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Abstract. The Hamiltonian of a quantum rod with an ellipsoidal boundary is given after a coordinate transformation that changes the ellipsoidal boundary into a spherical one. The properties of the
quantum rods constituting the bridge between two-dimensional quantum wells, zero-dimensional
quantum dots and one-dimensional quantum wires are explored theoretically using linear combination operator method. The first internal excited state energy, the excitation energy and the
transition frequency between the first internal excited and the ground states of the strong-coupled
impurity-bound polaron in the rod with Coulomb-bound potential, the transverse effective confinement length, the ellipsoid aspect ratio and the electron–phonon coupling strength are studied.
It is found that the first internal excited state energy, the excitation energy and the transition frequency are increasing functions of the Coulomb-bound potential and the electron–phonon coupling
strength, whereas they are decreasing functions of the ellipsoid aspect ratio and the transverse effective confinement length. These results can be attributed to the interesting quantum size confining
effects.
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1. Introduction
Both zero-dimensional quantum dots (QDs) and one-dimensional quantum wires (QWs)
were extensively studied and utilized in electronic and optoelectronic devices owing
to their unique quantum confinement properties. An interesting intermediate structure
between zero- and one-dimensional confinements is represented by elongated QDs, i.e.,
quantum rods (QRs) [1] or nanorods. Ever since the shape-controlled colloidal QRs were
realized in experiments by modifying the synthesis [2,3], it has become a hot field of
investigation in quantum functional device. Consequently, there has been a large amount
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of experimental work [4–6] on this device. Meanwhile, many investigators studied its
properties in many aspects using a variety of theoretical methods [7–10]. Ahrenkiel et al
[11] synthesized InP nanorods and nanowires of 30–300 Å diameter and 100–1000 Å
length. The transition energy between QDs and QWs was explored theoretically by
Planelles et al [12] using the addition energy spectra of nanorods of different lengths.
Katz et al [13] and Htoon et al [14] obtained the same results. Within the femtosecond
pump and probe spectroscopy, Creti et al [15] analysed the effect of shell thickness on
stimulated emission and photo-induced absorption transitions in CdSe QRs. El Brolossy
et al [16] used photoacoustic method to measure the optical absorption properties of asprepared CdSe QRs. Employing scanning tunnelling microscopy technique, Talaat et al
[17] determined the energy band gap of a series of CdSe QR having different sizes at room
temperature. Their results confirmed that the band gaps of such QRs depend mainly on
the width (the dimension of the electron confinement) and only slightly on the length as
shown previously in the literatures. Talaat et al compared the experimental data based on
two theoretical models, i.e., the effective mass approximation and the semiempirical pseudopotential method. The theoretical values for the energy band gap at varying radii are in
agreement with the experimental results within 0.08 eV. We have studied the properties of
a strong-coupling magnetopolaron in QRs using linear combination operator method [18].
The properties of the impurity-bound polaron in QRs, however, have not been studied so
far by employing the linear combination operator method. Especially, the properties of
the transition frequency of the impurity-bound polaron have not been investigated yet.
In this article, we investigate the effect of hydrogen-like impurity, the ellipsoid aspect
ratio, the electron–phonon coupling strength and the transverse effective confinement
lengths on the transition frequency of a strong-coupling impurity-bound polaron in the
QRs using linear combination operator method. We also study its first excited state energy
and the excitation energy as functions of the Coulomb-bound potential, the electron–
phonon coupling strength, the transverse effective confinement length and the ellipsoid
aspect ratio.
2. Theory model
As shown in figure 1, the electron under consideration is moving in a polar crystal QR
with three-dimensional anisotropic harmonic potential, and is interacting with bulk LO
phonons.
The Hamiltonian of the system with a hydrogen-like impurity at the centre can be
written as
H=


pz2
1
1
+ mω2 ρ 2 + mωz2 z 2 +
h̄ωLO aq+ aq
2m
2m
2
2
q


e2
,
Vq aq exp(iq · r) + h·c. −
+
ε0r
q
p2

+

(1)

where m is the band mass, ω and ω z are the measures of the transverse and longitudinal confinement strengths of the three-dimensional anisotropic harmonic potential in
the radius and the length directions of the rod, respectively. aq+ (aq ) denotes the creation
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Figure 1. Schematic diagram of quantum rods.

(annihilation) operator of the bulk LO phonons with wave vector q(q , qz ). p(p , pz ) and
r = (ρ, z) are respectively the momentum and position vectors of the electron. −e2 /ε0r
denotes the Coulomb potential between the electron and the hydrogen-like impurity. Vq
and α in eq. (1) are

Vq = i

α =

h̄ωLO
q

e2
2h̄ωLO





h̄
2mωLO
2mωLO
h̄

1/4 

1/2 

4π α
v

1/2

1
1
−
ε∞
ε0

,

.

(2)

Employing Fourier expansion to the Coulomb-bound potential, it can be written as
−

e2
4π e2  1
=−
exp (−iq · r).
ε0r
ε0 v q q 2

(3)

We introduce a coordinate transformation [7], which changes the ellipsoidal boundary
into a spherical one: x  = x, y  = y, z  = z/e , where e is the ellipsoid aspect ratio and
(x  , y  , z  ) is the transformed coordinate. The electron–phonon system Hamiltonian in the
new coordinate is changed to H  . We then introduce a linear combination operator:

m h̄λ 1/2
pj =
(b j + b+j ),
2


h̄ 1/2
rj = i
(b j − b+j ),
2mλ


j = x, y, z,
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where λ is the variational parameter. Inserting eq. (4) into H  and carrying out the unitary
transformation to H  :
U = exp



(aq+ f q − aq f q∗ ) ,

(5)

q

where f q ( f q∗ ) is the variational function. The ground- and the first internal excited-state
wave functions of the system are chosen as
|0  = |0a |0b ,
|ψ1  = |0a |1b ,

(6)
|1b = b+ |0b ,

(7)

where |0b is the vacuum state of the b operator and |0a is the unperturbed zero-phonon
state.
The expectation value of H  with respect to |ψ0  and |ψ1  can be expressed as
F0 (λ, f q ) = ψ0 | U −1 H  U |ψ0  ,

(8)

F1 (λ, f q ) = ψ1 | U −1 H  U |ψ1  .

(9)

Performing the variation of F0 (λ, f q ) and F1 (λ, f q ) with respect to λ and choosing the
usual polaron unit (h̄ = 2m = ωLO = 1), we obtain the impurity-bound polaron ground
state energy E 0 and the first excited state energy E 1 . The first excited state energy of the
strong-coupling impurity-bound polaron in a QR can be written as
E 1 = λ0 +

3e2
4
3
2α
λ0 +
+
− √
4
4
2
4
λ0 l p λ0 l v e
3 π

λ0 A(e ) −

4β
3

λ0 A(e ), (10)

√
where
β = (e2 /ε0 ) (m/π h̄) is the Coulomb-bound potential. l p = h̄/mω and lv =
√
h̄/mωz  are the transverse and longitudinal effective confinement lengths, respectively.
The excitation energy of the polaron is given by
√
λ0
2
2
α λ0
2β
2
λ0 A(e ).
E = E 1 − E 0 = (1 + e )+ 4 + 4 2 + √ A(e )+
2
λ0 l p λ0 l v e
3
3 π
(11)
The transition frequency between the first excited and the ground states of polaron can be
expressed as
√
2
2
α λ0
2β
λ0
E1 − E0
2
λ0 A(e ).
= (1 + e )+ 4 + 4 2 + √ A(e )+
ω=
2
λ0 l p λ0 l v e
3
h̄
3 π
(12)

3. Numerical results and discussion
Numerical calculation results on the first excited state energy E 1 , the excitation energy
E and the transition frequency ω of the strong-coupling impurity-bound polaron in a
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QR vs. the Coulomb-bound potential β, the ellipsoid aspect ratio e , the electron–phonon
coupled strength α and the transverse effective confinement length l p are presented in
figures 2–5.
Figures 2 and 3 show the relation between the first excited state energy E 1 and the
transition frequency ω of the strong-coupling impurity-bound polaron varying with β
for α = 6.5, e = 1.4, lv = 2.0. The solid and the dotted lines correspond to the
transverse effective confinement length l p = 2.0 and 4.0, respectively. From the two
figures we can see that E 1 and ω increase with increasing β. The reason is that there is
Coulomb potential between the electron and the hydrogen-like impurity because of the
existence of the impurity at the centre. Therefore, it leads to the increment of the electron
energy which makes the electrons interact with more phonons. In this way E 1 and ω are
increased. From another point of view, the presence of Coulomb potential is equivalent
to the introduction of another new confinement on the electrons, leading to a greater
overlapping of electrons’ wavefunctions so that the electron–phonon interactions will be
enhanced, eventually resulting in the increase of E 1 and ω. From the two figures one
finds that E 1 and ω are decreasing functions of l p . From the expression l p = h̄/mω ,
we can see that the effective confinement length l p is reciprocal of the square root of
the confinement strength ω , and then the first excited state energy and the transition
frequency will increase with increasing confinement strength. Physically, this is because
the motion of the electrons is confined by the confining potential. When the confining
potential (ω ) increases, that is, when ρ  decreases, the electron energy and the interaction
energy between the electrons and the phonons are enhanced because of the smaller range
in particle motion. As a result, the first excited state energy and the transition frequency of
the polaron are increased. From another point of view, the presence of parabolic confining
potentials in the transverse radius direction of the rod is equivalent to the introduction of
another new confinement on the electrons leading to the increase of E 1 and ω. These can
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Figure 2. The relational curves of the first excited state energy E 1 with the Coulombbound potential β.
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Figure 3. The relational curves of the transition frequency ω with the Coulomb-bound
potential β.

also be attributed to the interesting quantum size confining effects. As the diameter of the
QR corresponds to the vertical confinement length of the electrons, our result obtained
by the linear combination operator method that E 1 and ω increase with decreasing l p
indicates that the confinement along the radial direction of the QR is stronger. Moreover,
our result is in good agreement with that obtained in ref. [17], where they examined
the band gap of the QR varying with respect to the diameter by using the effective mass
approximation and the semiempirical pseudopotential method.
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Figure 4. The relational curves of the first excited state energy E 1 with the ellipsoid
aspect ratio e .
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Figure 5. The relational curves of the transition frequency ω with the ellipsoid aspect
ratio e .

Figures 4 and 5 depict the first excited state energy E 1 and the transition frequency ω
as functions of the ellipsoid aspect ratio e for β = 2.0, l p = 4.0 and lv = 2.0. The solid
and the dotted lines correspond to the electron–phonon coupled strength α = 6.5 and 7.5,
respectively. From the two figures, we can see that E 1 and ω increase with decreasing e ,
the aspect ratio of the ellipsoid. These results are in agreement with the results obtained in
refs [7,19]. For ellipsoidal QRs e = L/2R, where L and 2R are the longitudinal length
and the transverse diameter of the rod, respectively. By increasing e , that is, by increasing the longitudinal length L of the rod, the electron energy and the electron–phonon
coupled energy decrease because of the larger motion space of the electron. As a result,
E 1 and ω decrease with increasing e . This result is similar to the case of QW obtained
in ref. [12]. Conversely, with the decrease in the aspect ratio e , the electron energy and
the electron–phonon coupled energy are enhanced because of the smaller electron motion
space. Correspondingly, E 1 and ω are increased due to the interesting quantum size confining effects. This result is also similar to the case of the quantum well in ref. [20]. This
indicates that when the aspect ratio is quite small, the shape of the rod approaches a twodimensional quantum well. At the extreme case, when the aspect ratio equals 1, the rod
becomes a zero-dimensional QD. If the aspect ratio is large enough, the rod resembles a
one-dimensional QW. In other words, QRs constitute the bridge between two-dimensional
quantum wells, zero-dimensional QDs and one-dimensional QWs. Investigations of the
transition regime from quantum wells to QDs and to QWs are of particular interest in the
case of colloidal semiconductor QRs because size and shape controls enable the synthesis of QRs with precise length and diameter. Therefore, by tuning the aspect ratio of the
ellipsoid one can follow the transition from two- to zero-, and to one-dimensional systems. This property offers an opportunity for designing new quantum devices. Results in
refs [12–14] indicated that the QRs constitute the bridge between QDs and QWs, whereas
our results indicate that the QRs constitute a bridge between all the above three lowtwo-dimensional structures. We can also see that E 1 and ω are increasing functions of
Pramana – J. Phys., Vol. 79, No. 6, December 2012
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the electron–phonon coupled strength α because the larger the electron–phonon coupling
strength is, the stronger is the electron–phonon interaction. Therefore, it leads to the electron energy increment and makes the electrons interact with more phonons. In this way
the first excited state energy and the transition frequency are increased. It is known that
the electron–phonon interaction strength α is different in different crystal materials, and
then the first excited state energy and the transition frequency can be tuned by changing
α. In quantum bit, the electron–phonon interaction strength will be increased when the
system is confined, resulting in larger transition frequency and destruction of the superposition state (decoherence) [21,22]. The present result of controlling the superposition state
by tuning ground state and first excited state may have practical applications in quantum
information processes.
From the expressions of eqs (11) and (12), we can see that the relationships between
the transition frequency of the strong-coupling impurity-bound polaron in a quantum rod
varying with the Coulomb bound potential, the ellipsoid aspect ratio, the electron–phonon
coupling strength and the transverse effective confinement length are all the same as the
excitation energy.

4. Conclusion
The transition energy between two-dimensional quantum wells, zero-dimensional quantum dots and one-dimensional quantum wires is explored theoretically. Based on the
linear combination operator method, we have investigated the first excited state energy,
the excitation energy and the transition frequency between the first excited and the ground
states of a strong-coupling impurity-bound polaron in a quantum rod. It is found that these
three quantities increase with increase in the Coulomb-bound potential. They are increasing functions of the electron–phonon coupling strength and decreasing functions of the
transverse effective confinement length and the ellipsoid aspect ratio.
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