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Abstract. Performance of the backward wave oscillator (BWO) is greatly enhanced with the
introduction of plasma. Linear theory of the dispersion relation and the growth rate have been
derived and analysed numerically for plasma-filled rippled wall rectangular waveguide driven by
sheet electron beam. To see the effect of plasma on the TM01 cold wave structure mode and on
the generated frequency, the parameters used are: relativistic factor γ = 1.5 (i.e. v/c = 0.741),
average waveguide height y0 = 1.445 cm, axial corrugation period z 0 = 1.67 cm, and corrugation
amplitude ε = 0.225 cm. The plasma density is varied from zero to 2×1012 cm−3 . The presence of
plasma tends to raise the TM01 mode cut-off frequency (14 GHz at 2 × 1012 cm−3 plasma density)
relative to the vacuum cut-off frequency (5 GHz) which also causes a decrease in the group velocity
everywhere, resulting in a flattening of the dispersion relation. With the introduction of plasma, an
enhancement in absolute instability was observed.
Keywords. Sheet electron beam; backward wave oscillator; plasma.
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1. Introduction
The backward wave oscillator is a device designed to efficiently convert the energy of
an electron beam into electromagnetic radiation at microwave frequencies [1]. Emerging
needs for high power and higher efficiency microwave generating devices lead to a lot
of modifications in the design of backward wave oscillators. Conventional BWOs using
cylindrical solid or annular beams to generate microwaves promise to be a good highpower rf (radiofrequency) source at moderate radiofrequency. But there are some limitations in carrying input power inside the slow wave structure and so the resultant power
cannot be increased after some limits. The maximum current carried by the beam is
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determined by the beam waveguide geometry in the interaction region. For an infinitely
thin annular beam of radius rb in a drift tube of radius rw , the space charge limited
current is
2/3

Isc =

8500(γinj − 1)3/2
ln(rw /rb )

.

A finite thickness annular beam carries a somewhat smaller current than that given above.
The space charge limiting current for a thin beam of width W located between two symmetrically placed conducting boundaries separated by a distance S is
2/3

Isc =

8500(γinj − 1)3/2 W
2πS

.

For a length of sheet beam about one half of the circumference of the annular beam,
one may achieve comparable impedance operation. The factor of 2(rw − rb ∼
= s) arises
from the fact that the sheet beam fields extend equally to either waveguide plate. This
factor of 2 in the current density may be significant when bunching is important. More
significant however, is the point that high beam currents are achieved when the beam is
located on the axis of symmetry of the system, that is, at the peak axial field location for
a TM01 mode. It is possible to produce sheet beams with 1–2 mm thickness and widths
up to 50 cm provided that instabilities can be controlled, whereas in the case of annular
beams, the beam current depends not on the size of the drift tube but on the ratio of the
beam to waveguide radius. In practice, some limitations arise, principally due to the finite
thickness of the beam, which is difficult to reduce below 1–2 mm. Limiting currents of
about one-third of the value given above are common in small tubes, whereas one can
approach the full limiting current in larger tubes where the beam width is small compared
to its radius. The beam current can be made large in the case of annular beam if a thin
beam is generated close to the waveguide wall, and for a fixed thickness beam scales
linearly with the tube radius. Unfortunately, the beam location is frequently fixed at a
given fraction of the tube radius for efficient coupling to the wave. For example, in the
coupling to a TE01 mode it is desirable to have the beam located at about half the tube
radius. Because of the above limitations, here we are considering the model of microwave
generation as a rectangular waveguide driven by sheet electron beam.
Recent research has demonstrated that the presence of controlled amounts of plasma
inside microwave sources can in many cases dramatically improve the tube performance
compared to vacuum devices. Plasma filling has been used in a variety of sources, including backward wave oscillator (BWO travelling wave tube (TWT) amplifiers, gyratrons
and other microwave tubes), to increase the overall efficiency gain, frequency bandwidth,
maximum electron beam current and in some cases to reduce the need for guiding magnetic fields.
In this paper we study the effect of sheet beams in plasma-filled waveguide on growth
rate and hence on the output power. The practical measure of the strength of instability
is the spatial growth rate [2] rather than the temporal growth rate because in linear theory
the output radiation is proportional to exp(iωt), where t is the interaction time between
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the beam and the backward wave. In real experiments, the interaction time t  1 ns is
the ratio of finite length L of the guide to group velocity. Then exp(iωt) = exp(ikL)  1.
The increase in im(k) with plasma density is presented.
In our study we have chosen a rectangular rippled slow wave structure (SWS) [3].
The wall height yw of the waveguide varies sinusoidally according to the relation, yw =
y0 + ξ cos(kw z), where kw = 2π/D, D is the spatial periodicity, y0 is the mean radius
and ξ is the modulation amplitude. A uniform, cold and collisionless plasma with density
Np is assumed to be present, and a beam with uniform electron density Nb , a longitudinal velocity vb and height  < y0 is also present in the SWS. Recently, introduction of
plasma from the external gun in the SWS shows considerable increase in both the output power and the efficiency [4]. This paper is devoted to a comprehensive theoretical
treatment of the interaction of rectangular rippled BWO driven by sheet electron beam.
Space charge effects are considerably mitigated by diluting the current density with the
introduction of sheet electron beam. Here we follow the earlier investigation [5] to reduce
the dispersion relation into 3 × 3 matrix. We study the effect of variation of filled plasma
density on the dispersion curve as well as on the spatial growth rate. It is seen that with
the increase in plasma density cut-off of the dispersion curve increases leading to higher
frequency generation, but the group velocity decreases as well. It is also seen that there
is a resonant increase in the spatial growth rate for a particular plasma density keeping
other parameters unchanged. In §2, we present the dispersion relation of the plasma-filled
rectangular rippled BWO driven by sheet electron beam. Section 3 contains the reduction
of the dispersion relation to a manageable size. Section 4 deals with the derivation of
spatial growth rate using perturbation analysis. Finally, in §5 we present the results and
discussion.
2. Dispersion relation
Consider the interaction between sheet electron beam of density Nb in axially rippled
infinitely long rectangular waveguide as in ref. [6]. The whole geometry of the slow wave
structure (SWS) along with the sheet beam is immersed in a strong longitudinal magnetic
field ideally having infinite magnitude. Under this assumption the electron motions are
1D in the axial direction and the relative dielectric tensor may be written as
⎡
⎤
1 0 0
ςr = ⎣ 0 1 0 ⎦
(1)
0 0 ςzn
and by [7]
ςzn = 1 − (ωp /ω)2 − ωb2 /(γ 3 × (ω − kn v)2 ),

(2)

where ωp = (e2 Np /m e ξ0 )1/2 is the plasma frequency and ωb = (e2 Nb /m e ξ0 )1/2 is the
beam plasma frequency.
The SWS is filled with a cold, homogeneous, collisionless plasma of density Np . We
further assume that: (i) the electron cyclotron frequency should be larger than ωp and ωb
so that the cyclotron effect do not play a role in the generation process, (ii) the beam is
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monoenergetic, (iii) the waveguide wall is perfectly conducting and held at zero potential,
and (iv) the beam is free from any kind of macroscopic instabilities.
We choose transverse magnetic modes (TM) because their axial electric field component drives the axial bunching of the electron beam. In mathematical terms we express
the propagation field equation as exp{−i [kn z − ωt]}, following the Floquet’s theorem
E y and E x are directly proportional to exp(ikn z), where kn = k z + nkw . By using the
Fourier decomposition of the x, y, z-components of the wave equation we can write down
the z component of the electric field as
E z (y, z, t) =

n=∞


E zn exp(i (ωt − kn z)).

(3)

n=−∞

This equation shows that the periodicity of the SWS is a general waveguide solution in an
infinite summation of spatial harmonics.
The wave equation for the z-component of electric field in the region 0 ≤ y ≤ /2 is
d2 E zn
+ pn2 E zn = 0,
dy 2

(4)

pn2 = (ςzn k02 − kn2 ).

(5)

where

For the region /2 ≤ y ≤ yw , the wave equation for E zn is
d2 E zn
+ Q 2n E zn = 0,
dy 2
where


Q 2n

= 1−

ωp2
ω2

(6)


k02 − kn2 .

(7)

Equations (4) and (6) lead to the solution
E zn = an cos( pn y) + bn sin( pn y),
E zn = cn cos(Q n y) + dn sin(Q n y),

0 ≤ y ≤ /2,

(8a)

/2 ≤ y ≤ yw .

(8b)

y-components of the electric field in the two regions are
E yn = −

j kn
−an pn sin( pn y) + bn pn cos( pn y) ,
pn2

E yn = −

j kn
−cn Q n sin(Q n y) + dn Q n cos(Q n y) ,
Q 2n

0 ≤ y ≤ /2

(9a)

and
/2 ≤ y ≤ yw .
(9b)
The vertical symmetry of the beam along with SWS lead to E yn = 0 at y = 0.
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Applying the above condition to y- and z-components of the electric field in the region
0 ≤ y ≤ /2, gives us bn = 0.
Hence
E yn =

j kn
an sin( pn y) ,
pn

E zn = an cos( pn y) ,

0 ≤ y ≤ /2,

(10)

0 ≤ y ≤ /2.

(11)

Now, applying the matching condition at y = /2 to the y- and z-components of the
electric field and after some straightforward mathematics we arrived at the following
relations:
cn = an Tn ,

(12)

where
Tn = an cos(Q n /2) cos( pn /2) + ( pn /Q n ) sin(Q n /2) sin( pn /2)
(13)
and
dn = an L n ,

(14)

L n = an sin(Q n /2) cos( pn /2)
− ( pn /Q n ) cos(Q n /2) sin( pn /2) .

(15)

where

Finally we have
E zn = an Tn cos(Q n y) + an L n sin(Q n y) ,

/2 ≤ y ≤ yw .

(16)

Here we have used the Floquet’s theorem to account for periodicity in z. Using the boundary condition of vanishing the tangential component of the electric field on the boundary
of the electric field on the surface of the metallic wall, we have
E z (yw ) + E y (yw )

d
yw = 0,
dz

(17)

i.e.,
n=∞


E zn (yw ) −

n=−∞

j kn d
E zn (yw ) = 0.
h 2n dz

(18)

To eliminate the axial dependence, we follow Kurliko et al [7] and multiply by e j km z and
axially integrate from z = −D/2 to D/2. This gives


n=∞
D/2

j kn d
0 =
dz e j (km −kn )z 1 − 2
h n dz
n=−∞ −D/2
× {an Tn cos(Q n y) + an L n sin(Q n y)}

(19)
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or
0 =

n=∞


D/2

dz e j (km −kn )z {an Tn cos(Q n y) + an L n sin(Q n y)}

n=−∞ −D/2
n=∞
D/2


+

dz e

j (km −kn )z

n=−∞ −D/2



j kn d
− 2
h n dz

× {an Tn cos(Q n y) + an L n sin(Q n y)} .

(20)

After integrating the second term by parts we find
0 =

n=∞


D/2

dz e j (km −kn )z {an Tn cos(Q n y) + an L n sin(Q n y)}

n=−∞ −D/2
n=∞

j (km −kn )z



j kn
+
e
− 2 {an Tn cos(Q n y)+ an L n sin(Q n y)}
hn
n=−∞
 
n=∞
D/2

kn
+
dz − (km − kn ) e j (km −kn )z
2
h
n
n=−∞ −D/2
× {an Tn cos(Q n y) + an L n sin(Q n y)} .

+D/2
−D/2

(21)

The middle term vanishes at the end points (the sine terms are identically zero and the
cosine terms cancelled) and we can rewrite the boundary condition as
0 =

n=∞


D/2

an

n=−∞

dz e j (km −kn )z

−D/2

k02 − km kn
h 2n

× {Tn cos(Q n y) + L n sin(Q n y)} .

(22)

The above equation is of the form
↔

→

D · A= 0,
↔

(23)

→

→

where D and A are matrices with, A= (..., a−n , ..., a−1 , a1 , ..., an , ...)T . In order to have
↔
a nontrivial solution, the determinant D must be zero, which is the dispersion relation.
3. Cold structure mode dispersion
To derive the functional relationship between frequency generated and wave number at
this point in the dispersion relation (22), we assume that beam density is infinitesimally
small (ωb = 0). In this case pn2 = Q 2n from eqs (5) and (7), Tn = 1 and L n = 0 from
eqs (13) and (15). Now eq. (22) reduces to
0=

n=∞

n=−∞
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an

−D/2

dz e j (km −kn )z

k02 − km kn
cos(Q n y) .
h 2n
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Our next assumption is that the ripple amplitude is small (ξ
1), so that we can expand
the argument in eq. (24) and get a simpler form of the dispersion relation
cos(Q n yw ) = C n −


ψQ n y0  j kw z
Sn e
+ e− j k w z .
2

(25)

Here, ψ = ξ/y0 , Cn = cos(Q n y0 ) and Sn = sin(Q n y0 ).
Using eq. (25), eq. (24) reduces to
∞


k 2 − kn km
an 0 2
0=
hn
n=−∞





δm,n Cn − δm+1,n + δm−1,n




ψQ n y0
Sn
.
2

(26)

We can rewrite eq. (26) as a homogeneous matrix equation
D · A = 0,

(27)

where A is a vector with the elements an and D is a matrix with the elements


 ψQ n y0

k02 − kn km
Dm,n =
δm,n Cn − δm+1,n + δm−1,n Sn
,
h 2n
2

(28)

where
D/2

δm,n =

e j (km −kn )z and δm+1,n =

−D/2
D/2

δm−1,n =

−D/2

D/2
−D/2

e j (km −kn +kw )z ,

e j (km −kn −kw )z .

Now, for the cold structure dispersion relation as a result, in eq. (27), A be nontrivial
(i.e. at least some An = 0) so the determinant of D must vanish,
det [D] = 0.

(29)

Equation (29) is the desired cold structure dispersion relation involving the system parameters and explicitly linking α and k z . Although eq. (29) involves an infinite matrix in principle, in practice we truncate it to some manageable size. For small ripple amplitude we
confined ourselves for Floquet’s harmonic corresponding to −1 ≤ m, n ≤ 1 of eq. (28)
and we were left with the 3 × 3 matrix. On that basis the elements of D matrix are
⎛
C−1

S0

ψQ 0 y0 k02 − k z k−1
2
h 20

⎞
0

⎟
⎜
⎟
⎜
⎜
2
2
ψQ −1 y0 k0 − k−1 k z
ψQ 1 y0 k0 − k z k1 ⎟
⎟
⎜
C0
S1
D = ⎜ S−1
⎟
2
2
⎟
⎜
2
2
h
h
−1
1
⎟
⎜
⎠
⎝
ψQ 0 y0 k02 − k z k1
0
−S
C1
2
2
h0
(30)
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and finally we arrived at a dispersion relation for small variation of ripple amplitude

 2
2
k0 − k1 k z
ψ 2 Q 0 Q 1 y02
C−1 C0 C1 +
S0 S−1 C−1
4h 20
h 21
 2
2 
k0 − k z k−1
= 0.
(31)
−S0 S−1 C1
h 2−1
By substituting the value of waveguide parameters and plasma density, a relationship
can be obtained between the wave number (k z ) and frequency (ω). The results for the
above dispersion relation are shown in §5.
4. Spatial growth rate
Spatial growth rate is found to be a more practical measure of the strength of instability,
and so to calculate that spatial growth rate here we assume sheet electron beam, viz. beam
height is small (/2
y0 ) compared to the average height of the SWS, eqs (13) and (15)
can be rewritten in the following form:
Tn = 1 −

η2
(ω − kn vb )2Q n

(32)

and
Ln =

η
,
(ω − kn vb )2Q n

(33)

where
η=

ωb2 k02
.
2γ 3

(34)

Assuming ripple amplitude (ξ
y0 ) is small compared to the average height of the SWS,
eq. (22) reduces to a final form for sheet electron beam

k02 − kn km
δm,n (Cn + L n Sn )
an
0 =
h 2n
n=−∞
∞





ψQ n y0
.
+ δm+1,n +δm−1,n (−Sn + L n Cn )
2

(35)

In the above expression we retained the terms linear in  and neglected higher-order
terms. Now the dispersion relation with sheet electron beam can be written for −1 ≤ m,
n ≤ 0, i.e., truncating the infinite matrix to a 3 × 3 matrix
Q −1 Q 0 (ω − k−1 vb )2 (ω − k z vb )2 + ηQ 0 (ω − k z vb )2 t−1
+ ηQ −1 (ω − k z vb )2 t0 = 0,
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where
t−1 =

S−1
C−1

t0 =

and

S0
.
C0

Expanding each term in the dispersion relation (eq. (36)) about k z = kr + i ki , where ki is
small, we arrived at a quartic equation for spatial growth rate


Q −1Q 0 vb4 ki4 −2Q −1 Q 0 vb4 kw ki3 + Q −1 Q 0 vb4 kw2 + ηQ 0 vb2 t−1 + ηQ −1 vb2 t0 ki2


− 2ηQ −1 vb2 t0 kw ki + ηQ −1 vb2 t0 kw2 = 0,
(37)
where
Q −1





ωp2

1 − 2 k02 − (kr − kw )2 ,
=
ω

(38a)





ωp2

1 − 2 k02 − kr2 ,
Q0 =
ω

(38b)

sin(Q 0 y0 )
t0 =
,
cos(Q 0 y0 )
and
t−1 =

sin(Q −1 y0 )
.
cos(Q −1 y0 )

(38c)

By substituting the waveguide parameters and varying the plasma density in the above
equations, one can get the maximum spatial growth rate at a particular plasma frequency.
The results are shown in §5.
5. Results and discussions
To get cold wave structure mode, i.e. in the absence of beam [8], we solved eq. (31)
with ωb = 0. In the absence of the source term Maxwell’s equations are inherently linear
and for that the dispersion relation is exact. We did our numerical calculations with the
following set of numerical parameters:
y0 = 1.445 cm,

ξ = 0.225 cm,

ωb = 5.15 × 1010 s−1 ,

kw = 3.76 cm−1 ,

 = 0.5 cm,

γ = 1.5.

Figure 1 depicts the calculated TM01 mode dispersion curves in a plasma-filled rectangular rippled BWO driven by sheet electron beam. We varied plasma density from
Np = 0−2 × 1012 cm−3 and beam space charge line (assuming ωb = 0) and the light line
are superimposed on this dispersion curve. Results seen from figure 1 that the presence
of the plasma tends to raise the TM01 mode cut-off frequency besides causing a decrease
in the group velocity everywhere resulting in a flattening of the dispersion relation. To
see the effect of plasma density Np on spatial growth rate we considered Np as a variable
keeping other parameters constant. The spatial growth rate is a more practical measure
Pramana – J. Phys., Vol. 76, No. 3, March 2011
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Figure 1. The calculated effect of varying the plasma density on the corrugated
waveguide dispersion y0 = 1.445 cm, ξ = 0.225 cm, kw = 3.76 cm−1 .
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Figure 2. Variation of spatial growth rate with the variation of plasma density.

510

Pramana – J. Phys., Vol. 76, No. 3, March 2011

Plasma-ﬁlled rippled wall rectangular BWO
of the strength of instability than the temporal growth rate [9]. We numerically solved
eq. (36) and the result is depicted in figure 2. A resonant increase in the spatial growth
rate is found for plasma density which is 6 × 1011 cm−3 . This enhancement in the spatial
growth rate can be explained from figure 2, with the increase in plasma density group velocity of the TM01 mode decreases leading to an enhancement in interaction between the
sheet beam and the backward electromagnetic wave. This in turn leads to an enhanced microwave radiation, or in other words, a resonance in the spatial growth rate at an optimum
plasma density is found.
6. Conclusion
In this paper, we have analysed theoretically and numerically the performance of a microwave source consisting of plasma-filled rectangular rippled waveguide driven by sheet
electron beam guided by a strong magnetic field. An enhancement in the spatial growth
rate was found. We conclude that it is possible to use sheet electron beam in a plasmafilled rectangular waveguide as a means of enhancing the total power capability in the
frequency range 1 GHz to 20 GHz. Further experiments can be planned with these parameters. A particular amount of plasma density inside the cavity shows a dramatic change
in the efficiency of the device. The calculation of the effect of plasma loading in the stability of sheet electron beam under diocotron instability in this new geometry is underway.
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