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Abstract. The bound states of four bosons in the quantum β-Fermi–Pasta–Ulam model are investigated and some interesting results are presented using the number conserving approximation
combined with the number state method. We find that the relative magnitude of anharmonic coefficient has a significant effect on forming localized energy in the model, and the wave number plays
an important role in forming different bound states. The signature of the quantum breather is also
set up by the square of the amplitudes of the corresponding eigenvectors in real space.
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1. Introduction
Discrete breathers (DBs) or intrinsic localized modes (ILMs) which are spatially localized, time-periodic and stable (or at least long-lived) excitations have been the subject
of intense theoretical researches in the past decades [1–3], and have been observed in
a variety of physical systems, including one-dimensional diatomic granular crystals [4],
Josephson junction arrays [5], micromechanical systems [6], and so on. In many cases,
quantum dynamics plays a significant role. So a natural question arises: what remains
of discrete breathers if the corresponding quantum problem is considered? To answer
this question, and also for the purpose of studying quantum dots and quantum computing, many theoretical and experimental studies have been devoted to different quantum
nonlinear lattices recently [7–14]. The results confirmed the existence of bound states,
some of which featured a particle-like energy band, and it is now pointed out to be the
natural equivalents of DB solutions of classical nonlinear systems [9]. By path integral
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methods and numerical diagonalization, Schulman studied the stability of such localized states, and pointed out that the quantized discrete breather in a 1D lattice is stable
[15,16]. Furthermore, the two-vibron bound states (TVBS, also known as biphonons or
two-quantum bound states etc.), which have been well studied in the Klein–Gordon (KG)
lattice [10,11,17] and Bose–Hubbard (BH) model [7,8,14], show that such specific excitations may be the simplest quantum equivalents of breather solutions in classical systems.
In a series of recent papers, such quantum excitations have already been found in the
β-Fermi–Pasta–Ulam (FPU) model [12,18], in an extended Hubbard chain [14], in
α-helices [19,20], as well as in a finite Heisenberg spin chain [21]. Experimentally, the
formation of TVBS is observed in molecular adsorbates such as H/Si (1 1 1) [22,23],
H/C (1 1 1) [24] and so on.
It is well known that classical DBs possess rich dynamic behaviour properties. For
example, in systems with both nonlinearities and impurities or defects, the existence of
impurities or defects will affect the DBs (if they exist) considerably [25], and even if
only nonlinearity is retained, the interaction between DBs is still interesting. Unfortunately, such studies are less in quantum system. As the first quantum states derived from
nonlinearity, TVBS is the natural choice for studying such dynamic behaviour properties. Some useful results are presented in [26,27] on the interaction between impurities
or defects with TVBS, some of which are similar to their classical equivalents, and the
results also confirmed that the TVBS is the simplest quantum breather (QB). At the same
time, other researchers published their results about the quantum signatures of breather–
breather interaction in quantum nonlinear lattices [21,28], it is the TVBS interaction with
each other. In fact, to explore the dynamic behaviour of quantum breathers, it is convenient to study the four boson bound states appeared in nonlinear systems, and such studies
are less known. In previous studies, the degenerate perturbation theory was applied when
only on-site nonlinearity was taken at weak coupling [28], but in more complicated nonlinear interaction systems (for instance, the β-FPU model), it is invalid. In the present
paper, we report our results on boson bound states (BBS) in the β-FPU model. The paper
is organized as follows. In §2, we first describe the model and introduce the quantization
scheme, then, at 4-quanta level, we introduce the basis we used to diagonalize the effective
Hamiltonian. The energy spectrum of the model at 4-quanta level and the corresponding
bound states are studied in §3. Section 4 gives the conclusion of our results.

2. Model and method
The classical β-FPU model describes the nearest-neighbour interactions for a onedimensional chain. Its Hamiltonian can be written as
H=

 p2
k2
k4
n
+ (xn − xn−1 )2 + (xn − xn−1 )4 ,
2m
2
4
n

(1)

where m is the mass of an atom, k2 and k4 are the nearest-neighbour harmonic and anharmonic force constants, respectively. It is known that this model can support DBs or ILMs
840
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[29]. In order to investigate the boson bound states, we write the momentum and position
operators of the nth atom as

h̄mω +
pn = i
(an − an ),
 2
h̄
(a + + an ).
(2)
xn =
2mω n
√
Here ω = 2k2 /m, an+ and an are boson creation and annihilation operators, which
satisfy the canonical communication relations: [am , an+ ] = δm,n , [am , an ] = 0 and
[am+ , an+ ] = 0. λ = h̄k4 /(k2 mω) is introduced as a dimensionless parameter representing
relative magnitude of anharmonic coefficient. Within the number conserving approximation and periodic boundary condition, the effective Hamiltonian of the β-FPU model can
be obtained as
 
 

N
3
3
1+ λ + 1+ λ
an+ an
Ĥeff = h̄ω
2
4
2
n

1
an+ (an+1 + an−1 )
(1 + 3λ)
4
n


3  + +
1 + +
an an an an + an an (an+1 an+1 + an−1 an−1 )
+ λ
8 n
2
3  +
+
+
+ λ
an+1 + an−1
an−1
an an an+1
8 n

−

− an+ an+ an an+1 + an+ an+ an an−1 + h.c.

,

(3)

where N is the total number of atoms. It is worth noting that the same procedure was
adopted in refs [12,30] in the same model, and ref. [30] gave a more detailed description
of it. More recently, Riseborough [31] reported his results about the quantized breather
excitations by employing many-body theory and keeping the non-conserving terms in
the same model, and his conclusion is in agreement with the results given by the number conserving approximation methods for monoatomic β-FPU lattice at n = 2 level
[12,18], and ref. [32] constructed quantum solutions of β-FPU model based on enumerating simple periodic orbits; the results are very interesting for understanding the concept
of phonon in the nonlinear system; it may be used for understanding the properties of
QBs.
Note that eq. (3) conserves the total number of bosons, and so it is more convenient to
employ number state method (NSM) to proceed with our analysis in the model. The NSM
has been widely used to study the TVBS [7,8,13,18,21,26,28]. The number operator is
N̂1 =

N


a +j a j ,

(4)

j=1

which has eigenvalue n. Under the periodic boundary conditions, Hamiltonians (3) is
invariant under the action of the translation operator T̂ with eigenvalue exp(i · k · a), where
Pramana – J. Phys., Vol. 81, No. 5, November 2013

841

Xin-Guang Hu et al
k = 2π υ/(N · a), a is the lattice constant and υ is an integer. T̂ is defined by the property
T̂ a +j = a +j+1 T̂ so that T̂ [n 1 n 2 · · · n N ] = n N n 1 · · · n N −1 , n i denotes the quanta at the site
N
i and i=1
n i = n. To describe the components of the quantum states, we use a position
state basis representation. For example, the state |ϕ j  = |2010010 · · · 0 represents a
state with two bosons at site 1, one boson at site 3, one boson at site 6 and no bosons
elsewhere. In view of the periodic structure of the lattice, and the translationally invariant
nature of the chain, the effective
Hamiltonian of this quantum system commutes with

the number operator N̂1 = Nj=1 a +j a j , whose eigenvalue is denoted by n as mentioned
above. We can generate an equivalence class of states by applying the translation operator
with periodic boundary conditions to one of these states, for example, |201010 · · · 0 and
|0201010 · · · 0 are the equivalence class states. We can manage to order these classes. For
instance, the set of all classes containing |211, |20101, |20 · · · 010 · · · 10 · · · 0, and so
on, is referred to as the {2,1,1} band. All classes containing |220 · · · 0, |2020 · · · 0, . . .
are referred to as the {2,2} band. For n = 4, the total bands are five, that is, {4}, {3,1},
{2,2}, {2,1,1} and {1,1,1,1}. For simplicity, we consider N = 11, and in this case, it is
easy to counter the number of all number states: {4} band contains only one equivalence
class state, and the band of {3,1} contains 10, {2,2} contains 5, {2,1,1} contains 45,
{1,1,1,1} contains 30, and the sum is 91 equivalence class states. For n = 4 and N = 19,
the total number of equivalence class states is 384. We use |  as a general eigenstate of
eq. (3),
| =

91


C j |ψ j 

(5)

j=1

which requires that Ĥeff |  = E |  leading to the matrix equation
Heff (k) c = Ec,

(6)

where Heff (k) is 91 × 91 matrix and c = col(c1 , c2 , . . . , c91 ). We can calculate the
eigenvalues and the corresponding eigenvectors exactly by the standard method from a
numerical library [33].

3. Energy spectrum and boson bound states
In figures 1, 2 and 3 we show the energy spectrum of the effective Hamiltonian matrix
(3) obtained by numerical diagonalization for different parameters of relative magnitude
of anharmonic coefficient λ at 4 quanta level and 11 sites. At λ = 0, the spectrum
is composed of quasicontinuum band, whose eigenstates are characterized by the four
bosons independently moving along the lattice. The same quasicontinuum band is also
observed in figures 1, 2 and 3 for nonzero nonlinear interaction. However, in addition
to the continuum, one or two discrete bands dropped out of the quasicontinuum band
are observed, depending on the parameter λ and the wave number q (see figures 1b–1d,
2b–2d and 3a and 3b). The phenomenon that two discrete bands appear for some proper
negative λ but only one exists when λ is positive (actually speaking, an isolated eigenvalue
appeared between the continuum band and the first discrete band at the edge of the first
842
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(a)

(b)

(c)

(d)

Figure 1. Energy spectrum of Heff (k). The eigenvalues are plotted as a function of
the wave number q for different values of λ: (a) λ = 0, (b) λ = −1/6, (c) λ = −2/9,
(d) λ = −1/3. The chain is composed of N = 11 sites. The y-axis is measured in
units of hω while x-axis bears the dimensionless q = k · a/π in the first Brillouin
zone. The term (N /2)(1 + (3/4)λ) in eq. (3) does not contribute to the spectrum, and
so it is not considered in the energy spectrum.

Brillouin zone, see figure 3b) means that the relative magnitude of anharmonic coefficient
has a significant effect on forming localized energy in the model. To explore the properties
of the dropped one or two discrete bands, we investigate the energy spectrum for other
values of λ, as shown figure 2. A discrete band starts dropping out of the continuum
when λ is about −0.16 for all values of q, as can be seen in figures 1b and 2a. If |λ|
increases at negative direction, to about −0.2, the second discrete band begins to appear
in the energy spectrum at the edge of the first Brillouin zone (BZ) (see figure 2b), and
when λ decreases to −2/9, the whole second discrete band is completely separated from
the continuum spectrum almost at all the BZ (see figure 1c); however, with decreasing λ,
the second discrete band progressively merges into the continuum band at the centre of
the BZ (see figures 1d and 2c). If the attractive nonlinearity (λ < 0) is strong enough,
only the edge of the second discrete band remains (see figure 2d). Figure 3 exhibits the
results of positive values of λ. One discrete eigenvalue out of the continuum band and
the discrete band can still be seen in figure 3b at the edge of BZ, it is similar to the case
of the strong attractive nonlinearity. We note that the appearance of the second discrete
band has already been observed in ref. [14] at 2 quanta level for strong intersite nonlinear
interaction.
Pramana – J. Phys., Vol. 81, No. 5, November 2013

843

Xin-Guang Hu et al

(a)

(b)

(c)

(d)

Figure 2. Energy spectrum of Heff (k). The eigenvalues are plotted as a function of
the wave number q for other values of λ: (a) λ = −0.1, (b) λ = −0.2, (c) λ = −0.3,
(d) λ = −2.

To investigate the probability of a given localized state for the corresponding β-FPU
chain, we also plotted the square of the eigenvectors in real space for different values of λ
in figures 4 and 5. The examination of the corresponding eigenvectors of the discrete band
shows that different bound states exist in the model. In the continuum band most of the

(a)

(b)

Figure 3. Energy spectrum of Heff (k), for repulsive nonlinearity: (a) λ = 0.1,
(b) λ = 2.
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(a)

(b)

(c)

(d)

Figure 4. Boson bound states corresponding to the first discrete band for (a) λ =
−1/6, q = −10/11, (b) λ = −1/6, q = 0, (c) λ = −2, q = −10/11, (d) λ = −2,
q = 0.

sites are separated by one or more vacant sites, and we do not consider these bands. The
three high points in figure 4a show that there is a high probability of finding three bosons
on one site and one boson on the adjacent site at the same time (|310 · · · 0, |30 · · · 01
equivalent class bound states, we call it 3-1 bosons bound states) as well as two bosons
on one site and another two on the adjacent site (|220 · · · 0 equivalent class bound states,
2-2 bosons bound states) simultaneously. Figure 4b presents the case when wave number
q = 0 (i.e. wave number approaches the central BZ), four high points appeared in the
figure, which represent the high probability of finding four bosons on the same site (4
bosons bound states), 2-2 bound states and 3-1 bosons bound states respectively. However, compared to the edge of the BZ, for example, figure 4a, the probability of finding 2-2
bound states is higher than 3-1 bound states. If the nonlinearity becomes strong enough,
all the three bound states mentioned above can survive in the model, and 2-2 bound states
will dominate the system compared to 3-1 and 4 bound states (see figures 4c and 4d).
The second discrete band appearing in the energy spectrum also attracts our attention.
Physically speaking, they are the localized energy too, and we can see from figure 1
that the energy of such cases lies between the first discrete band the continuum band.
The probability function of the bound states corresponding to the second discrete band is
plotted in figure 5. Figure 5a shows that apart from 4 and 3-1 bound states, there is a high
Pramana – J. Phys., Vol. 81, No. 5, November 2013
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(a)

(c)

(b)

(d)

Figure 5. Boson bound states corresponding to the second discrete band for (a) λ =
−1/3, q = −10/11, (b) λ = −2, q = −10/11, (c) λ = −2/9, q = 0, (d) λ =
−1/3, q = 0. Actually speaking, just one isolated energy dot located between the
quasicontinuum band and the first discrete band (see figure 2d).

probability of finding two bosons on the same site while the other two bosons are on both
sides of the two-boson site (1-2-1 bound states), if λ approaches −2 and also at the edge
of the BZ, the 3-1 bound states remain and the probability of finding the 4 bound states
decreases while 1-2-1 bound states increases, and 2-2 bound states cannot be ignored (see
figure 5b). Figure 5c shows the result at the centre of the BZ. In this case, only 1-21 bound states survive while other bound states almost disappear, and with nonlinearity
increasing, the centre of the second band gradually merges with the continuum band, and
so the bound states approach to disappear (see figure 5d), that is, most of the sites are
separated by one or more vacant sites. We have not plotted the graph of |Ci |2 vs. i when
λ > 0 because the bound states are similar to what we have obtained for λ = −2.
For understanding the fine structure of the energy spectrum as well as its corresponding
bound states, we have investigated the matrix elements of eq. (6). When λ = −1/3, we
found that most of the elements Hm,m+1 are zero, where m is a variable ranging from 1 to
90, which means that the interaction between the two neighbouring states we arranged
is very weak which will help the system to form localized energy, as plotted in figure
1d. When λ = −2/9, the element which links the {2,2} state and the {2,1,1} state is 0.
However, the interaction between two neighbouring states is non-zero, and so the bound
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states in this case are in the form of 1-2-1 bound states (see figure 5c). When λ = −1/6,
the element which also links the {2,2} state and the {2,1,1} state is 0, but the relative
magnitude of anharmonic coefficient is so weak that the second discrete band cannot be
formed in the system. We did not discuss the case of the other values of λ because they
do not own such properties.
In strong on-site nonlinear and weak coupling systems, such as Bose–Hubbard model
[28], one has obtained the quantum signatures of breather–breather interactions by using
degenerate perturbation method: the state |220 · · · 0 splits from the rest of the band
(|2020 · · · 0, |20020 · · · 0, etc.), which means that there is a high probability of finding two bosons on the same site while the other two on the adjacent site. However, in
more complex systems, for example, in systems of intersite nonlinear interactions, the
energy spectrum of {2,2} is not degenerated, and the degenerate perturbation method is
invalid; furthermore, in this case, there is a competition between the coupling term and the
intersite nonlinear interaction term, which will make the bound states more complicated,
as discussed above.
From figures 4, 5a and 5d, we can also find that the wave number has a significant
impact on the formation of different bound states. Similar results are also reported in
ref. [14].
4. Conclusions
We quantized the β-FPU model within the boson quantization rules combined with the
number conserving approximation. Then, by using the NSM, the energy spectrum of
the quantized β-FPU model at four-quanta level was obtained. Our results confirmed
that when the nonlinearity is significant, one or two discrete bands will separate from
the quasicontinuum band. It is similar to the energy spectrum at two-quanta level in other
nonlinear models [14], but exhibits more dynamic behaviour. We gave a description of the
signature of the quantum breathers by the square of the amplitudes of the corresponding
eigenvectors in real space, several bound states are found. We also found that the wave
number plays a significant role in forming different bound states. Finally, we gave a qualitative analysis of the fine structure of the energy spectrum as well as its corresponding
bound states. We also presented the difference between our results and other results.
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