PRAMANA
— journal of

c Indian Academy of Sciences
°

physics

Vol. 74, No. 4
April 2010
pp. 633–641

On the excited state wave functions
of Dirac fermions in the random gauge potential
H MILANI MOGHADDAM
Department of Physics, Faculty of Basic Sciences, Mazandaran University, 47415 Babolsar,
Iran
E-mail: milani@umz.ac.ir; hossainmilani@yahoo.com
MS received 20 October 2008; revised 29 October 2009; accepted 1 December 2009
Abstract. In the last decade, it was shown that the Liouville field theory is an effective
theory of Dirac fermions in the random gauge potential (FRGP). We show that the Dirac
wave functions in FRGP can be written in terms of descendents of the Liouville vertex
operator. In the quasiclassical approximation of the Liouville theory, our model predicts
2
2 2
that the localization length ξ scales with the energy E as ξ ∼ E −b /(1+b ) , where b is the
strength of the disorder. The self-duality of the theory under the transformation b → 1/b
is discussed. We also calculate the distribution functions of t0 = |ψ0 (x)|2 , (i.e. p(t0 );
ψ0 (x) is the ground state wave function), which behaves as the log-normal distribution
function. It is also shown that in small t0 , p(t0 ) behaves as a chi-square distribution.
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1. Introduction
Localization of a particle by a random potential has been extensively investigated
for the past several decades [1–12]. It is known that, for the strong disorder, singleparticle wave functions are confined and have exponentially decaying tails beyond
the scale of the localization length ξ [4,13,14]. But for the weak disorder, the localization length can be very large in one- and two-dimensional conductors and
infinite in three dimensions (3D). Now a natural question arises: what is the behaviour of the wave functions at distances smaller than the localization length?
Despite its importance, the problem of the structure of quantum states of weakly
disordered conductors for scales below the length ξ has started to attract interest
only in the preceding decade [8,15–17]. This problem is well understood only for
extended states, i.e., in the limit of small wave function amplitudes t = |ψ(x)|2
[15]. Since extended states explore the entire sample, one can neglect their spatial
variations and treat the Hamiltonian as a Wigner–Dyson random matrix theory
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(RMT) [18]. In the RMT approach, the distribution functions for the wave functions’ amplitude (i.e. p(t)) are derived by means of RMT. It depends only on
the global symmetry of the ensemble and has a chi-square form. The asymptotic
form of p(t) in 2D samples for L ¿ ξ was found using the renormalization group
and replica techniques [15]. The nonperturbative approach is based on the supersymmetric σ-model [19]. It was shown in ref. [19] that in order to describe the
exceptional events most affected by the disorder, one could look for the saddle
point of the supersymmetric σ-model. Fal’ko and Efetov [19] have used this idea
to study the properties of a single quantum state in the discrete spectrum of a
confined system. It is also shown that, although the distribution of relatively small
amplitudes can be approximated by the chi-square distribution (Porter–Thomas
distribution; see for example [20]) the asymptotic statistics of large t’s is strongly
modified by localization effect. They have shown that the distribution function of
the largest amplitude fluctuations of the wave functions in 2D and 3D conductors
are logarithmically normal (log-normal) asymptotic. Examples for which models
of the random Dirac fermions are appropriate, include degenerate semiconductors
[21], two-dimensional graphite sheets [22,23], tight-binding Hamiltonians of the flux
phase [24], the d-wave superconductors [25–27], the Ising model [28] etc.
In this paper, we use the supersymmetric quantum mechanics to construct the
excited state wave functions of the FRGP model. Using the results of ref. [8], we
demonstrate that in the quasiclassical approximation of the Liouville field theory
2
2 2
the localization length ξ scales with the energy E as ξ ∼ E −b /(1+b ) , where b is
the strength of the disorder. The dependence of the exponents on b is consistent
with the results of ref. [29]. The self-duality of the theory is demonstrated as a
consequence of the self-duality of the Liouville theory.
It is also shown that the distribution function p(t0 ) is the log-normal distribution
function which depends on localization length and strength of the disorder. We
observe that for small t0 , p(t0 ) behaves as a chi-square distribution.
2. The wave functions of the FRGP model
We recall the Dirac operator with a static magnetic field normal to the plane
[30,31]
H[A] = c

2
X

σi (Pi − Ai ) + σ3 mc2 ,

(1)

i=1

where σi (i = 1, 2, 3) and m are the Pauli matrices and the electron mass, respectively. The standard representation of H[A] has an abstract supersymmetric
form
µ
¶
mc2 cD∗
H[A] =
,
(2)
cD −mc2
where the operator D is given by D = (P1 − A1 ) − i(P2 − A2 ).
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Note that D =
6 D∗ in two dimensions. It is well-known that the spectrum of
H[A] is symmetric with respect to zero except possibly at ±mc2 . The open interval
(−mc2 , mc2 ) does not belong to the spectrum.
At first, we are only considering the Dirac Hamiltonian in the homogeneous
magnetic field. Supersymmetry essentially determines the spectrum of H[A]. In the
case of a homogeneous magnetic field B(x) = (0, 0, B0 ), it is sufficient to consider
the two-dimensional Dirac Hamiltonian H[A], with the following vector potential:
A(x) =

B0
(−x2 , x1 )
2

(3)

and D = (i∂1 − A1 ) + (∂2 − iA2 ). One knows how to find the following equation:
DD∗ = D∗ D + 2B0 .

(4)

Hence the DD∗ spectrum equals the D∗ D spectrum shifted by 2B0 . It is easy to
show that D∗ D and DD∗ have the following spectra [30]:
σ(D∗ D) ⊂ {0, 2B0 , 4B0 , . . .},

(5)

σ(DD∗ ) ⊂ {2B0 , 4B0 , . . .}.

(6)

Hence the following result is attained:
σ(H[A]) ⊂ {(2nB0 + m2 c4 )1/2 , −(2(n + 1)B0 + m2 c4 )1/2 , n = 0, 1, . . .}.
(7)
In order to obtain eigenfunctions it is proceeded as follows: assume D∗ Dψ0 = 0 or
equivalently Dψ0 = 0 for some ψ0 ∈ L2 (R2 ). At the same time ψ0 is an eigenvector
of DD∗ because from eq. (4), it can be written as DD∗ ψ0 = 2B0 ψ0 . This shows that
2B0 ⊂ σ(DD∗ ) provided 0 ⊂ σ(D∗ D). Supersymmetry implies that ψ1 = D∗ ψ0 is
an eigenvector of D∗ D belonging to the same eigenvalue 2B0 . (By applying eq. (4)
again it is observed that
DD∗ ψ1 = 4B0 ψ1 .

(8)

If we proceed in this way, we obtain a sequence of eigenvectors ψn = (D∗ )n ψ0 , n =
0, 1, 2, . . . satisfying
D∗ Dψn = 2nB0 ψ0 ,
DD∗ ψn = 2(n + 1)B0 ψ0 .

(9)
(10)

The corresponding eigenvectors of the Dirac equation can be found by an inverse
Foldy–Wouthuysen transformation.
µ
¶
µ
¶
ψn
ψn
−1
2 4 1/2 −1
H[A]UFW
= (2nB0 + m c ) UFW
,
(11)
0
0
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µ
−1
H[A]UFW

0
ψn

¶

µ
2 4 1/2

= −(2(n + 1)B0 + m c )

−1
UFW

0
ψn

¶
.

(12)

Hence everything depends on whether one could find ψ0 with Dψ0 = 0 or equivalently a solution of the Dirac equation with energy mc2 .
We now develop the above discussion and should try to obtain the excited state
wave functions of the FRGP model with the random magnetic field normal to the
plane. We consider the case where the only disorder present, is the vector potential
or, correspondingly, the random scalar potential.
The two-component eigenfunction in a fixed realization of disorder, with E = 0
and m = 0, has been constructed in ref. [32]. Let us write the Hamiltonian of the
FRGP model in complex plane
µ
¶
mc2
2i(−∂z + ∂z ϕ)
ĤDirac =
,
(13)
2i(−∂z̄ − ∂z̄ ϕ)
−mc2
where we have used the Coulomb gauge (i.e. ∂i Ai = 0). Thus one can express
the vector potential in terms of the scalar field ϕ(x) so that Ai = εij ∂j ϕ and
z = x + iy, z̄ = x − iy.
Comparing with eq. (2), D∗ is given by
D∗ = 2i(−∂z + ∂z ϕ),

(14)

D = 2i(−∂z̄ − ∂z̄ ϕ).

(15)

and

Direct calculations show that
DD∗ = D∗ D + 2B(z, z̄),

(16)

in which B(z, z̄) = 4∂z̄ ∂z ϕ = ∇2 ϕ. We could demonstrate that D in the presence
of the random magnetic field is a lowering operator (Appendix A). ψ0 (in the case
of random field) can be derived using the equation
Dψ0 = 0,

(17)

−2i(∂z̄ + ∂z̄ ϕ)ψ0 = 0,

(18)

or

which, solving for ψ0 , yields
e−ϕ
ψ0 = R 2 −2ϕ 1/2 .
[ d xe
]

(19)

This expression for ψ0 has been found by direct calculation in ref. [8]. It is
demonstrated that the excited state wave functions of the FRGP model, ψn , n =
0, 1, 2, 3, ..., are in terms of ψ0 as
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ψn =

1
(D∗ − g)n ψ0 ,
2n

(20)

R
where g = ie−ϕ dz̄(B̃ − 1)eϕ (Appendix A).
According to ref. [8], the effective action describing the correlation functions of
the FRGP model can now be described. We could derive the effective action by
means of correlation functions of ψ0 . The reason is that using eq. (20), one can
write the correlation functions of ψi ’s in terms of correlation functions of only ψ0 ’s.
According to ref. [8], we consider ∇ϕ as a random variable with the Gaussian
distribution
P [ϕ] =

1 −(1/4πb2 ) R (∇ϕ)2 d2 x
e
.
Z0

(21)

It is expressed as the moments of the first component of ψ0 which is defined by
Z
G(1, . . . , N ) = DϕP [ϕ]|ψ0 (x1 )|2 · · · |ψ0 (xN )|2 .
(22)
Inserting eqs (19) and (21) into the above relation, the N -point moment of normalizable wave function squares can be written as follows:
Z

∞

G(1, . . . , N ) =
0

µN −1
dµ
(N − 1)!

Z
Dϕ

N
Y

e−2ϕ(xi ) e−Sµ ,

(23)

i=1

where the action Sµ is given by
Z
1
Sµ =
[(∂ϕ)2 + 4πb2 µe−2ϕ ]d2 x.
4πb2

(24)

Thus, the multipoint moment (22) is now expressed in terms of the reducible multipoint correlation function of the so-called Liouville field theory. The latter theory
has been introduced by Polyakov [33] in the context of string theory and studied
extensively.
At present, we consider the action of the Liouville model, Sµ . We rescale ϕ =
−bφ. It is conventional to add another term to the Liouville Lagrangian density,
Q √
4π R gφ, where R is the scalar curvature of background metric gµν , and parameter
Q is adjusted to ensure that all physical quantities are independent of a particular
choice of this background. However, it is possible to choose a specific background
which is flat everywhere except for a few selected points [34]. This term translates
then into appropriate boundary terms as follows [34]:
Z
Z
1
Q
Sµ =
[(∂φ)2 + 4πµe2bφ ]d2 x +
φ dl + 2Q2 log(R),
(25)
4π Γ
πR ∂Γ
where R is the size of the sample. The last term is introduced to make the action
finite at R → ∞. This type of boundary condition is conventionally called the
background charge Q at infinity. Q parametrizes the central charge c of the Liouville
theory as
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c = 1 + 6Q2 .

(26)

It is well-known that the exponential Liouville operators
Vα (x) = e2αφ(x) ,

(27)

are the spinless primary conformal fields of dimensions
∆α = α(Q − α).

(28)

The two-, three- and four-point correlation functions of Liouville field theory for a
given α are calculated exactly in [34,35]. The factor Q is fixed in terms of b in such
a way that the term e2bφ in the action can be a conformal field with dimensions
(1,1) and the property of being microscopic operators. Therefore we obtain the
following equation:
1
Q=b+ ,
(29)
b
and the central charge can be written in terms of b as
µ
¶2
1
c=1+6 b+
.
(30)
b
Now according to ref. [34], we impose the following boundary condition on the
Liouville field:
φ(x) = −Q log |x|2

at |x| → ∞,

(31)

where Q is given by eq. (29). This boundary condition ensures that all the wave
functions tend to zero in large distance or decay at infinity.
In addition, it could be found that the scale µ dependence of any correlation
function in Liouville theory [36–38] is as in the following equation:
+
*N
Y
PN
2αi φ(xi )
= (πµ)(Q− i=1 αi )/b Fα1 ...αN (x1 , . . . , xN ).
(32)
e
i=1

Q

Here Fα1 ...αN (x1 , . . . , xN ) is independent of µ.
To determine the µ dependence of B̄ = hBi, we consider the field equation of the
Liouville theory as follows:
B̄ = hBi = 4πbµhe2bφ i.

(33)

According to eq. (32), B̄ rescales with µ as
1

B̄ ∼ µ1+ b2 .

(34)

Using the fact that µ has dimension µ ∼ [length]−(2+2b
B̄ = hBi ≈ ξ

(1+b2 )2
−2 b2

2

)

we find

,

(35)

where ξ is the localization length. We could conclude that the localization length
scales with the energy as
2

ξ ∼ E −1/Q ,
where Q is given in eq. (29).
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It is noted that the exponent of E is invariant when b → 1/b, which means that
the theory is self-dual. This duality is the reflection of duality of Liouville theory
when b → 1/b. To see this, we recall the partition function of the Liouville theory.
According to ref. [35], the partition function has the following form:
Z = −√

µ
2π 2 (b + 1/b)

µ

πµΓ(b2 )
Γ(1 − b2 )

¶1/b2

Γ(−1/b2 )
,
Γ(1/b2 − 1)

(37)

under the following transformation of b and µ:
b→

1
,
b

µ → µ̄ =

2
1
(πµγ(b2 ))1/b ,
2
πγ(1/b )

(38)

where γ(x) (x is 1/b2 or b2 ) is given by γ(x) = Γ(x)/Γ(1 − x). It is easy to show
that the partition function transforms as
µ
¶
1
1
Z(b, µ) ⇒ Z
, µ̄ = − 2 Z(b, µ).
(39)
b
b
This duality transformation was observed first by Zamolodchikov et al in the exact
expression for the three-point functions of the Liouville exponential fields [34]. From
eq. (37), we observe that there exists the following sequence of critical values for b,
so that the partition function becomes singular:
b2N =

b2c
,
N

(40)

where bc = 1. The singularity of the partition function for bN is the signal of special
type of phase transition. We recall that when b = 1 the total fluxes through the
system reaches the value 2 which corresponds to the first change in the ground state
degeneracy [8].
Let us now calculate the distribution function p(t0 ) for t0 ’s such that
Z ∞
htn0 i =
tn0 p(t0 )dt0 ,
(41)
0

where t0 is given by t0 = |ψ0 |2 . One can show that p(t0 ) has the following form:
1

p(t0 ) = f (t0 )e− log ξa

log2 (t0 ξ d )

,

(42)

in which f (t0 ) is a smooth function of log(t0 ) and a = 16b6 , d = 2b(1 + 4b2 ).
This distribution is the famous log-normal distribution which is considered as a
2
characteristic feature of disorder system. It appears that for t0 ∼ (1/ξ 2b(1+4b ) ) the
chi-square distribution functions with its variance controlled by ξ are obtained.
3. Summary
Summarizing, we use the supersymmetric quantum mechanics to construct the
excited state wave functions of the FRGP model. We show that in the quasiclassical approximation of the Liouville field theory the localization length ξ scales
Pramana – J. Phys., Vol. 74, No. 4, April 2010
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2

2 2

with the energy E as ξ ∼ E −b /(1+b ) , where b is the strength of the disorder. The dependence of the exponents on b is consistent with the results of ref.
[29]. The self-duality of the theory is demonstrated as a consequence of the selfduality of the Liouville theory. It is shown that the distribution function p(t0 )
is the log-normal distribution function which depends on the localization length
and strength of disorder. We find that in small t0 , p(t0 ) behaves as a chi-square
distribution.
Appendix A
Let us try to find the raising and lowering operators of the FRGP model as D and
1/2
D∗ . D and D∗ scale to B0 . B(z, z̄) scales to B0 that B0 is the typical magnetic
field in the localization length. In our calculations, B̃ is defined as B̃ = B(z, z̄)/B0
that in the case of homogeneous magnetic field, B̃ = 1. The ladder operators of
the FRGP model are as follows:
(D∗ − gn )ψn = βn ψn+1 ,
(D − fn )ψn = αn ψn−1 ,

(A1)

in which fn and gn are in terms of z and z̄.
fn , gn , βn and αn are determined in the limit of the homogeneous magnetic field,
i.e. B̃ → 1. Also the ψ0 wave function must be such that Dψ0 = 0. Then we can
write
gn (z, z̄) = g(z, z̄),

fn (z, z̄) = 0,

αn = n,

βn = 2.

(A2)

g satisfies the following relation:
Dg + 2 = 2B̃.
By solving the above relation, g is equal to
Z
−ϕ
g = ie
dz̄(B̃ − 1)eϕ .

(A3)

(A4)

in which B(z, z̄) = 4∂z̄ ∂z ϕ = ∇2 ϕ in the term B̃ = B(z, z̄)/B0 .
We find that D in the presence of the random magnetic field is a lowering operator
and the raising operator shifts by g. We could show that
(D∗ − g)Dψn = 2nψn ,

(A5)

D(D∗ − g)ψn = 2(n + 1)ψn ,

(A6)

where n = 0, 1, 2, 3, ... and ψn , in terms of ψ0 , is as follows:
ψn =

640

1
(D∗ − g)n ψ0 .
2n
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