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Abstract. We discuss the emergence and destruction of complex, critical and completely
chaotic attractors in a nonlinear system when subjected to a small parametric perturbation in trigonometric, hyperbolic or noise function forms. For this purpose, a hybrid
optical bistable system, which is a nonlinear physical system, has been chosen for investigation. We show that the emergence of new attractors is responsible for transients in
many trajectories obeying power-law decay. The effect of perturbation on certain critical
bifurcations such as period-2, onset of chaos, chaotic attractor with less complexity etc.,
has been studied and characterized using certain statistical features. Further, the effect
of Gaussian noise with other types of perturbation has also been studied.
Keywords. Transient; critical attractor; power-law; scaling exponent; weak and strong
chaos; probability distribution.
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1. Introduction
For a long time, many natural and human-made systems were not considered useful
as they behaved chaotically. But, now, it is well established that such systems are
very interesting and prevail in diversified disciplines such as physics, biology, electronics, chemical reactions, computing networks, econophysics, etc., to yield noteworthy applications [1–3]. It is found that many interesting phenomena are possible
when a nonlinear system is subjected to different kinds of perturbations such as
additive, parametric, periodic, etc. [4–8]. One can analyse such perturbations in
two ways: (i) by investigating the extent to which the perturbation could influence
the system dynamics, (ii) by probing certain features which are of physical interest.
In general, the perturbation techniques employed in recent times have shown both
constructive and destructive impacts on the dynamics of the perturbation-induced
systems.
In this paper, we study the effect of three different functions as perturbation
on the dynamics of hybrid optical bistable system [9,10] and various other related
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consequences. Further, we attempt to understand certain intricacies of perturbed
dynamical systems (via their parameters) using a few statistical features such as
arithmetic mean, variance, scaling exponent, etc. A brief introduction of the system
under study and its modified iterative equations with parametric perturbations
are clearly given in §2. In §3, we present the dynamics of the chosen perturbed
physical system due to periodic function and its behaviour in the parametric region
of period two. Due to a small periodic perturbation, emergence of new attractors,
disappearance of a few attractors, delay in transients in complex attractors, drastic
fluctuations at the critical bifurcations, etc., are reported [11–14]. In §4, we present
the impact of hyperbolic function as perturbation on the system dynamics. We
report that the transition from conventional period doubling scenario to completely
chaotic scenario are intervened by a few critical attractors due to perturbation.
Further, how the complexity of the system increases sharply is also shown. In §5,
we examine the effect of Gaussian white noise on the period doubling bifurcation
route to chaos. It is found that the addition of Gaussian white noise with periodic
function or hyperbolic function, causes the chaotic attractors to shift towards the
periodic regime to a greater extent.
2. The system: Liquid crystal hybrid optical system
In many physical and biological systems, the nonlinear difference/differential equations have proved to be an efficient mathematical model. In recent years, there
has been a great deal of interest in certain low-dimensional systems like optical
bistable devices, due to their possible applications as optical signal processors and
optical logic gates. The simplest and one of the most extensively studied bistable
systems is the liquid crystal hybrid optical system, that is, sine-square map [15].
The experimental set-up shown in figure 1 was described by Zhang et al [16,17] and
the mathematical model is described as
Xn+1 = A sin2 (Xn − b).

(1)

In the actual experiment, the ambient conditions such as DC bias voltage (b)
applied to the cavity and intensity of light input (A) are represented as two control
parameters, which in turn depend on time. The time dependence is incorporated
in the dynamical system as perturbation in the form
F (µ, Xn ) = Xn+1 = A0 sin2 (Xn − b),

(2)

where µ stands for A0 . This low-dimensional iterative equation has only two free
parameters A0 and b. Some ideas about the nuances of the system can be obtained
by (a) introducing a periodic variation to the input light intensity A0 . Thus A0 can
be made to fluctuate between two different intensity modes A(1 + ²1 ) and A(1 − ²1 ),
(b) introducing a hyperbolic function as perturbation to A0 and (c) introducing a
Gaussian noise as perturbation to A0 .
Then the parameter of eq. (2) takes the general form
A0 = A(1 + ²1 f (n)),
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(3)

Parametrically perturbed sine-square map
where f (n) is either a periodic or a hyperbolic function and ²1 is the strength of
the perturbing function or the amplitude of the time-dependent part of the control
parameter. However, when ²1 = 0, eq. (2) mimics the conventional sine-square
map, that is, eq. (1).
3. Influence of small periodic function as perturbation
3.1 At period-2 attractor
In this section, we investigate the extent to which the given periodic perturbation
on A0 influences the system. Suppose that A0 alone is perturbed and the other
parameter is kept as b = 1.2, then eq. (2) becomes
F (µ, Xn+1 ) = A(1 + ²1 f (n)) sin2 (Xn − b).

LC

P1

He − Ne

(4)

BS

P2

Source

D

Amp

V

He−Ne: Laser
P1,P2 : polarizers
LC : Liquid crystal cell
BS : Beam splitter
D: photo−detector
Amp: amplifier
Delay : Delay system
V: Bias voltage

Delay

Figure 1. Experimental set-up of liquid crystal hybrid optical system.
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Figure 2. Bifurcation diagram varying for eq. (4) with X0 = 0.2. (a)
Without perturbation (²1 = 0) and (b) with perturbation (²1 = 0.01).
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Figure 3. (a) X vs. n plot showing transition from the real part of the
complex attractor to real periodic fixed point. The arrow shows the transition
defining transient time. (b) Plot showing power law decay in transient time
vs. µ. Dashed line represents best fit with z = 0.57 (with an error of 1.37%).

With f (n) = cos(nπ), the perturbation component oscillates between two values
A(1+²1 ) and A(1−²1 ) and hence the fixed points of the system are periodic in time
∗
) = F (µ, Xn∗ ). This
(n) which could be obtained by solving the equation F (µ, Xn+1
equation yields three non-zero solutions for n, one of them is real and corresponds
to a fixed point X1∗ = (Xa , Xb ), while the other two roots of the fixed points are
complex. These complex fixed points become real for some particular value of the
control parameter, termed as the critical value, Ac . Of these new real fixed points,
one is unstable and others are stable. This unstable fixed point takes some time to
become the stable (X2∗ ) and thereafter it coexists with one of the other stable fixed
points or the original real fixed point X1∗ to give rise to the bifurcation sequence
as expected. This new fixed point has its own basin of attraction. Some of the
initial conditions belong to the basin of attraction of X1∗ and some belong to the
new basin of X2∗ .
For example, for the initial condition X0 = 0.2 with ²1 = 0.01, the critical
attractor is found to be at Ac = 1.053470. For A < Ac , almost all the initial
conditions are attracted by the fixed point X1∗ . At A = Ac , a discontinuity occurs
in period two, showing the birth of a new basin of attraction. For A > Ac , we have
two stable fixed points of period two, X1∗ and X2∗ , each one with its own basin of
attraction. Figure 2 shows the dynamics of the system with two different initial
conditions.
Figure 3 shows that, for A < Ac , the initial condition spends a long time near the
real part of the complex fixed point X2∗ , after it gets attracted asymptotically to X1∗ .
This time is characterized as transient time τ ∼ µ−z , where µ = |A−Ac | and z is the
scaling exponent which grows up until A reaches the critical value. At A = Ac , the
system starts spending time in the neighbourhood of new real fixed point. Figure
3a shows the time evolution of X0 = 0.2. Here the transition from one basin to
another is not sharp. Figure 3b shows the evaluated transient time for different
values of µ. The exponent by the least square fit furnishes z = 0.57 (with an error
of 1.34%). For ²1 = 0.05, the same phenomenon occurs at A < Ac = 1.1612426,
where a new basin of attractor appears which attracts all the initial conditions.
The transient time in this case is given by the exponent z = 0.57 (with an error of
1.37%).
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Figure 4. (a) X vs. n plot showing transition from chaos to period two
(similar to intermittent behaviour). (b) Plot showing transient time vs. µ.
Dashed line represents best fit with z = 0.58 (with an error of 0.7%).

In figure 4a, the transition between a chaotic attractor and the complex fixed
point is observed for ²1 = 0.053 and b = 2.745. Such a transition occurs for A >
Ac = 2.061369. The transient time for several values of µ are collected as depicted
in figure 4b and subsequently, its least square fitting yields z = 0.58 (with an
error of 0.7%). Such transients described above may be compared to intermittency.
In the intermittent behaviour, one finds the coexistence of chaotic regime and mperiodic attractors for a small change in the control parameter. Similar mechanism
of transition between chaotic bursts and m-periodic attractor is observed. The
average time spent during transition is characterized by z = 0.58.
A similar process is observed when the control parameter A0 has period three. For
example, when f (n) = cos(2/3 nπ), the perturbation component oscillates between
three values A(1 − ²/2), A(1 − ²/2) and A(1 + ²). Hence, the fixed points can be
∗
) = F (µ, Xn∗ ). This equation yields six
obtained by solving the equation F (µ, Xn+3
non-zero roots for each value of n = 1, 2, 3. For ² = 0.01, one of the six roots is real
and the remaining are complex. These complex roots become real for some specific
values of A, that is, A1 = 2.00268, A2 = 2.01135, A3 = 2.28023 and so on. Again
we observe similar transients and creation of new attractors. The z exponent can
be numerically obtained which is also around 0.5 (with an error of 0.71%) for all
transients.
Apart from these mechanisms, one could observe a few more interesting dynamical behaviours due to the influence of perturbation on the control parameter A0 .
The initial condition spends a long time in the new basin as the amplitude of perturbation increases and as a result of which, many new attractors begin to appear.
For ²1 ≥ 0.3, all fixed points are real and the usual sequence of period doubling is
found to continue without any break. When the strength of perturbation is further
increased, we observe the periodic attractors adding sequence and the advancement
of chaotic attractor towards periodic regime.
3.2 At critical 2∞ attractor
In the previous section, we studied how the influence of a small periodic function as
perturbation is responsible for new attractors and transients in many trajectories.
Pramana – J. Phys., Vol. 75, No. 3, September 2010
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In this section, we present numerical investigations based on certain statistical features to exhibit the dynamical behaviour of the critical 2∞ attractor of parametrically perturbed sine-square map. Many [18–20] have shown that the coarse-grained
local expansion rates and variance in the vicinity of critical 2∞ attractor are interesting in a variety of systems. In this study, such interesting behaviour at critical
2∞ attractor is found to be non-conventional due to the influence of parametric
perturbation and the results are compared here.
The map given by eq. (4) exhibits a cascade of period doubling bifurcation to
chaos when the parameter A is increased for the initial condition X0 = 0.2 and ²1 =
0.01. This cascade accumulates at A = A∞ ∼ 1.93377950004 at which the attractor
becomes 2∞ attractor (maximal Lyapunov exponent, λ∞ ∼ 0.0000025336). The
coarse-grained local expansion rate at the critical attractor is calculated as
n

Λn (X1 ) =

1 X
1
Λ(Xt ) = Sn (X1 ),
n t=1
n

(5)

Pn
where Sn (X1 ) = t=1 Λ(Xt ) is the sum of local expansion rate of nearby orbits
over time n. For A = A∞ , the variance is found to be
2

h[Sn (X) − nΛ∞ ] i =

N
1 X
[Sn (Xm ) − nΛ∞ ]2 .
N m=1

(6)

The time-series of the exponent is given as
βn (X1 ) =

Sn (X1 )
.
ln(n)

(7)

As n tends to infinity, the maximal Lyapunov exponent is positive and for a
chaotic attractor, the variance grows with n. However, for a critical 2∞ attractor
at A = A∞ , the maximal Lyapunov exponent is zero and the variance does not
grow with n. As a result, when m increases, a fascinating self-similar pattern arises
and ascertains the memory lasting capability of the critical 2∞ attractor. Figure 5a
6

6

<[Sn(X)]2>

(a)

(b)

4

4

2

2

0

0
0

4
Log2n

8

12

0

2

4

6

8

10

12

Log2n

Figure 5. Variance h[Sn (X) − nΛ∞ ]2 i vs. log2 n for the critical 2∞ attractor
for the initial condition X0 = 0.2. (a) Unperturbed scenario (²1 = 0), (b)
perturbed scenario (²1 = 0.01).
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shows a fascinating temporal self-similar structure for the critical 2∞ attractor of
sine-square map (eq. (1)) at A = A∞ ∼ 1.921629999... and N = 1000. The time
series of the exponent reveals that βn (X1 ) neither converges to a constant value nor
diverges as n increases. But in contrast, the inclusion of parametric perturbation
causes abrupt fluctuations in Sn (X) for the critical 2∞ attractor and βn (X1 ) urges
to diverge for larger values of n. However, one could see the self-similar structure to
exist for m ≤ 8 and at m ' 8 the variance is found to increase suddenly as shown in
figure 5b. From the time series of the exponent it is clear that βn (X1 ) diverges as
time grows. The plots shown in figure 5 imply that the initial memory lasts infinitely
without mixing when the system is analysed without parametric perturbation but
when parametric perturbation is included, the memory exists only for a short period
and the system abruptly starts loosing the memory retaining capacity. It is also
evident that the trajectory diverges from the mean value soon after it losts its
memory.
It is expedient to reason out that the bifurcation between the fixed point and
limit cycle attractors is due to the competition between the intrinsic mechanism of
dissipation and self-sustaining fluctuation. In parametrically-driven systems, it is
observed that the competing mechanism and the asymptotic attractors are more
vulnerable to perturbation than the fixed points.
4. Influence of hyperbolic function as perturbation
4.1 At chaotic attractors
In this section, we investigate the extent to which the given perturbation as highly
intense pulse form would influence the system dynamics. The hyperbolic function (²1 sech2 ) as perturbation can be achieved by using mode-locked lasers which
produce ultrashort pulses [21,22]. Ultrashort pulses often have a temporal shape
described with hyperbolic secant-squared function. For experimental realization,
in addition to the He–Ne laser (refer figure 1), another laser source which would
produce ultrashort pulse can also be incorporated and utilized as the perturbation on the intensity of light input. After incorporating the perturbation term
[f (n) = sech2 (nπ)], eq. (2) becomes
F (µ, Xn+1 ) = A(1 + ²1 sech2 (nπ)) sin2 (Xn − b).

(8)

For smaller values of perturbation strength, that is, for ²1 = 0.5, advancement
of both periodic and chaotic attractors towards the origin occurs along with the
emergence of new attractors. Further for large values of perturbation strength the
trend of advancement increases, causing the complexity of the system to increase
monotonically. Being a highly intense pulse, the addition of hyperbolic secantsquared pulse to the system makes the system’s intensity to fluctuate to larger
values (upto x = 80 when ²1 = 10), which is ten times larger than that of the
output light (x = 8, ²1 = 0) of the unperturbed system. Further increase in the
strength of perturbation (upto ²1 = 50) makes the system completely chaotic with
no traces of periodicity. The magnitude of Lyapunov exponent λ = 5.33 in figure
6d signifies the regions where the system exhibits strong chaos.
Pramana – J. Phys., Vol. 75, No. 3, September 2010
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The presence of weak and strong chaos is characterized using probability distribution P (∆Xk ), k = 1, 2, . . . of the k-step difference quantity. Here ∆Xk =
Xm+k − Xm and m = 1, 2, . . . , N 0 , N 0 < N , the total number of data. The connection between P (∆Xk ) of different k forms a probability association. To study
this characteristic, Lyapunov exponent (λ) for a small range of control parameter
A (1.88 to 2) is considered for both unperturbed and perturbed scenario.
It may be noted that there are regions of A where λ > 0, but close to the value
0 and there are other regions where λ À 0, relatively large in magnitude. These
two regions can correspond to weak and strong chaos respectively. To calculate
probability distribution P (∆Xk ), the maximum and minimum values of (∆Xk ) are
determined first. The range of (∆Xk ) is divided into M equal intervals and the
number of occurrences divided by the total number of (∆Xk ) gives the probability
distribution P (∆Xk ).
Figures 6b and 6d show the variation of Lyapunov exponent as a function of A
for ²1 = 0 and 50 respectively. In figure 6b the down arrows represent the regions
corresponding to weak chaos for which λ is positive but very small. For example,
at A = 1.91881 the system with ²1 = 0 shows weak chaos and the system with
²1 = 50 shows strong chaos. Figure 7 shows the evolution of P (∆Xk ) for k = 1001,
1002, 1003 and 1004.
5. Effect of Gaussian noise as perturbation
As noise is inevitable in real-life environment, it is opt to investigate how random
noise perturbation may influence the dynamical behaviour of the system. Noise

Figure 6. Bifurcation diagram and Lyapunov exponent for (a,b) ²1 = 0 and
(c,d) ²1 = 50. The down arrows in figure 6b represent regions of weak chaos.
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Figure 7. Evolution of P for A = 1.91881. (A)–(D) Unperturbed system
with ²1 = 0 and (a)–(d) perturbed system with ²1 = 50.

is found to change the stability of nonlinear systems [23], induces vibrational and
stochastic resonances [24] and fractal mean first passage limits [25]. Noise also
reflects internal fluctuations [26,27] and phase transitions [28]. Hence, we consider
a noise term η(n) introduced as perturbation in eq. (2) as
Xn+1 = A(1 + Dη(n)) sin2 (Xn − b).

(9)

Here, the noise term is assumed to be zero-mean Gaussian distributed white noise
with unit variance such that hη(n)i = 0 and hη(n)η(n + τ )i = δ(τ ) and D is the
strength of the noise.
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Figures 8a and 8b offer a clear observation of dynamics of eq. (2) without perturbation (or eq. (1)). The inclusion of additive or multiplicative Gaussian noise
in eq. (2) induces a noisy period doubling bifurcation for a small perturbation
strength (D = 0.01). Further aggravation of the noisy period doubling phenomena will appear when D is increased to 0.05. It is evident from figure 8, that, the
onset of chaos has advanced from Ac = 1.921629999 to Ac = 1.9043135490 when
D = 0.01 and to Ac = 1.861839568 when D = 0.05. For higher values of strength of
perturbation, it is found that the motion is dominated by noisy chaotic attractors.
Also, we have studied how the system dynamics gets changed when the perturbing
functions such as periodic and hyperbolic are combined with Gaussian white noise.
For this purpose, the Gaussian noise Dη(n) is added to eq. (4), such that, the
perturbation term [A(1 + ²1 f (n))] will take the form [A(1 + ²1 f (n) + Dη(n))]. For
fixed values of perturbation strength (²1 = 0.01) and noise strength (D = 0.01),
the system exhibits noisy period doubling bifurcation route to chaos along with a
discontinuity in noisy period 2 as shown in figure 2b. In addition to the destruction
of many periodic and chaotic attractors, the advancement of onset of chaos from
Ac = 1.921629999 to Ac = 1.9167700001 for D = 0.01 and to Ac = 1.863001359
when D = 0.05, etc., have also been observed. Similar effect is observed when the
noise term is added to hyperbolic function (eq. (8)). Here, even for small values of
noise strength, the system gets more and more chaotic and the onset of chaos has
almost shifted towards the origin. For example, when ²1 = 50 and D = 0.01, the
onset of chaos is found to occur at 0.03766378.
6. Conclusion
We studied the dynamical behaviour of sine-square map by perturbing one of its
system parameters with (i) a small periodic function, (ii) a hyperbolic function and
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(iii) a Gaussian noise function. It has been shown how a small periodic perturbation on any of the tunable system parameters, could cause the creation of new
attractors, delay in transients, significant impact on the critical bifurcations and
many other interesting observations. We have also shown that in the vicinity of
critical attractors, the scaling exponent z was found to be approximately 0.5. The
fluctuations of Sn (X) at the critical 2∞ attractor are enormously increased due to
perturbation and as a consequence, the fascinating memory retaining capacity gets
weakened to a greater extent. Further, we showed how the complexity of a nonlinear system can be increased when a small hyperbolic function as perturbation
is included to any one of the system parameters. Quiet interestingly, we observed
the signature of strong chaos in a predominant manner in the perturbed system.
In the later case, when Gaussian noise is used as perturbation one observes the
disappearance of many attractors, noisy period doubling scenario, advancement of
onset of chaos, mixing up of steady states etc.
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