure 5g). With a further increase
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(a)

(c)

(b)

(d)

Figure 4. Time domain and spectral domain at modulation frequencies of (a) 7 kHz
– sinusoidal, (b) 18 kHz – secondary resonance: higher harmonics, (c) 31 kHz –
harmonic resonance and (d) 64 kHz – secondary resonance: subharmonics. Driving
amplitude = 50 mV.

Pramana – J. Phys., Vol. 83, No. 1, July 2014

153

Aditi Ghosh and R Vijaya

(a)

(c)

(b)

(d)

Figure 5. Time domain and spectral domain at modulation frequencies of (a) 7 kHz,
(b) 11 kHz, (c) 16 kHz, (d) 25 kHz, (e) 40 kHz, (f) 43 kHz, (g) 52 kHz and (h) 80 kHz.
Driving amplitude = 75 mV.
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(e)

(f)

(g)

(h)

Figure 5. (Continued.)
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in modulation frequency, the system is observed to return back to a period-1 state as
shown in figure 5h.
From the time-series analysis using the Fourier spectra for the driving amplitudes of
50 and 75 mV, it can be observed that for  < fo , the higher harmonics of the resonance
frequency are prominent. This happens at the frequencies whose higher harmonics lie
near the primary resonance. Thus, the secondary superharmonic resonance occurs near
 ∼ fo /2. The subharmonics are not seen in this region. All frequencies lower than
the modulation frequency have normalized intensities clearly less than 0.01 and can be
attributed to noise. However, for  > fo the subharmonics of the modulation frequency
are distinctly clear. The subharmonics which lie near the primary resonance frequency
are the most prominent.
To visualize the dynamics in the phase space, the noise in the experimental time-series
data is filtered, and the optimum delay calculated from the autocorrelation function is
used for phase-space reconstruction. At a driving amplitude of 75 mV, the phase portraits obtained for the modulation frequencies dealt with earlier are shown in figure 6.
The ordinate is obtained with addition of time τ (decided by the autocorrelation function)
with respect to the abscissa in the experimentally measured time series data. The phase
portraits help to distinguish regular periodic data in the time series from an irregular signal
and are hence useful to separate out the region of operation for modulation depending on
the desired application. The sinusoidal or quasisinusoidal time domain is represented by
circular or elliptical orbit. The laser output shows sinusoidal modulation due to the electrical signal, and the corresponding phase portrait (figure 6a) shows an elliptical closed
trajectory. At  = 11 kHz, the time domain showed three small peaks instead of a single
crest in one period of the electrical signal. The power getting distributed up to the third
harmonic was confirmed by the corresponding FFT plot. This feature in the phase portrait
is represented by the orbit shown in figure 6b. The phase portrait corresponding to the
second-harmonic resonance is shown in figure 6c for  = 16 kHz. The small deviated
trajectory formed in the phase portrait corresponds to the small shoulder (along with the
sharp peak) in the corresponding time domain image as shown in figure 5c. At the main
resonance ( = 25 kHz), the phase portrait in figure 6d is observed to be similar to a
distorted triangle whose vertex near the origin corresponds to the flat lower region in the
time-domain plot. The rest of the trajectory corresponds to the spike over a very short
duration of time (figure 5d).
A period-2 orbit in the time domain (figure 5e) is observed at  = 40 kHz. However,
in the phase portrait shown in figure 6e, there is a spread in data points in each round of
trajectory and it is difficult to conclude its period. At  = 43 kHz, the time domain does
not show any periodicity in the time window displayed (figure 5f). The corresponding
phase portrait (figure 6f) shows considerable spread near the base (away from origin) of
the triangular trajectory which indicates several different nearby amplitudes of the peaks
present in time domain. At  = 52 kHz, the phase portrait corresponding to the period-4
orbit in figure 5g shows again a spread in the data points in figure 6g. However, it can
be observed that there are at least two regions on either vertex (away from the origin)
which are traversed more and hence, there is a region in between where the density of
data points is sparse. With a further increase in frequency (well away from the resonance
frequencies), the subharmonics are found to vanish (figure 5h) and at  = 80 kHz, the
system again tends towards a neat period-1 state as shown in figure 6h. From the various
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 6. Phase portraits at modulation frequencies of (a) 7 kHz, (b) 11 kHz, (c)
16 kHz, (d) 25 kHz, (e) 40 kHz, (f) 43 kHz, (g) 52 kHz and (h) 80 kHz. Driving
amplitude = 75 mV.
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phase portraits, it can be noted that those corresponding to the generation of subharmonic
frequencies show a spread in the data points (corresponding to several nearby amplitudes)
and subharmonic frequencies are precursors to chaos.
To visualize the trend of the amplitude in the time domain when the frequency is successively increased in small steps, we describe the general trend at different modulation
frequencies, with intermediate frequencies in addition to the ones described earlier. For an
over-all amplitude, this can be understood from figure 3 for 75 mV. When analysed with
an increase in the modulation frequency, the Fourier spectra and phase portraits show a
period-1 state of the system and a peak-to-peak amplitude which increases gradually from
∼1 to ∼12 kHz. After this, the amplitude still continues to increase but with a relatively
steeper slope, and reaches a maximum at about 16 kHz, the time-domain data still indicating a period-1 state along with clear signatures of higher harmonics. After a further
increase in frequency from 16 kHz, the amplitude falls slightly at some intermediate frequencies (between 16 and 25 kHz, compared to the fall after 25 kHz), and large spikes
with high amplitudes are observed at 25 kHz. Beyond this, the amplitude drops gradually
and at about 37 kHz, the Fourier spectrum indicates a signature of period-2 state. Upon
increasing the modulation frequency further, the amplitude is high compared to its neighbourhood at about 44 kHz, and the Fourier data show a high-period orbit, with several
intermediate frequencies. The system again goes into a period-1 state at about 48 kHz
and a period-4 state is observed at about 52 kHz. We believe a period-2 state must have
been present in between these, which was not observed for frequencies at which the data
were acquired. With the successive increase in frequency, several other periodic states are
observed. The system then exhibits a period-2 state at 74 kHz and then again goes into a
period-1 state beyond 80 kHz.
In pump-modulated EDFLs, bistability was observed by Luo et al [3] while dealing
with a system of single transversal and multiple longitudinal modes. In the present system, a narrow bistable region of a few kHz was observed near the main resonance at
an amplitude of 75 mV as reported earlier [20]. A wider and a more significant bistable
region is expected to be evident at the main resonance frequency as well as its multiples
with a suitable choice of parameters which will be investigated in another work.

4. Conclusion
The dynamical features of EDFL subjected to loss modulation have been investigated
from experiments with the help of time-domain and frequency-domain data of the laser
output. At a significantly low driving amplitude, the system behaviour was similar to that
of a linear damped oscillator which was proposed in [12] under the condition of cavityloss modulation. When the laser was driven at higher amplitudes, it was found at exhibit
features of a nonlinear oscillator. Signatures of higher harmonic as well as subharmonic
resonances have been observed in the system in the regime of the relaxation oscillation
frequency when the modulation frequency was varied. The effect due to nonlinearity is
enhanced with the increase in driving amplitude. The possibility of multistability in an
EDFL system has been predicted in [12]. Thus, by proper choice of parameters, similar
features can be observed in the present system and the effects observed till now would be
more pronounced.
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