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Abstract. The hadronic events from the e+ e− annihilation data at the centre-of-mass energies ranging from 60 to 197 GeV were studied. The AMY and OPAL Collaborations offered a unique opportunity to test QCD by measuring the energy dependence of different observables. The coupling
constant, αs , was measured by two different methods: first by employing the three-jet observables.
Combining all the data, the value of as at next-to-next leading order (NNLO) was determined to
be 0.117 ± 0.004(hard) ± 0.006(theo). Secondly, from the event-shape distributions, the strong
coupling constant, αs , was extracted at NNLO and it’s evaluation was tested with the energy scale.
The results were consistent with the running of αs , expected from QCD predictions. Averaging
over different observables, αs was determined to be 0.115 ± 0.007(hard) ± 0.003(theo).
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1. Introduction
Till three years ago, the precision of the strong coupling constant determined from the
event shape data was not satisfactory largely due to the scale uncertainty of the perturbative NLO calculation. Recently, some papers reported the first calculations of NNLO
corrections to event-shape variables and three-jet observables, and discussed their phenomenological impact [1,2].
Three-jet production at tree-level is induced by the decay of a virtual photon (or other
neutral gauge boson) into a quark–antiquark–gluon final state. At higher orders, this
process receives corrections from extra real or virtual particles. The individual partonic
channels that contribute through to NNLO are cited in ref. [1]. For a given partonic final
state, the event-shape observable y is computed according to the same definition as in the
experiment, which is applied to partons instead of hadrons. At leading order, all three
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final-state partons must be well separated from each other, such that y differs from the
trivial two-parton limit. At NLO, up to four partons can be present in the final-state, two
of which can be clustered together, whereas at NNLO, the final state consists of up to five
partons, and as many as three partons can be clustered together. When more partons are
there in the final state, one expects a better matching between theory and experiment [3].
The data from e+ e− annihilation provide us with one of the cleanest ways of probing
our quantitative understanding of QCD giving us an opportunity to measure the strong
coupling between quarks and gluons. Three-jet production cross-sections and the related
event-shape distributions in the e+ e− annihilation processes are classic hadronic observables which can be measured very accurately and provide an ideal testing ground to
understand strong interactions.
Jet observables in electron–positron annihilation can be used to find the value of the
strong coupling constant αs [4–6]. This applies in particular to three-jet observables,
where the leading-order parton process is proportional to αs . In order to extract the numerical value from the AMY data, precise theoretical calculations are necessary, calling
for the next-to-next-to-leading order (NNLO) calculation.
Many ‘event shape’ observables were devised which provided a convenient way of
characterizing the main features of such events. Analytic QCD predictions of the distributions of several of these event-shape observables are given in [7], which can be used to
determine the crucial free parameter of the QCD – the coupling strength αs at NNLO.
In this paper we separated two- and three-jets events using the jet clustering algorithm
introduced by the JADE group [8,9]. Using the newly computed NNLO corrections to
three-jet rates and event-shape variables, we performed a new extraction of αs from the
data on the standard set of three-jet observable and five event-shape variables, by using
the AMY [10] and OPAL [7–11] data at the centre-of-mass energies ranging from 60 GeV
to 197 GeV. The last section includes summary and conclusions.

2. JADE algorithm
We separated two- and three-jet events by employing the jet clustering algorithm introduced by the JADE group [8]. In this algorithm the scaled mass spread defined as
2
with m2ij = 2Ei Ej (1 − cos θij ) is calculated for each pair of particles in
Yij = m2ij /Evls
the event. If the smallest of the Yij values is less than a parameter Ycut , the corresponding
pair of particles is combined into a cluster by summing the four momenta. This process
is repeated, using all combinations of clusters and remaining particles, until all the Yij
values exceed Ycut . The clusters remaining at this stage are defined as the jets.
The distribution of jet multiplicities obtained by these clustering algorithms depends
on the jet defining parameter Ycut . For small Ycut , many jets are found because of the
hadronization of fluctuation process, whereas for large Ycut , mostly two jet events are
found and the q q̄g-events are not resolved. However, Monte Carlo studies show that there
is a range of cluster parameters, for which QCD effects can be resolved and the fragmentation effects are sufficiently small. In the following, Ycut = 0.04 was used which
was found to be a reasonable cut [8].
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Figure 1. Three jet fraction for different Ycut s. The data are from refs [7,10,11].

In figure 1, we show three-jet fraction for different Ycut s. The decrease of the 3-jet
rate at large Ycut is clearly visible. Our results on AMY and OPAL data [7,10,11] are
completely consistent with the results obtained by the JADE scheme [8,9].

3. Three-jet observables at NNLO
Up to now, the precision of the strong coupling constant determined from event-shape
data has been limited largely by the scale uncertainty of the perturbative NLO calculation
[1,2,12]. In this paper, we report the first calculation of NNLO corrections to the 3-jet
cross-section and related event-shape variables. The knowledge of the NNLO corrections
Pramana – J. Phys., Vol. 76, No. 1, January 2011
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to the event-shape distributions has important phenomenological impact on the extraction
of strong coupling constant from AMY and OPAL data [7,10,11].
The α3s corrections for the three-jet production was calculated using a recently developed parton-level event-generator program EERAD3 [13]. This contains the relevant
matrix elements with up to five external partons. Besides the explicit infrared divergences
from the loop integrals, the four-parton and five-parton contributions yield infrared divergent contributions if one or two of the final-state partons become collinear or soft. To
extract these infrared divergences and combine them with the virtual corrections, the antenna subtraction method [14] was extended to NNLO level [15] and related event-shape
variables [16,17] into EERAD3.

Figure 2. The scale variation of the three-jet rate with the JADE jet algorithm. The
data are from refs [7,10,11] and the model is from ref. [12].
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Table 1. αs values for different centre-of-mass energies from 60 to 197 GeV.

αs

60 GeV

91 GeV

133 GeV

177 GeV

197 GeV

0.123
± 0.003(hadr)
± 0.004(theo)

0.119
± 0.006(hadr)
± 0.005(theo)

0.112
± 0.005(hadr)
± 0.003(theo)

0.104
± 0.004(hadr)
± 0.007(theo)

0.105
± 0.007(hadr)
± 0.002(theo)

The three-jet cross-section is expanded as [12]
 α 2
 α 3
σ3-jet
αs
s
s
A3-jet +
=
B3-jet +
C3-jet ,
σtot
2π
2π
2π

(4)

where σ0 is the LO cross-section for e+ e− → hadrons. The coefficients A3-jet , B3-jet and
C3-jet are calculated for μ2 = Q2 [12]. The measured three-jet cross-sections are shown
in figure 2 for both AMY and OPAL data.
As the figures indicate, by comparing our measured values with perturbation theory
in different orders, we observed that the agreement for each of the jet rates became systematically better as the order of perturbation theory increased. By fitting our data with
eq. (4) the strong coupling constant αs can be derived. The values of αs are presented
in table 1 and also in figure 3. Systematic uncertainties arise from the modelling of the
hadronization. These were estimated using NNLO model. The NNLO model employs a
different hadronization model, for determining the theoretical prediction correction factor.
The fit-related systematic variation accounted for the uncertainty due to the dependence
of the fixed
√ order and resummed predictions on the renormalization scale, xμ , where
xμ = μ/ s. The value of xμ could be either 0.5 or 1. The largest deviation from
the standard fit value was taken as the contribution to the systematic error representing

Figure 3. The plot of αs as a function of the centre-of-mass energy for three-jet rate.
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renormalization scale uncertainty. The standard value of αs was estimated by comparing
theory with data using the value of xμ = 1.
4. Event shapes in perturbation theory [1–3]
The perturbative expansion
up to NNLO at
√ for the distribution of a generic observable y √
centre-of-mass energy s for renormalization scale μ2 = s and αs = αs ( s) is given by

  
 
αs dĀ  αs 2 dB̄
1 dσ
αs 3 dC̄
=
+
+ O α4s .
(5)
+
σhad dy
2π dy
2π
dy
2π
dy
Here the event-shape distribution is normalized to the total hadronic cross-section σhad .
With the assumption of massless quarks, then at NNLO we have,


α 
 α 2
 3
3
s
2
+ K2
+ O αs
σhad = σ 1 + CF
,
(6)
2
2π
2π
where the Born cross-section for e+ e− → q q̄ is
4πα
N e2q .
(7)
3s
The constant K2 is given by



123
1
3
− 44ς3 + CF TR NF (−22 + 16ς3 ) ,
K2 =
− CF2 + CF CA
4
2
2
(8)
σ0 =

where ς 3 = 1.202056903 . . . and the QCD colour factors are
N2 − 1
1
, TR =
(9)
2N
2
for N = 3 colours and NF light quark flavours.
In practice, we compute the perturbative coefficients A, B and C, which are all normalized to σ0 :
 
1 dσ  αs  dA  αs 2 dB  αs 3 dC
=
+
+
+ O α4s .
(10)
σ0 dy
2π dy
2π
dy
2π
dy
CA = N,

CF =

A, B and C however are related to Ā, B̄ and C̄ as
Ā = A,
3
B̄ = B − CF A,
2


9 2
3
C̄ = C − CF B +
C − K2 A.
2
4 F

(11)

These coefficients are computed at a renormalization scale fixed to the centre-of-mass
energy, and depend therefore only on the value of the observable y. They explicitly include
only QCD corrections with non-singlet quark couplings and are therefore independent of
electroweak couplings. At O(α2s ), these amount to the full corrections, while the O(α3s )
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corrections also receive a pure-singlet contribution. This pure-singlet contribution arises
from the interference of diagrams where the external gauge boson couples to different
quark lines. In four-jet observables at O(α3s ), these singlet contributions were found to be
extremely small [18].
The QCD coupling constant evolves according to the renormalization group equation,
which is to NNLO:

2


αs (μ)
αs (μ)
dαs (μ)
+
β
=
−
α
(μ)
β
μ2
s
0
1
dμ2
2π
2π

3
 
αs (μ)
(12)
+β2
+ O α4s
2π
with the MS-scheme coefficients
11CA − 4TR NF
6
2
− 10CA TR NF − 6CF TR NF
17CA
,
β1 =
6
1
3
β2 =
(2857CA
+ 108CF2 TR NF − 1230CF CA TR NF
432
2
−2830CA
TR NF + 264CF TR2 NF2 + 316CA TR2 NF2 ).

β0 =

(13)

F
Equation (12) is solved by introducing ΛN
MS as integration constant with L =
NF
2 log(μ/ΛMS ), yielding the running coupling constant:

2π
β1 log L
αs (μ) =
1− 2
β0 L
β0 L
 2

 β2
β1  2
1
log L − log L − 1 +
.
(14)
+ 2 2
β0 L
β02
β0

In terms of the running coupling αs , the NNLO (non-singlet) expression for the eventshape distributions becomes

2 

dB̄
αs (μ)
1 dσ
dĀ
αs (μ) dĀ
μ2
2
(s, μ , y) =
+
+
β0 log
σhad dy
2π dy
2π
dy
dy
s

3 
αs (μ)
dC̄
dB̄
μ2
+2
β0 log
+
2π
dy
dy
s


2
2
μ
μ
dA
+ β1 log
(15)
+
β02 log2
+ O(α4s ).
dy
s
s
Besides explicit infrared divergences from the loop integrals, the four-parton and fiveparton contributions yield infrared divergent contributions if one or two of the finalstate partons become collinear or soft. In order to extract these infrared divergences
and combine them with the virtual corrections, the antenna subtraction method [19] was
extended to NNLO level [20] and implemented for e+ e− → 3 jets and related eventshape variables [21]. The analytical cancellation of all infrared divergences serves as a
Pramana – J. Phys., Vol. 76, No. 1, January 2011
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very strong check on the implementation. EERAD3 yields the perturbative A, B and
C coefficients as histograms for all infrared-safe event-shape variables related to threeparticle final states at leading order. As a cross-check, A and B have also been obtained
from an independent integration [22] of the NLO matrix elements [23], showing excellent agreement. While A and B can be computed to very high numerical accuracy, the
computation of C is so CPU-intensive that we could obtain only results with numerical
integration errors of typically a few per cent [1].

5. Event-shape variable
The properties of hadronic events can be described by a set of event-shape observables.
These can be used to characterize the distribution of particles in an event as ‘pencillike’, planar, spherical, etc. They can be computed by either using the measured charged
particles and calorimeter clusters, or by using the true hadrons or partons in simulated
events. The following event shapes are considered here:
(a) Thrust, T [24]
The global event-shape variable thrust is defined as


pi · n

T = max 
,
|
pi |

(16)

where pi is the momentum vector of particle i. The thrust axis n is the unit vector which
maximizes the above expression. The value of the thrust can vary between 0.5 and 1.0.
(b) Jet broadening, BW and BT [25]
Taking a plane perpendicular to nT through the coordinate origin, one defines two event
hemispheres H1,2 . In each of them, one determines the hemisphere broadening:

|
pk × nT |
i
.
(17)
Bi = k∈H
2 k |
pk |
The wide and total jet broadening are then defined as
BW = max(B1 , B2 ),

(18)

BT = B1 + B2 .

(19)

(c) The C-parameter [26]
The C-parameter is derived from the eigenvalues of the linearized momentum tensor
θα/3 = 

 P αP β
1
k k
,
pk |
|Pk |
k |

α, β = 1, 2, 3

k
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which has three eigenvalues λi . These eigenvalues are used to construct the C-parameter:
C = 3(λ1 λ2 + λ2 λ3 + λ3 λ1 ).

(21)

This definition is equivalent to
C = 3(θ11 θ22 + θ22 θ33 + θ33 θ11 − θ12 θ12 − θ23 θ23 − θ31 θ31 ).

(22)

6. Determination of αs using event-shape distributions
and calculating uncertainties
In §4, eq. (15) is the perturbative expansion for the distribution of a generic observable y
up to NNLO, for the renormalization scale μ2 [1].
The coefficients A, B and C were computed for several event-shape variables [1,2,12,
27,28]. The calculation was carried out using a newly developed parton-level event generator programme EERAD3 which contained the relevant matrix elements with up to five
external partons [29–32]. The measured normalized differential cross-sections, for each
of the four event shapes are shown in figures 4–7 for 60 to 197 GeV centre-of-mass energies. As the figures indicate, our real data are consistent with NNLO compared to NLO or

Figure 4. The thrust distribution at LO (dotted line), NLO (dashed line) and NNLO
(solid line) compared to experimental data from AMY and OPAL for Q = 60−197 GeV.
The data are from refs [7,10,11] and the model is from refs [1–3,12].
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Figure 5. Total jet broadening distribution at LO (dotted line), NLO (dashed line)
and NNLO (solid line) compared to experimental data from AMY and OPAL for
Q = 60–197 GeV. The data are from refs [7,10,11] and the model is from refs [1–3,12].

Figure 6. Wide jet broadening distribution at LO (dotted line), NLO (dashed line)
and NNLO (solid line) compared to experimental data from AMY and OPAL for
Q = 60–197 GeV. The OPAL data are from refs [7,10,11] and the model is from
refs [1–3,12].
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Figure 7. C parameter distribution at LO (dotted line), NLO (dashed line) and
NNLO (solid line) compared to experimental data from AMY and OPAL for
Q = 60–197 GeV. The OPAL data are from refs [7,10,11] and the model is from
refs [1–3,12].

LO calculations, because it involves higher-order terms in QCD calculations. The value
of αs can be estimated by fitting the data with eq. (15).
In our calculations, two other sources of errors were considered.
(1) When comparing QCD with the data, it is necessary to correct for the effects of
hadronization. The uncertainty associated with this hadronization correction was assessed
using NNLO model. The larger change in αs resulting from these two alternatives was
taken to define the error. It should be noted that these models have already been tuned
to similar data to those used here, and hence we adopted this, arguably conservative, prescription for assessing the error.
(2) The theoretical error, associated with the missing higher-order terms in the theory, has
traditionally been assessed by varying the renormalization scale factor, xμ . In√all these
results, the uncertainty due to the choice of the renormalization scale xμ = μ/ s yields
a large contribution to the total error. Consequently, missing higher orders, whose effects
on the values of the coupling are assessed by varying xμ , are still important. The fitted
values for αs change considerably for different choices of the scale. This is demonstrated
for the C parameter, in figure 8. The plot shows the strong dependence of the fitted αs
on the renormalization scale factor xμ . The real value of αs was estimated by comparing
the theory with data using the minimum of χ2 in this figure, such that wherever χ2 was
Pramana – J. Phys., Vol. 76, No. 1, January 2011
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Figure 8. The plot showing the residual dependence of the fitted value of αs and
uncertainty χ2 on the renormalization factor.

minimum, it’s corresponding αs value became our real strong coupling constant. In table
2 we present the values of αs for different observables on each available energy. Averaging over different observables for different energies, the values of αs are indicated in
figure 9.

Table 2. αs values for different event shapes at 60–197 GeV.

αs (60)
αs (90)
αs (133)
αs (177)
αs (197)

104

T

BT

BW

C

0.123
± 0.003(hadr)
±0.005(theo)
0.119
± 0.005(hadr)
±0.001(theo)
0.114
± 0.004(hadr)
±0.002(theo)
0.106
± 0.003(hadr)
±0.005(theo)
0.110
± 0.002(hadr)
±0.002(theo)

0.122
± 0.005(hadr)
±0.007(theo)
0.118
± 0.007(hadr)
±0.005(theo)
0.111
± 0.004(hadr)
±0.008(theo)
0.109
± 0.003(hadr)
±0.007(theo)
0.107
± 0.004(hadr)
±0.005(theo)

0.127
± 0.002(hadr)
±0.003(theo)
0.116
± 0.005(hadr)
±0.007(theo)
0.109
± 0.006(hadr)
±0.004(theo)
0.107
± 0.005(hadr)
±0.002(theo)
0.109
± 0.007(hadr)
±0.004(theo)

0.126
± 0.006(hadr)
±0.008(theo)
0.115
± 0.003(hadr)
±0.006(theo)
0.107
± 0.009(hadr)
±0.001(theo)
0.113
± 0.004(hadr)
±0.008(theo)
0.112
± 0.008(hadr)
±0.007(theo)
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Figure 9. The running of αs as a function of the centre-of-mass energy.

7. Summary and conclusions
In this paper we have presented measurements of the three-jet rate event shapes for
hadronic events produced at AMY and OPAL at the centre-of-mass energies between
60 and 197 GeV. The predictions of the NNLO are found to be in general agreement with
the measured distributions. In general, NNLO provides the best description of the data
and LO the worst. The coupling constant, αs , was measured by two different methods:
(1) by employing the three-jet observables. The variation of αs with energy scale over a
range of 60 to 197 GeV was found to be in accordance with the expectations of QCD. (2)
From the event-shape distributions. We extracted the strong coupling constant, αs , and
tested it’s evaluation with energy scale. The results are consistent with the running of αs ,
expected from QCD predictions.
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