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Abstract. The pump–probe experiment is typically used to study relaxation phenomena in nonlinear optical systems. Here we use it as a tool to study the phenomenon of anomalous Rabi
oscillations in graphene that was predicted recently in single-layer graphene. Unlike conventional
Rabi oscillations, anomalous Rabi oscillations are unique to graphene (and possibly to surface states
of topological insulators (TIs)), attributable to the pseudospin (conventional spin for TI) degree of
freedom and Dirac-fermion character of the graphene system. A pump pulse of a finite duration
long enough to contain a large number of cycles induces a current density that oscillates with the
frequency of the pump pulse. The amplitude associated with these fast oscillations is seen to exhibit
2 /ω – the anomalous Rabi frequency, where
much slower oscillations with a frequency given by 2ωR
ωR is the conventional Rabi frequency and ω is the frequency of the external pump field. This
effect is easily probed by a probe pulse subsequent to the pump, where it manifests itself as periodic oscillations of the probe susceptibility as a function of pump duration at each probe frequency.
Alternatively, it is also seen as an oscillatory function of the pump–probe delay with other variables remaining fixed. This period corresponds to the anomalous Rabi frequency. An analysis of
the previously reported experimental data confirms the presence of anomalous Rabi oscillations in
graphene.
Keywords. Graphene; Rabi oscillation; pump–probe experiment.
PACS No. 72.80.Vp

1. Introduction
Graphene is a single layer [1–3] of graphite material made of carbon atoms arranged
in a honeycomb crystal lattice with zero band gap and with a linear dispersion relation
between energy and momentum for both electrons and holes. Bilayer graphene consists of
two graphene layers weakly coupled by Van der Waals force and the low energy spectrum
of the Hamiltonian is parabolic, which describes chiral quasiparticles [4,5]. We wish to
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study the recently predicted anomalous Rabi oscillations [6] in graphene using the pump–
probe method. The phenomenon of conventional Rabi oscillations can be most easily
understood in two-level systems [7–9]. Typically, incoherent optical properties such as
optical dephasing and relaxation of band electrons in semiconductors are studied using
the pump–probe experiment [8,9] in which two successive laser pulses are used, one to
prepare the system in a certain way, called pump pulse, and the other to test it after a variable time delay, called probe pulse. Coherent optical response, e.g., the excitonic optical
Stark effect of a semiconductor [10–12] is studied by the pump–probe technique in which
the pump pulse excites the material energetically below the exciton resonance and the
probe pulse monitors the transmission change at exciton resonance. So it is appropriate
to investigate such nonlinear properties in two-dimensional single-layer graphene (SLG),
bilayer graphene (BLG) and multilayer graphene (MLG) where the bands are linear in the
case of SLG and parabolic in the case of BLG, but all of them possess a property unique
to these systems, viz. pseudospin.

2. Experimental literature review on the relaxation dynamics in graphene
Recently, many experiments on the relaxation of the carrier dynamics of graphene on
different substrates have been performed [13–16]. Some of the experimental results are
summarized as follows.
The ultrafast relaxation of photogenerated carriers in epitaxially grown graphene
layers on SiC substrate [17] depends on the intraband carrier–carrier and intraband
carrier–phonon scattering. The plot between the differential transmission coefficient
((T − T0 )/T0 ), where, T and T0 are the probe transmission coefficients with and without pump field respectively, vs. time duration between pump and probe pulse shows two
types of relaxations (τ1 ) and (τ2 ) with different pump pulse energy and temperature. The
range of fast relaxation time (τ1 ) is nearly 70–120 fs and the range of slow relaxation
time (τ2 ) is 0.4–1.2 ps. Fast relaxation (τ1 ) due to the intraband carrier–carrier scattering
leads to the quaisequilibrium states followed by Fermi–Dirac distribution, which is consistent with the theoretically predicted intraband carrier–carrier relaxation in graphene
[18]. The slower time delay (τ2 ) is attributed to further thermalization such as intraband
carrier–phonon scattering.
The experimental plot between the differential transmission coefficient ((T − T0 )/T0 )
and delay time between pump and probe pulses of carrier relaxation in graphene on mica
substrate using femtosecond laser [18] is almost the same as earlier experiments [17]
barring some intermittent discrepancies in sign. The plot shows that the initial increase
(almost linear) in differential transmission coefficient is due to Pauli blocking or due to
the repulsion by the initially generated electron–hole density on further generated photoelectrons. The subsequent decrease in transmission coefficient is due to intraband carrier–
carrier and intraband carrier–phonon scatterings. One conclusion of this experiment is that
carrier relaxation in graphene is almost the same as that of graphite. This means coupling
between different graphite layers plays a minor role in ultrafast carrier relaxation.
Other experiments such as the one performed by Kumar et al [19] and on the graphene
analogue boron carbon nitrate (BCN) [20] regarding relaxation dynamics of carriers in
graphene using femtosecond lasers also shows the two types of relaxation, fast relaxation
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τ1 in the 130–330 fs range and slow relaxation τ2 in the 3.5–4.9 ps range. Fast relaxation
is related to the carrier–carrier scattering, while slow relaxation is related to the carrier–
phonon scattering.
Wang et al [21] studied the relaxation dynamics of hot optical phonons in few-layers
and multilayer graphene grown on silicon carbide substrate and found that the optical
phonon cooling rates are very short and independent of factors such as growth technique,
number of graphene layers and type of substrate. Time-resolved terahertz spectroscopy is
a powerful tool in the investigation of carrier dynamics in semiconductors [22]. The work
on multilayer graphene nanostructures [23,24] are particularly relevant for applications in
optoelectronics.
The experiments performed by the above groups, especially by Dawlaty et al [17],
Kumar et al [19,20], Breusing et al [18] and Wang et al [21] are particularly relevant as
they appear to confirm the predictions of the present work.
In this article, the recently predicted anomalous Rabi oscillations [6] are studied theoretically by the pump–probe technique where we calculate probe susceptibility for the
system of interest as a function of the area of the pump pulse. Anomalous Rabi oscillations manifest themselves as periodic oscillations of the probe susceptibility as a function
of pump duration at each probe frequency. The period associated with these oscillations
corresponds to the anomalous Rabi frequency. It has been estimated by the authors cited
that a quasiequilibrium state due to Coulomb scattering is reached in graphene in a timescale of ∼100−250 fs and phonon-assisted energy relaxation takes place in a time-scale
of 1−2 ps. This means that the phenomena of the present work are seen clearly when a
sufficient number of oscillations fit into a time-scale of the order of 250 fs. This in turn
translates into a constraint on the peak electric field of the pulses used. More detailed
numerical estimates will be provided in §5.
3. Coherent Bloch equations in the presence of intense optical pump field
In what follows, we describe the effect of a finite duration pump pulse on the time evolution of the polarization and densities of charge carriers in graphene. This has been done
in detail in our earlier work [6]; hence, we shall be content at reproducing only the salient
features. Upon extinguishing the pump pulse, the dynamical quantities in the system
temporarily freeze to a value determined by the so-called area of the pulse [8]. These
then serve as background for the probe pulse that follows immediately afterward (this
assumption makes the analysis simpler). The idea is that a study of the probe susceptibility as a function of the pump pulse duration can extract the anomalous Rabi frequency –
a characteristic unique to the graphene systems as we have already pointed out.
3.1 Bloch equations for single-layer graphene
The Hamiltonian for the low-energy spectrum of graphene in the presence of an intense
optical pump field can be written into the second quantization language as


e  †
vF σα,β · p − A(t)
cp,α cp,β ,
H =
c
p,α,β
Pramana – J. Phys., Vol. 82, No. 6, June 2014

1087

Enamullah et al
where the Greek indices stand for either sublattice A or sublattice B of the honeycomb
crystal lattice and c† (c) is the creation(annihilation) operator, σ are the three sets of Pauli
−iωt
 = A(0)e

is the complex vector potenmatrices, p is the momentum of fermions, A(t)
tial corresponding to the pump field. With the help of Heisenberg’s equation of motion
we have derived the equation of motion for the elements of reduced density matrix
†
†
 t) = nA (k,
 t) − nB (k,
 t) = ck,A
ndiff (k,
(t)ck,A (t) − ck,B
(t)ck,B (t)

and
†
 t).
(t)ck,B (t) = p(k,
ck,A

The optical Bloch equation without Coulomb interaction derived in our earlier study [6]
is given by (since it is necessary to write here)




∂
 t) = 4 Im vF σAB · k − e A∗ (t) p(k,
 t)
ndiff (k,
∂t
c


∂ 
e
 t).
t) = vF σBA · k − A(t)
ndiff (k,
i p(k,
∂t
c
These Bloch equations may be solved using an alternative to the well-known rotating
wave approximation (RWA), which have been called asymptotic RWA (ARWA) [6]. In
this approximation, quantities such as number density and polarization are expressed as a
harmonic series involving the largest of the frequencies and the coefficients are assumed
to be slowly varying on the scale of this frequency. In the ARWA regime, this large
frequency is ω, the pump frequency. A detailed justification for the use of this approximation is given in our earlier work [6]. Following our earlier work, we decompose the
pump pulse polarization and population excess as follows:
 t) + p+ (k,
 t)e−iωt + p− (k,
 t)eiωt
 t) = ps (k,
p(k,
and
 t) = ns (k,
 t) + nf (k,
 t)e−iωt + n∗f (k,
 t)eiωt .
ndiff (k,
The pump solution has been found in our earlier work as follows:
 t) ≈ −
p+ (k,

zR (t) 
 t) ≈ 2zR (t) ps∗ (k,
 t)
ns (k, t); nf (k,
ω
ω

 t) ≈ −
p− (k,

2zR∗ (t)zk∗
 t)
ps (k,
ω2

and

and
 t ≤ Ti ) = −
ps (k,

z∗
kx + iky
 t ≤ Ti ) = 0,
= − k ; ns (k,
2|k|
2vF |k|

where we take the pump pulse field to be in the interval Ti < t < Tf . The expression for
slowly varying part is
 t) = 4 Im[zk ps (k,
 t)],
∂t ns (k,
1088

 t) = zk∗ ns (k,
 t) −
i∂t ps (k,
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and the expression for generalized anomalous Rabi frequency

 2
2
2ωR (t)
2

AR (k, t) = 4(vF |k|) +
,
ω
 t ≥ Ti ) = ns (k,
 Ti ) cos( (t)),
ns (k,
 t ≥ Ti ) =
ps (k,
where the quantity
quantity

 Ti ) = ω(vF |k|) ,
ns (k,
ωR2 (t¯)


2ωR2 (t¯)
R (t¯)zk∗ ω
sin( (t)) − i
cos( (t)) ,
2 ¯
ωR (t¯)
4i(vF |k|)ωR (t )

 t) =
(k,

t
Ti

 t ) dt is called ‘the area of the pulse’. The
R (k,

e
σBA · As (t))
ωR2 (t) = zR∗ (t)zR (t) = vF (
c

2

is the square of the conventional Rabi frequency at zero detuning, changing adiabatically
in time as a function of the pump envelope field. Also,
ωR2 (t¯)

=

t
Ti

dt ωR2 (t )
(t − Ti )

is the time average of the square of the conventional Rabi frequency. For the purposes of
the present work, we choose the shape of the slowly varying part of the vector potential
A s (t) as
√


Ti + Tf
2A(0)
1/2

−t
(Tf − t)
As (t) =
(t − Ti )
2
Tf − Ti
√


Ti + Tf
2A(0)
(Tf − t)1/2
t−
+
(Tf − t).
2
Tf − Ti
The precise shape, of course, does not matter since the basic physics we seek is to establish
the phenomenon of anomalous Rabi oscillations. The expression for the area of pulse
becomes
φ(k) =

16(vF |k|)2 + (Tf − Ti )2 Z 2 ,

 t ≥ Tf ) =
(k,

1
2(vF |k|)2
(Tf − Ti )φ(k) +
4
Z

(Tf − Ti )Z + φ(k)
× log
−(Tf − Ti )Z + φ(k)

+ 2vF |k|(t − Tf ),

where
Z=

4|zmax |2
.
ω(Tf − Ti )
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In the discussion that follows, we assume that the probe pulse is immediately applied
upon extinguishing the pump pulse and the former is of such a short duration that it is
legitimate to use a delta function probe. The main reason for this assumption is that we
want only the anomalous Rabi frequency to contribute to the area of the pulse and not the
Tf ).
free particle dispersion (even if k is small 2vF |k|(tpr − Tf ) may not be small if tpr
In this case, the time average of Rabi frequency and generalized Rabi frequencies become
ωR2 (t¯) =

Tf
Ti

dt ωR2 (t )

=

|zmax |2
2

4(vF |k|)2 +

|zmax |4
ω2

(Tf − Ti )


 t¯) =
AR (k,

and the area of the pulse may be simply written as
|zmax |2
2ω2 (t¯)
= (Tf − Ti ) R .
ω
ω
In passing, we note that the Bloch equations are a special case of what is known as
the Floquet equation [25] in mathematics. This formalism has also been used extensively in the physics literature especially in the field of atomic physics where atom–light
interactions are studied [26]. The Rabi frequency that we deduce (both anomalous and
conventional) are known as Floquet exponents. In this sense, there is nothing mysterious about the anomalous Rabi frequency or indeed the conventional one. However, the
point in focus is that these exponents vanish in some regime for peudospinless systems,
whereas they do not when there is pseudospin (hence the adjective ‘anomalous’). In the
present situation, according to that theory, there are three Floquet exponents that add up
to zero. Since they are symmetrically placed, one of them is zero and the other two are
equal and opposite in sign. This is the Rabi frequency. However, this theory does not
provide a simple analytical expression for these coefficients and, in most situations, they
have to be obtained numerically if the exact answer is needed. Hence, our analytical
approach, though approximate unlike the numerical approach, is needed to establish the
general relationships between the Rabi frequency and models under study and regimes
considered.
Now we go on to derive Bloch equations for the pump and probe pulses in the
case of bilayer and multilayer graphene specifically tailored to probe anomalous Rabi
oscillations.
(tpr ) = (Tf − Ti )

3.2 Bloch equations for bilayer graphene
The low-energy properties of BLG with Bernal stacking are well described by an offdiagonal Hamiltonian with parabolic dispersion [4,5]. The Hamiltonian for BLG in the
presence of an optical pump field is given by
2
e
1 
†
px − ipy − A∗ (t) cA1
(p)c
 B2 (p)
 + h.c.,
Ĥ = −
2m p
c
where m = γ1 /2vF2 is the effective mass of Dirac fermions, related to the interlayer
hopping parameter γ1 and Fermi velocity vF .
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We may now find the equation of motion for the reduced density matrix with elements,
 t) = nA1 (k,
 t) − nB2 (k,
 t) = c† (t)ck,A1 (t) − c† (t)ck,B2 (t)
ndiff (k,
k,A1
k,B2
and
†
 t) = ck,A1
(t)ck,B2 (t)
p(k,

as follows:



2
∂
 t) = − 2 Im kx − iky − e A∗ (t) p(k,
 t)
ndiff (k,
∂t
m
c

2
∂ 
1
e
 t).
i p(k,
t) = −
kx + iky − A(t) ndiff (k,
∂t
2m
c
In the ARWA method [6], these are solved using the ansatzs,
 t) = ns (k,
 t) + nf (k,
 t)e−iωt + n∗f (k,
 t)eiωt
ndiff (k,
 t)e−2iωt + nf∗ (k,
 t)e2iωt ,
+ nf (k,
 t) = ps (k,
 t) + p+ (k,
 t)e−iωt + p− (k,
 t)eiωt
p(k,
 t)e−2iωt + p− (k,
 t)e2iωt .
+ p+ (k,

For two layers it is important to include terms upto the second harmonic at least. This
becomes clear if we focus on the k = 0 case where anomalous Rabi oscillations are seen
at the level of the second harmonic and are absent at the level of the first harmonic. This
idea will be made more general when we discuss multilayer graphene in the next section.
Upon substitution in the Bloch equations, the solutions for rapidly varying parts of the
above Bloch equations are given by
2 2
4α(e/c)k+ As (t) ∗ 
 t) ≈ − 2α(e/c) As (t) ps∗ (k,
 t)
ps (k, t), nf (k,
ω
2ω
2 

 t) ≈ − 2α 2(e/c)|k|2 + (e/c)3 |As (t)|2
p− (k,
ω2
 t)
×k+ A∗s (t)ps (k,

 t) ≈
nf (k,

 t) ≈ −
p+ (k,

2 2
2α(e/c)k+ As (t) 
 t) ≈ α(e/c) As (t) ns (k,
 t)
ns (k, t), p+ (k,
ω
2ω

2 ∗2
As (t)
2α 2 (e/c)2 k+
 t),
ps (k,
4ω2
where k± = kx ± iky . We may see from the above expression that unlike in the singlelayer case, in bilayer when k = 0, the contribution from the first harmonic completely
drops out. This is because p± (0, t) ≡ 0 and nf (0, t) ≡ 0. Therefore, anomalous Rabi
oscillations in the bilayer case are seen only at the level of the second harmonic for small
values of k. The solutions for the slowly varying parts are given by

 t) ≈
p− (k,

 t ≥ Ti ) = ns (k,
 Ti ) cos( (t)) =
ns (k,

ω|k|2
cos( (t))
2mωR2 (t¯)
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 t ≥ Ti ) =
ps (k,

2 
k+
ωAR (t¯)
sin( (t)) .
cos( (t)) + i
2
2|k|
ωR2 (t¯)

 t) and p− (k,
 t) as they are smaller than the included terms by at
We may neglect p− (k,
least two factors of 1/ω. The important ingredient that enters into these equations is (t)
– the area of the pulse given by the following expression (in which we use the same shape
of As (t) as in the case of single layer):

1
k2
1 2  e 4
|A(0)|4 (Tf − Ti ) + (t − Tf ).
(t ≥ Tf ) =
3ω 2m
c
m
The above expression is derived by assuming small values of band momentum k. This
analysis also yields an expression for the anomalous Rabi frequency,



√ |k|2 ω (t) 2
 2 2
2
(t)
+
4
2 mR
2ω
 |k|
R
BLG
+
,
AR (t) =
2m
4ω2
where


ωR2 (t)

≈

1
2m

2

(e/c)4 |As (t)|4
2

is the conventional Rabi frequency.
Now we go on to generalize this to n-layers. The discussion is quite similar. However
in the general case, one must treat higher harmonics with care.
3.3 Bloch equations for multilayer graphene
The Hamiltonian for MLG [27] in the presence of an optical pump field may be modelled
as
Ĥn =

n−1 
n

e
†
p− − A∗ (t) cAj
(p,
 t) cB(j +1) (p,
 t) + h.c.,
c
p j =1

where β = vFn /γ1n−1 , p± = px ± ipy . With the help of Heisenberg’s equation we can
find the equation of motion for the following elements of reduced density matrix:
† 
 t) = cAν
 t) − c†


(k, t)cAν (k,
Nν (k,
B(ν+1) (k, t)cB(ν+1) (k, t)

and
 t) = c† (k,
 t)cB(ν+1) (k,
 t)
πν (k,
A(ν)
for the νth layer as

1092

i




e
∂
n
n−1
 t) = 4β Im k−
 t)
Nν (k,
− n A∗ (t)k−
πν (k,
∂t
c

i



∂
e
n
n−1
 t) = β k+
 t).
Nν (k,
πν (k,
− n A(t)k+
∂t
c
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Using the ARWA technique [6], we make the following substitution (keeping in mind that
at k = 0, the polarization varies slowly, whereas the population oscillates with frequency
equal to the nth harmonic in the external frequency):
 t) = πs (k,
 t) + e−iωt π+ (k,
 t) + eiωt π− (k,
 t)
πν (k,
∗
 t) = einωt Nmax (k,
 t) + e−inωt Nmax
 t)
Nν (k,
(k,
∗
 t) + e−i(n−1)ωt Nmax,1
 t).
+ ei(n−1)ωt Nmax,1 (k,
(k,

After substituting these values in the above Bloch equation and comparing the coefficients
we have
2β(− ce A∗s (t))n
 t) = −
 t);
πs (k,
Nmax (k,
nω
 t) = −
Nmax,1 (k,
 t) =
π− (k,

2nβ(− ce A∗s (t))(n−1) p−
 t);
πs (k,
(n − 1)ω

2β 2 (− ec As (t))(n−1) (− ce A∗s (t))n p+
 t);
πs (k,
ω2

 t) = −
π+ (k,

2n2 β 2 (− ec As (t))n (− ec A∗s (t))(n−1) p−
 t),
πs (k,
(n − 1)ω2

 t) =
and the equation for the slowly varying part of the polarization is (∂/∂t)πs (k,
NLG

iNLG
(t)π
(
k,
t)
where

(t)
is
the
generalized
Rabi
frequency
given
by
the
following
s
R
R
expression:
2n2 β 2 |k|2 |− ec As (t)|2(n−1)
2β 2 |− ec As (t)|2n
+
nω
ω(n − 1)
 t) is given by
and the solution for πs (k,
NLG
R (t) =

 t) = πs (k,
 0) (cos( (t)) + i sin( (t))) ,
πs (k,
where
n
k+
2|k|n
can be found by the equilibrium condition and (t), the area of the pulse with the same
shape of As (t) taken in the case of both single layer and bilayer is given by
 e 2n
2β 2
|A(0)|2n (Tf − Ti ) + β|k|n (t − Tf ).
(t) =
n(n + 1)ω c
The above expression is derived assuming small ‘k’ values. The area of the pulse assumes
this value just at the end of the pump pulse when the pump is tuned off. If the probe is
incident at this time, the dynamics of the probe is determined by the above area of the
pump pulse.
So far we have described the influence of the pump pulse field on the dynamics of
single layer, bilayer and multilayer graphene. Now we go on to describe the effect of a
weak probe pulse on the graphene systems excited by the pump field as described above.

 0) = (−1)n
πs (k,
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4. Linear response equations of the probe field
The probe field being weak, obeys linearized Bloch equations. To linearize the Bloch
equations, we write
 t) → ndiff (k,
 t) + δndiff (k,
 t),
 t) → p(k,
 t) + δp(k,
 t).
p(k,
ndiff (k,
∗
 t), δp(k,
 t) and δp (k,
 t) are the linear response functions due to the probe
Here δndiff (k,
field.
4.1 Linear response of a single layer
After linearizing the Bloch equations for single layer we have
d
 t) = 4 Im[zk δp(k,
 t) + δzA (t)ps∗ (k,
 t)]
δndiff (k,
dt
d
 t) = zk∗ δndiff (k,
 t) − δzA (t)ns (k,
 t).
i δp(k,
dt
 tpr ) = 0 and δp(k,
 tpr ) =
We solve these coupled equations with initial condition δndiff (k,
0 at time t = tpr just before the probe field assumed to be a delta function at t = tpr . In
other words, we set δzA (t ) = (δzA,max tpr )δ(t − tpr ). After solving these equations, we
 t) and δp(k,
 t):
get the following expressions for δndiff (k,
 t) = −iQ(tpr ) (t − tpr ) cos(2|zk |(t − tpr ))
δndiff (k,
+

ns (tpr )
2 Re[zk δA(tpr )] (t − tpr ) cos(2|zk |(t − tpr ))
|zk |

and
 tpr )
ns (k,
Im[zk (δzA,max tpr )] (t − tpr )
zk
 tpr )
i ns (k,
+
Re[zk δzA,max tpr ] cos(2vF |k|(t − tpr ))
zk
2i|zk |
 tpr )]
Im[(δzA,max tpr )ps∗ (k,
× (t − tpr ) +
zk
× sin(2vF |k|(tpr − t)) (t − tpr ),

 t) = −
δp(k,

where (x) is the Heaviside’s 
step function. We now work with the Fourier transformed

probe polarization δp(ω ) ≡
k δp(k, ω ). Using this we may define the probe susceptibility as δp(ω ) = χ(ω )δE(ω ), where δE(ω ) is the electric field of the probe.
Extracting χ(ω ) from the above equation and retaining only the most singular part we
have, χ(ω ) ∼ cos (tpr ). We may see that the probe susceptibility depends on the area
of pump pulse and it has oscillatory behaviour as a function of the duration of the pump
field. After some simplification, we get the following expression:
v2
χ(ω )
= cos( ),
= 2 F |
σBA · eE max |2 (Tf − Ti ).
(1)
χmax (ω )
h̄ ω3
Here we have restored Planck’s constant to facilitate experimental verification of our central claim viz. eq. (1). Also, χmax (ω ) is the susceptibility when cos( ) = 1. The central
result of eq. (1) may be depicted graphically as shown by the diagram in the results
section.
1094
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4.2 Differential transmission coefficient
The above description was an ideal pump–probe experiment where the probe duration is
taken to be much smaller than the pump duration, so much so that we have used an ideal
delta function in time to describe the probe. This enables an elegant analytical solution
of the probe susceptibility at each probe frequency. This solution also clearly and easily
brings out the important physics we seek, viz., that the probe susceptibility is a sinusoidal
function of the pump duration with the probe frequency and the pump Rabi frequency
(electric field strength) remaining fixed. The period of these oscillations is the anomalous
Rabi frequency. Realistic experiments [17–20] typically use the same pulse for pump
and probe, except that the probe beam is much less intense than the pump and comes
after a time delay following the pump. Therefore, in order to compare with the existing
experimental data we wish to study this problem. When delays are present, it is important
to take into account dephasing rates. To this end we write the pump equations as


∂
 t) = 4 Im[vF σAB · k − e A∗ (t) p(k,
 t)]
ndiff (k,
(2)
∂t
c



∂ 
e 
 t) − i p(k, t) − p0 (k) .
p(k, t) = vF σBA · k − A(t)
(3)
ndiff (k,
∂t
c
T2
 = −zk∗ /2vF |k| is the equilibrium
Here 1/T2 is the polarization dephasing rate and p0 (k)
polarization. The above equation ensures that the polarization decays to the equilibrium
value after a time which is much larger than T2 once the pump is turned off. The probe
equations become




∂
 t) = 4 Im vF σAB · − e δ A∗ (t) p(k,
 t) +4 Im[vF σAB · kδp(
 k,
 t)]
δndiff (k,
∂t
c
(4)
i

i




∂
 t) = vF σBA · − e δ A(t)

 t)+vF σBA · kδn
 diff (k,
 t)−i δp(k, t) .
δp(k,
ndiff (k,
∂t
c
T2
(5)

We have solved these equations using the methods already outlined to obtain the following formulas for transmission coefficient. In graphene we think of the induced field
as proportional to the induced current, which is in turn proportional to the polarization.
Therefore, we choose the contribution to the signal induced by the probe field as
δ π(t)

= vF σAB δp(t) + vF σBA δp∗ (t),

where δp(t) = A1 k δp(k, t). The signal due to the probe only is chosen for dimensional
consistency as δ πext (t) = (evF2 /c2 )δEext (t). The net transmitted signal is
δ πtrans (t) = δ πind (t) + δ πext (t),
where δ πind (t) is the induced signal that propagates in the same direction as δ πext (t). The
∗
(t) · δ πtrans (t) where the average denotes time average and
transmitted intensity is δ πtrans
∗
the incident intensity is δ πext
(t) · δ πext (t). The transmission coefficient is,
∗
(t) · δ πtrans (t)
δ πtrans
T
.
=
∗
T0
δ πext (t) · δ πext (t)
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What we are really interested is the change in this coefficient with and without the pump.
This means we have to calculate (T+ − T )/T0 , where T+ refers to the probe transmission with the pump and T is the same without the pump. In the present case,
the induced signal is much weaker than the incident probe signal (it is well known
that graphene is quite transparent (∼97%)). Hence we may write for the differential
transmission coefficient
η≡

=

T+ − T
T0
∗
∗
∗
δ πext
(t) · (δ πind,+ (t) − δ πind (t)) + (δ πind,+
(t) − δ πind
(t)) · δ πext (t)
∗
δ πext
(t) · δ πext (t)

.

We have computed η explicitly and it may be written as
η=−

ic2  λ2 τ 1 (eλ2 τd − 1)2
+ c.c.,
e
ω2 A k
τd ARWA (0)

(6)

2ARWA (0)
1
− iARWA(k)
−
2T2 2T2 2ARWA (k)

(7)

where
λ2 = −

and ARWA (k) is the effective anomalous Rabi frequency and τ is the time delay between
the end of the pump pulse and start of the probe pulse. Also τd is the common duration of
the pump and probe pulses. This may be explicitly evaluated for graphene to yield
c2
(4πvF2 (τ + τd )(τ + 2τd )ω2 )



2ω2
2τ
cos (τ + τd ) R e−(τ +τd )/T2
×
4+
τd
ω
 2

(τ + τd )
2ωR
(τ + 2τd ) e−(τ +2τd )/T2
−
cos
τd
ω
 2 

2ωR
τ
2τd
cos
τ e−τ/T2 .
+ −3 −
−
τd
τ
ω

η = −

(8)

It is clear from the above formula (consistent with the claims of the earlier discussion
that involved using a delta function probe) that the susceptibility is a sinusoidal function
of the pulse duration. Here, however, some differences are expected as both the pump
pulse and the probe pulse have the same duration which means harmonics of anomalous
2ω2
Rabi frequency are also seen as a term such as cos[ ωR (τd,probe + τd,pump )] also appears,
2ω2

which in the earlier discussion was simply reduced to cos[ ωR τd ] as τd,probe = 0, but here
as τd,probe = τd,pump = τd there are harmonics as well. In this case, T2
τ
τd . If
we also ensure that (2ωR2 /ω)τ ∼ 10 so that there are about 10 anomalous Rabi oscillations
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in the duration between pump and probe, this phenomenon is seen clearly in the periodic
variation of the differential transmission coefficient as a function of delay. This formula
also shows good agreement with experimental data [17–20]. Specifically, in the work of
Breusing et al [18], a 7 fs pump and probe pulse was used with a pump fluence of 0.2
mJ/cm2 corresponding to an intensity of I0 = 2.857 × 1014 W/m2 and the r.m.s. electric
field corresponding to this intensity is E = 3270.0 kV/cm. The central frequency of
the pump corresponds to h̄ω = 1.5 eV and the polarization dephasing time is taken to
be T2 = 140 fs. This leads to the following realistic values for the various frequency
scales. The driving frequency is ω = 2.27 × 1015 rad/s, the conventional Rabi frequency
is ωR = 2.19 × 1014 rad/s and the anomalous Rabi frequency is ARWA = 2ωR2 /ω =
4.2 × 1013 rad/s. This means that in the duration of each pulse there are ∼16 oscillations
with frequency ω, making this notion well defined. Also within the decay time there are
∼6 anomalous Rabi oscillations, making this also easily detectable. We may see that these
numbers are completely consistent with the assumptions made in the asymptotic rotating
wave approximation – each differs from the other by an order of magnitude or more. Now
we wish to plot the theoretical analogue (see figure 1) of the data shown in figure 1c of
Breusing et al [18].
In that work we see the following important features. The change in transmission
is positive for time delays τ < 300 fs and negative thereafter. The datapoints show
oscillatory behaviour superimposed on an overall decay. We claim that this oscillatory
behaviour is nothing but the anomalous Rabi oscillation. Indeed, an estimation of the
period of these oscillations from figure 1c of Breusing et al gives a period of 107 fs.
This corresponds to a circular frequency of 5.8 × 1013 rad/s, which is rather close to the
anomalous Rabi frequency ARWA = 4.2 × 1013 rad/s. Other features of this plot (figure
1c of Breusing et al) that are in broad agreement with eq. (8) are: (a) in both these plots,
there is a sharp drop in the magnitude with increasing delays especially for small delays,
(b) in both these plots, there is the all-important oscillation superimposed on this decay
whose frequencies are in good agreement – a signature of anomalous Rabi oscillation and
(c) both change sign after a certain time delay (however, the numerical values of those
times do not match, also the numerical values of the coefficient do not match at all, ours
is a bit too high).
The important point is that the oscillatory behaviour is characteristic, robust and
common to both theory and experiment.

Figure 1. These figures depicts the variation of differential transmission coefficient
vs. the time duration between the pump and probe fields.
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4.3 Linear response of bilayer
To linearize the Bloch equations for bilayer make the substitution
 t) = ns (k,
 t) + δn(k,
 t),
ndiff (k,

 t) = ps (k,
 t) + δp(k,
 t)
p(k,

and
A(t) → A(t) + δA(t).
The linearized Bloch equations (keeping in mind that pump and probe are not present
together, A(t)×δA(t) ≡ 0) may be written in the frequency domain using a delta function
probe δA(t) = δA(tpr )δ(t − tpr ) as follows:
 ω)=−
ω δn(k,


1 
2
 ω )] − Q(k,
 tpr )
2i Im[k−
δp(k,
m



2
 ω ) = − 1 k+
 ω ) − 2 e k+ δA(tpr )ns (k,
 tpr )
δn(k,
ω δp(k,
2m
c
 tpr ) = 4i e Im[k− δA∗ (tpr )ps (k,
 tpr )],
Q(k,
c
where
 tpr ) =
ps (k,

2 
k+
cos
2|k|2

 tpr ) =
ns (k,

ω|k|2
cos (tpr ).
2mωR2 (t¯)

+i

ωAR
sin
ωR2

and

Here is the area of the pulse for the pump field given by (we assume that the system is
probed immediately at the end of the pump pulse),

(tpr ) =

=

tpr
Ti

1
2AR (t)dt =
3ω



1
2m

2

 e 4
c

|A(0)|4 (Tf − Ti )

2ωR2
(Tf − Ti ).
ω



The current induced by the probe is given by δJ (ω ) =
k k− δp(k, ω ). The probe
susceptibility is defined by the relation δJ (ω ) = δχ(ω )δE(ω ). Following a procedure
similar to the single-layer case we may write
δχ(ω ) ∼ cos (tpr ).
Thus we can see that the probe susceptibility depends on the time duration of the pulse
field and oscillates with the anomalous Rabi frequency 2ωR2 /ω as a function of this
duration.
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4.4 Linear response of multilayer
To linearize the Bloch equation for multilayer graphene we use similar procedure as in
the case of single layer and bilayer. In presence of probe field taken as a delta function,
(δA(t) = δA(tpr )δ(t − tpr )), the linearized Bloch equation is given by


∂
(n−1)
n
 t) = 4β Im k−
 t) − n e k−
 tpr ) δ(t − tpr ),
δNν (k,
δπν (k,
δA(tpr )πν (k,
∂t
c


∂
(n−1)
n
 t) = β k+
 t) − n e k+
 tpr ) δ(t − tpr ).
i δπν (k,
δNν (k,
δA(tpr )Nν (k,
∂t
c
The multilayer case is entirely analogous to the single and bilayer cases already discussed. After straightforward calculations, quote the final results. In the case of multilayer
graphene, the area of the pump pulse (t) is given by
i

(tpr ) =

2ωR2
(Tf − Ti ),
ω

where Tf − Ti is the pump pulse duration and
1  e 2n
|A(0)|2n
ωR2 = β 2
n c
is the square of the conventional Rabi frequency of multilayer graphene and β = vFn /γ1n−1
is the prefactor that appears in Hamiltonian of multilayer graphene. As before, the probe
susceptibility is χ(ω ) ∼ cos (tpr ).
5. Results and discussion
In this section, we plot a graph obtained from eq. (1), which reveals that the susceptibility
due to the probe field depends on the area of the pump pulse. This area is proportional
to the pump pulse duration (Tf − Ti ), provided the conventional Rabi frequency is held
fixed. The frequency of oscillations of the probe susceptibility as a function of pump
pulse duration is just the anomalous Rabi frequency (figure 2).

1.0
0.5

5

10

15

0.5
1.0

Figure 2. The above plot of eq. (1) depicts the variation of probe susceptibility with
the area of the pump pulse.
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Alternatively, graphene mimicked using cold atoms [28] could also be a possibility
where such constraints may be circumvented as the experiments can be tailor-made to
a theory’s specifications. The surface states of a three-dimensional topological insulator
are also Dirac fermions [29], but they possess conventional spin rather than pseudospin.
The analysis of the present work shows that in such systems too (gapped or without gap)
anomalous Rabi oscillations are seen.
6. Conclusions
In this work, we have shown how pump–probe experiments can detect anomalous Rabi
oscillations in graphene and graphene-like systems such as surface states of topological insulators. Anomalous Rabi oscillations are like conventional Rabi oscillations –
periodic exchange of energy between the light field and the system in question. However, instead of these oscillations taking place close to the resonance criterion, where
the applied frequency is nearly equal to the frequency for creating a particle–hole pair,
anomalous Rabi oscillations are seen when the external frequency is larger than all other
frequencies present in the system. We have shown that these anomalous oscillations have
a frequency equal to 2ωR2 /ω where ωR is the conventional Rabi frequency and ω is the
applied frequency. These anomalous oscillations were shown in an earlier work to be
solely due to pseudospin/conventional spin, Dirac–fermion nature of the quasiparticles.
These qualities are shared by both the graphene system and topological insulators. These
anomalous oscillations manifest themselves in the pump–probe experiment as a periodic
variation of the probe susceptibility which is a function of pump duration when the conventional Rabi frequency is held fixed.
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