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Abstract. Cu has been used extensively to replace Al as interconnects in ULSI and
MEMS devices. However, because of the difference in the thermal expansion coefficients
between the Cu film and the Si substrate, large biaxial stresses will be generated in the
Cu film. Thus, the Cu film becomes unstable and even changes its morphologies which
affects the device manufacturing yield and ultimate reliability. The structural stability
and theoretical strength of Cu crystal under equal biaxial loading have been investigated
by combining the MAEAM with Milstein-modified Born stability criteria. The results in-
dicate that, under sufficient tension, there exists a stress-free BCC phase which is unstable
and slips spontaneously to a stress-free metastable BCT phase by consuming internal en-
ergy. The stable region ranges from −15.131 GPa to 2.803 GPa in the theoretical strength
or from −5.801% to 4.972% in the strain respectively.

Keywords. Structural stability; theoretical strength; equal biaxial loading; modified an-
alytical embedded-atom method.
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1. Introduction

Cu has been used extensively to replace Al as interconnects in ultra-large-scale in-
tegration (ULSI) circuits and micro-electromechanical systems (MEMS) [1]. The
obvious advantage of using Cu stems from its lower resistivity (ρCu = 1.67 µΩ cm,
ρAl = 2.66 µΩ cm) and higher melting point (TCu = 1085◦C, TAl = 660◦C). The for-
mer can lead to lower Joule heat as well as R–C delay, where R and C, respectively,
represent the resistance and capacitance associated with interconnect architecture.
The latter can result in higher electromigration resistance. However, because of the
difference in the thermal expansion coefficients between the Cu film and the silicon
substrate (αCu = 17 × 10−6/◦C, αSi = 3 × 10−6/◦C), the larger Young’s modulus
(ECu = 129.8 GPa, EAl = 70.6 GPa) and the large difference in thickness between
the film and substrate (hSi/hCu=400–500), large biaxial stresses will be generated
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Figure 1. Two unit cells of initial FCC crystal.

in the Cu film during the thermal treatment process required for device fabrica-
tion and subsequent applications. When these stresses go beyond the theoretical
strength, the Cu film becomes unstable and even changes its morphologies which
are harmful to device manufacturing yield and ultimate circuit reliability. For ex-
ample, large compressive stresses produce hillocks [2] on the film surface that lead
to interlevel short circuiting between metallization layers. Large tensile stresses
produce voids [3] in the film that locally reduce the film cross-section and current
carrying capability of the interconnects. So it is necessary and important to study
the structural stability and theoretical strength of Cu crystal under equal biaxial
loading.

Although many experimental [4–7] and theoretical [8–16] methods have been used
to investigate the structural stability and theoretical strength of various materials,
most of them focus on the uniaxial [17] or hydrostatic [18] loading. In this paper,
structural stability and theoretical strength of Cu crystal under equal biaxial load-
ing along two edges of a unit cell are investigated by using the modified analytical
embedded-atom method (MAEAM).

2. Computational methods

2.1 Elastic theory

Figure 1 shows schematically two unit cells in an FCC crystal subjected to equal
biaxial stresses parallel to edges a2 and a3 and perpendicular to edge a1. We
use distinct edges a1, a2 and a3 rather than the specific equivalence a0 of the
initial FCC crystal to represent a general case. Thus, the edges a1, a2 and a3 will
remain mutually perpendicular throughout the loading path (at least until failure
occurs), i.e., the including angles a4, a5 and a6 will maintain their initial values
of π/2 and the initial FCC structure will change to the body-centred tetragonal
(BCT) structure (see black atoms) with edges b1, b2 and b3 (b1 ≡ a1, b2 ≡ b3 ≡
(
√

2/2)a2) and the including angles b4, b5 and b6 also maintaining the value π/2
as a2 ≡ a3.
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The stress σα can be expressed as

σα =
dα

V

∂Ei

∂aα

∣∣∣∣
{aα}

, α = 1, 2, 3, 4, 5, 6 (1)

where Ei is the internal energy per atom, V = a1× a2× a3/4 is the current volume
per atom, dα = aα for the normal stresses σα (α = 1, 2, 3) and dα = 1 for the shear
stresses σα (α = 4, 5, 6).

The elastic moduli Bαβ can be expressed in terms of the second derivatives of
the internal energy with respect to the lattice parameters aα

Bαβ =
∂2Ei

∂aα∂aβ

∣∣∣∣
{aα}

, α, β = 1, 2, 3, 4, 5, 6. (2)

The necessary and sufficient conditions for the tetragonal lattice to be in stable
equilibrium with respect to arbitrary homogeneous lattice strains are expressed in
terms of the four independent moduli Bαβ [8]

B12 > 0, (3)

B23 > 0, (4)

B22 −B23 > 0, (5)

B11(B22 + B23)− 2B2
12 > 0. (6)

These relations also imply B11 > 0, B22 > 0. The theoretical strength is the value
of the stress at which any one of the above four conditions is not satisfied.

2.2 MAEAM

In the MAEAM, the energy per atom Ei in the crystal is expressed as [19,20]

Ei = F (ρi) +
1
2

∑

j( 6=i)

φ(rij) + M(Pi), (7)

ρi =
∑

j(6=i)

f(rij), (8)

Pi =
∑

j( 6=i)

f2(rij), (9)

where F (ρi) is the energy to embed an atom i at site i with electron density ρi,
which is given by a linear superposition of the spherically averaged atomic electron
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density of other atoms f(rij), φ(rij) is the interaction potential between atoms i
and j and M(Pi) is the modified term that describes the energy change due to the
non-linear superposition of atomic electronic density Pi. rij is the distance of atom
j from atom i at site i which is chosen as the origin of the coordinate system so that
the subscript i in rij will be neglected in the following sections for convenience. For
an FCC lattice subjected to uniform deformations, the vector ~rj passing from the
origin to the atom j can be written as

~rj =
3∑

α=1

rjαâα =
1
2

3∑
α=1

ljαaαâα, (10)

where âα are unit vectors in the directions of the cell edges aα(α = 1, 2, 3). The
reason for introducing the factors 1

2aα into (10) is to maintain ljα as integers and
subject to the condition that the sum lj1+lj2+lj3 is even. The embedding function
F (ρi), pair potential φ(rj), modified term M(Pi) and atomic electron density f(rj)
take the following forms [19,20]:

F (ρi) = −F0

[
1− n ln

(
ρi

ρe

)](
ρi

ρe

)n

, (11)

φ(rj) = k0 + k1

(
rj

r1e

)
+ k2

(
rj

r1e

)2

+ k3

(
rj

r1e

)6

+ k4

(
rj

r1e

)−12

+k5

(
rj

r1e

)−1

, (12)

M(Pi) = γ

{
1− exp

[
−

(
ln

∣∣∣∣
Pi

Pe

∣∣∣∣
)2

]}
, (13)

f(rj) = fe

(
r1e

rj

)6

, (14)

where the subscript e indicates equilibrium state and r1e is the first nearest-
neighbour distance at equilibrium. In this paper, the cut-off distances of pair poten-
tial φ(rj) and atomic electron density f(rj) are selected as rce = r5e +kce(r6e−r5e)
and rc = r6e + 0.75(r7e − r6e), respectively, where kce is the model parameter and
r5e, r6e and r7e are the fifth, sixth and seventh neighbour distance at equilibrium,
respectively. F0 and fe can be calculated from [20]

F0 = Ec − E1f , (15)

fe =
√

Ec/V0, (16)

where Ec is the cohesive energy and E1f is the monovacancy formation energy and
V0 = a3

0/4 is the initial atomic volume in FCC structure.
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Table 1. The input physical parameters for Cu. a is in Å, Ec and E1f are in
eV and Cij are in GPa.

a0 Ec E1f C11 C12 C44

3.6147 3.49 1.17 169 122 75.3

Table 2. The calculated parameters for Cu, n and kce are dimensionless, F0,
γ and ki are in eV.

n kce F0 γ k0 k1 k2 k3 k4 k5

0.60 0.3 2.32 0.00316257 1.499487 −0.650171 0.097645 −0.000056 0.098837 −1.178326

The remaining model parameters can be calculated from the physical parameters
[20], the lattice constant a0, cohesive energy Ec, monovacancy formation energy E1f

and elastic constants C11, C12 and C44. The physical parameters used in this paper
and the calculated model parameters for Cu are listed in tables 1 and 2, respectively.

Based on the symmetry of the tetragonal crystal and using (1)–(2), and (7)–(16)
we get

σα =
1
V


F ′(ρ)

∑

j

(rjα)2

rj
f ′(rj) +

1
2

∑

j

(rjα)2

rj
φ′(rj)

+2M ′(P )
∑

j

(rjα)2

rj
f(rj)f ′(rj)




(
a0

aα

)
, (17)

B11 =





F ′′(ρ)


∑

j

(rj1)2

rj
f ′(rj)




2

+ F ′(ρ)
∑

j

(
(rj1)2

rj

)2

×
(

f ′′(rj)− f ′(rj)
rj

)
+ F ′(ρ)

∑

j

(rj1)2

rj
f ′(rj)

+
1
2

∑

j

(
(rj1)2

rj

)2 (
φ′′(rj)− φ′(rj)

rj

)

+
1
2

∑

j

(rj1)2

rj
φ′(rj) + 4M ′′(P )


∑

j

f(rj)f ′(rj)
(rj1)2

rj




2

+2M ′(P )
∑

j

(
(rj1)2

rj

)2 (
f ′(rj)2 + f(rj)f ′′(rj)− f ′(rj)f(rj)

rj

)

+2M ′(P )
∑

j

(rj1)2

rj
f(rj)f ′(rj)





(
1
a1

)2

, (18)
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B12 =



F ′′(ρ)


∑

j

(rj1)2

rj
f ′(rj)




[∑
m

(rj2)2

rj
f ′(rj)

]

+F ′(ρ)
∑

j

(
rj1rj2

rj

)2 (
f ′′(rj)− f ′(rj)

rj

)

+
1
2

∑

j

(
rj1rj2

rj

)2 (
φ′′(rj)− φ′(rj)

rj

)

+4M ′′(P )


∑

j

(rj1)2

rj
f(rj)f ′(rj)





∑

j

(rj2)2

rj
f(rj)f ′(rj)




+2M ′(P )
∑

j

(
rj1rj2

rj

)2 (
f ′(rj)2 + f(rj)f ′′(rj)

−f(rj)f ′(rj)
rj

) 



(
1

a1a2

)
, (19)

B44 =



F ′(ρ)

∑

j

(
rj2rj3

rj

)2 (
f ′′(rj)− f ′(rj)

rj

)
+

1
2

∑

j

(
rj2rj3

rj

)2

×
(

φ′′(rj)− φ′(rj)
rj

)
+ 2M ′(P )

∑

j

(
rj2rj3

rj

)2

×
(

f ′(rj)2 + f(rj)f ′′(rj)− f(rj)f ′(rj)
rj

) 

 . (20)

The remaining Bαβ can be obtained by switching subscripts in the above equations.
For example, to find B22, rj1 and a1 are changed to rj2 and a2 in (18); for B23,
rj1 and a1 are changed to rj3 and a3 in (19); and for B55 = B66, rj3 and a3 are
changed to rj1 and a1 in (20).

2.3 Simulation procedures

The procedures for determining the variation of the internal energy per atom E(=
Ei), the normal stress σα and the elastic moduli Bαβ with the values of the edges
aα, follow these processes:

(1) Elongate (or contract) the edge a2 by a small amount ∆a2 to a2 + ∆a2 and
maintain a2 ≡ a3;

(2) Calculate the value of the edge a1 by allowing the crystal to relax to the state
of σ1 = 0;
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Figure 2. Variation of a1 with a2. Figure 3. Variation of E and σ2 with a2.
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(3) Use (7)–(20) to calculate the internal energy per atom E, the normal stresses
σ2 and σ3 and the elastic moduli Bαβ ;

(4) Repeat the above processes many times until a sufficient deformation is
achieved.

3. Results and discussions

The calculated lattice parameter a1, the energy per atom E and the normal stress
σ2(≡ σ3), the six independent elastic moduli B11, B12, B22, B23, B44 and B55, and
their combinations B22 − B23 and B11(B22 + B23) − 2B2

12 related to the stability
criteria are shown in figures 2–5 respectively, as a function of edge a2(≡ a3). From
figure 2 we know that, as is predicted, the lattice parameter a1 decreases with
increasing a2(≡ a3).
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Figure 3 shows that in the beginning the internal energy per atom E of the
crystal achieves the lowest value of −3.501 eV at a2 = 3.62 Å corresponding to the
stress-free equilibrium FCC structure. With increasing lattice parameter a2(≡ a3),
the internal energy per atom E increases firstly to the local maximum value of
−3.465 eV at a2 = 4.09 Å, then decreases slightly to the local minimum value of
−3.466 eV at a2 = 4.21 Å and then increases monotonously with further tension.
There is an unconventional behaviour in the corresponding region for the stress.
The stress σ2(≡ σ3) passes through zero at two other values of lattice parameter,
a2 = 4.09 Å and a2 = 4.21 Å. These two points correspond to a local maximum
and a local minimum of the internal energy of the crystal, respectively. In detail, as
the FCC crystal is subjected to unconstrained tension, the normal stress σ2(≡ σ3)
initially increases, then decreases, passing through zero and becoming negative at
a2 = 4.09 Å and then increases passing through zero and becoming positive again at
a2 = 4.21 Å. In compression region, a conventional behaviour is obtained. That is,
by decreasing the lattice parameter a2(≡ a3), the normal stress σ2(≡ σ3) decreases
monotonously with a monotonous increase in the internal energy E.

As mentioned above, when an FCC crystal is subjected to equal biaxial stresses
along the edges a2 and a3, the homogeneously deformed crystal structure can be
termed as a BCT structure (shown as black atoms in figure 1). The point of
a2 = a3 = 4.09 Å and correspondingly a1 = 2.89 Å, makes b1 ≡ a1 = 2.89 Å and
b2 ≡ b3 ≡

√
2

2 a2 =
√

2
2 × 4.09 ≈ 2.892 Å, nearly satisfies the relation b1 = b2 = b3.

Thus this point corresponds to a BCC phase (specified by BCC in figure 3). This
was also obtained by Milstein et al with central-force Morse potential calculation
and termed as Bain phase transformation under unaxial loading. Since the BCC
phase corresponds to the local maximum internal energy EBCC = −3.465 eV, it is
unstable and would slip spontaneously into a metastable BCT phase (specified by
mBCT in figure 3) with a local minimum internal energy EmBCT = −3.466 eV at
a2 = a3 = 4.21 Å. This process is termed as a spontaneous process, because it is
driven by decreasing internal energy and so a small negative (compressive) stress
is sensed in figure 3. The initial FCC phase corresponds to the lowest internal
energy and is evidently the most stable structure. This is in correspondence with
the actual behaviour of pure Cu which exists in the FCC phase.

In figure 5, the units of B22 − B23 and B11(B22 + B23) − 2B2
12 are eV/Å2 and

(eV/Å2)2, respectively. It is found that the failure occurs firstly in compression
when the condition B22 − B23 > 0 is violated at the lattice parameter a2 = a3 =
3.41 Å where the lattice cannot support an additional compressive loading. Beyond
this point, a further decrease in lattice parameter a2(≡ a3) leads to a monotonous
decrease in the stress σ2(≡ σ3) as shown in figure 3. Correspondingly, failure
occurs in tension region while B11(B22 + B23)− 2B2

12 > 0 is violated at the lattice
parameter about a2 = a3 = 3.80 Å where the lattice cannot accommodate enough
stress. Beyond this point, a further increase in lattice parameter a2(≡a3) results in
a decrease rather than an increase in tension stress σ2(≡σ3) as shown in figure 3.
At these two points, the applied stress σ2(≡σ3) is equal to −15.131 GPa and 2.803
GPa, respectively. The stable region determined (3.41 Å < a2 < 3.80 Å, between
two vertical dashed lines in figures 3–5) satisfies the remaining two stability criteria
B12 > 0 and B23 > 0 as can be seen in figure 4. Furthermore, the relations
B11 = B22, B12 = B23 and B44 = B55 are satisfied at a1 = a2 = a3 = 3.62 Å for
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FCC structure. It is worth mentioning that although figures 4 and 5 show that the
other region 4.17 Å < a2 < 5.0 Å also satisfies the stability criteria (3)–(6), as can
be seen in figure 3, the internal energy per atom E corresponding to this region is
obviously higher than that in the region 3.41 Å < a2 < 3.80 Å. So the other region
4.17 Å < a2 <5.0 Å is not a stable region but a metastable region. Thus, for the Cu
crystal under equal biaxial loading along the edges a2 and a3, the stability of the
lattice ranges from a2 = a3 = 3.41 Å to a2 = a3 = 3.80 Å and the corresponding
strain ranges from −5.801% to 4.972%; the theoretical strength is −15.131 GPa in
compression and 2.803 GPa in tension.

4. Conclusions

The present paper studies the structural stability and theoretical strength of Cu
crystal under equal biaxial loading by the MAEAM according to Milstein-modified
Born stability criteria. The results are listed as follows:

(1) The FCC phase has the lowest energy of −3.501 eV and this is the most
stable phase, which is in agreement with the actual behaviour of pure Cu
existed in the FCC phase, in spite of a stress-free BCC phase with the local
maximum energy of −3.465 eV appeared in tensile region would slip spon-
taneously (driven by consuming internal energy so a negative (compressive)
stress is sensed) into the near neighbour stress-free mBCT phase with a local
minimum energy of −3.466 eV.

(2) The stable region of Cu crystal is determined by B22−B23 > 0 in compression
and B11(B22 + B23)− 2B2

12 > 0 in tension.
(3) The stable region is determined for the theoretical strength ranging from

−15.131 GPa in compression to 2.803 GPa in tension and the corresponding
strain ranges from −5.801% to 4.972%.
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