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Abstract. We simulate viscous fingering generated by separating two plates with a
constant force, in a lifting Hele-Shaw cell. Variation in the patterns for different fluid
viscosity and lifting force is studied. Viscous fingering is strongly affected by anisotropy.
We report a computer simulation study of fingering patterns, where circular or square
grooves are etched on to the lower plate. Results are compared with experiments.
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1. Introduction
Viscous fingering in the lifting Hele-Shaw cell (LHSC) is now a widely studied
problem [1–4], because of its academic interest and also due to its application in
practical problems such as adhesion [5,6].
The Hele–Shaw cell [7] is a simple apparatus for studying viscous fingering (VF),
the instability developed at the interface of fluids of different viscosities [8,9]. The
normal HS cell consists of two glass plates separated by a small gap, containing
the more viscous fluid. There is a hole in the upper plate, through which the less
viscous fluid is forced in.
The LHSC is a modified version of the normal HS cell, where the less viscous
fluid enters from the sides, as the plates are drawn apart. The more viscous fluid,
sandwiched between the two plates, forms fingering patterns at the interface, under proper conditions [1,4,5]. Different interesting modifications of the HS cell are
reviewed in [10].
The effect of anisotropy introduced through patterns on the lower plate of the
normal HS cell is well-known [11–13]. Patterns on the lower plate also have a
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significant effect in LHSC [14]. The time of plate separation and pattern formation
with circular grooves was reported in [14].
Here we present more patterns with an LHSC having square grooves. We try
to simulate pattern formation with the grooved plates and compare with the experiments. It is seen that the simulation is able to reproduce qualitative features
of the VF formed with square and circular grooves. In the numerical model, the
effect of the grooves is considered only by imposing an equalization of the pressure
along it. The rationale behind this is the observation in experiments, that once
a finger reaches a groove, air immediately spreads all over the groove, indicating
equal pressure around the groove.
Even this simplified approach demonstrates the difference between the pressure
distribution between plane and grooved plates. The differences in groove patterns
also have a significant effect on fingering.
2. The LHSC experiment
The lifting Hele-Shaw cell consists of two plates of toughened float glass. The plates
are 10 cm in diameter and 0.5 cm in thickness.
Initially a small volume of fluid measured accurately with the help of an accupipette is placed at the centre of the stationary lower plate. The upper plate which
is movable is pressed on the lower plate containing the blob of fluid. This creates
a situation where a fluid having higher viscosity is surrounded by one with lower
viscosity (air in this case) and the combination is sandwiched between two parallel
plates. Then the upper plate is slowly lifted, with a constant force keeping it parallel to the lower plate. An air compressor operating a pneumatic cylinder-piston
controls the lifting force. The dynamic profile of the moving fluid–air interface is
recorded by a CCD camera, placed below the lower glass plate.
In this study, we introduce anisotropy in the set-up, with etched patterns on the
lower glass plate. Difference in patterns between (i) a plane glass plate, (ii) a plate
with a circular groove and (iii) a plate with a square groove are experimentally
recorded. We try to simulate the presence of a groove with a particular symmetry,
by introducing a simple modification in the theory as described next. Figure 1
shows patterns generated with this set-up for (A) circular grooved plate, (B) square
grooved plate, (C) plane plate with a Newtonian fluid – the olive oil and (D) plane
plate with a non-Newtonian paste – oil paint.
3. Theory
In the normal Hele-Shaw cell, usually the invading fluid is air which is assumed to
be non-viscous. The pressure distribution in the displaced fluid is obtained as a
solution of Laplace’s equation [15]. This results from a two-dimensional flow with
a constant separation b, between the plates.
∇2 P = 0.
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Figure 1. Experimentally obtained fingers for (A) circular grooved plate,
(B) square grooved plate, (C) plane plate with a Newtonian fluid and (D)
plane plate with a non-Newtonian fluid.

However, in the LHSC, the plate separation b(t) becomes a function of time. The
problem can still be considered as a quasi-two-dimensional problem, with P now a
solution of Poisson’s equation [2,3].
We follow essentially the approach of Thamida et al [2]. The z-axis is taken
normal to the plates and the fluid lies in the x–y plane. The boundary conditions
are: (1) the pressure at the interface of the displaced fluid and invading fluid –
air. This is the atmospheric pressure P0 , (2) the pressue at the centre, which is
a parameter −p0 . The pressure integrated over the whole area a of the displaced
fluid is the constant lifting force −F .
Z
P dx dy = −F.
(2)
Since the volume of the fluid, assumed incompressible, is a constant V0
V0 = a(t)b(t).

(3)

Starting with the continuity equation for the incompressible fluid
∇ · u = 0,

(4)

where u is the velocity of the fluid. Invoking the thin film lubrication approximation, one has
1 db
∂uz
=
.
∂z
b dt

(5)

Darcy’s law relates the lateral fluid velocity to the local pressure gradient as
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ux = −

b2 ∂P
12µ ∂x

(6)

and a similar relation for uy . Here µ is the viscosity of the higher viscosity fluid.
Finally the Poisson equation to be solved is
∇2 P = −

12µ da
a .
a20 dt

(7)

Here, a0 is the initial area occupied by the higher viscosity fluid.
The above equations cannot be solved analytically, beyond a very short time
interval. We solve the equations numerically, to simulate the growth of fingers, and
the details are given in the next section.
The presence of grooves makes the situation considerably complex. At present
we consider one groove only, either circular or square. The presence of the groove
has an equalizing effect on the contour with the desired shape. Other factors, like
the change of fluid depth at the groove, are ignored.
4. Computer simulation algorithm
In conformity with the symmetry of the set-up, we formulate the problem initially
in polar coordinates. The plates are considered to be circular with radius r. r
varies from 1 to 30 and θ from 0 to 180. The polar coordinates of the system are
then converted to Cartesian coordinates. We have thus a circular arrangement of
sites on a square lattice.
A random initial disturbance is allowed, to introduce stochasticity in the fingering
process. Each site on the circular boundary has an indentation varying randomly
between 0 and 3 units. The indentations may be the beginning of a finger, initiated
due to thermal noise, or from surface irregularity.
4.1 Plane lower plate
In the case of a plane lower plate, the algorithm is as follows:
(1) Fluid sites occupying a circular area a0 are marked by an index 1 and sites
occupied by air are marked by 0.
(2) The boundary conditions are set as a constant pressure (atmospheric, taken
as 0) at the outer periphery of the fluid and a negative value −p0 = p00 at
the centre. µ, a0 and p00 are parameters determining the initial conditions.
(3) Laplace equation is solved, to get the initial pressure distribution and the
pressure at each site is added to give the total lifting force −F . Darcy’s
law (eq. (6)) is used to find the fluid velocity at each site, from the pressure
gradient.
(4) The outer periphery is updated by allowing the fluid to move according to
the velocity obtained in the previous step.
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Figure 2. A viscous fingering pattern generated by simulation of the lifting
process or constant force, with viscosity parameter 0.014.

(5) Since F must be maintained constant, the pressure at the centre −p0 is increased
in steps, until the pressure distribution is such that the condition,
P
P (x, y) = −F , is satisfied for the updated pressure P (x, y) at each site.
(6) Now the pressure distribution is updated solving Poisson’s eq. (7) taking into
account the new area. A suitable time interval δt is chosen as the unit of
time. So (at+1 − at )/δt is the rate of change of area in eq. (7).
P Each time the
pressure distribution changes, the constant force condition
P (x, y) = −F0
is re-established, by manipulating −p0 .
(7) Darcy’s law is again invoked to get the fluid velocities, and steps 4 to 6 are
repeated as long as necessary to map the evolving fluid boundary and hence
the finger growth. Figures 2 and 3 show fingering for two different values of
µ generated from the above algorithm.
4.2 Grooved lower plates
We have simulated the fingering when there is a single circular or square groove
etched on the lower plate. The simulation algorithm is as follows: We assume that
the pressure along the groove is equal, i.e. there is an isobar having the shape of
the groove in the system. As already discussed, this is borne out by experiment.
The pressure on the isobar of course changes with time.
The details of the simulation algorithm for the grooved plate problem will be
clear from the flowchart shown in figure 4. The essential modifications of the
simulation algorithm are as follows. We initially calculate the pressure distribution
from Laplace’s equation with boundary conditions as before, forgetting about the
Pramana – J. Phys., Vol. 73, No. 4, October 2009
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Figure 3. A viscous fingering pattern generated by simulation of the lifting
process or constant force, with viscosity parameter 0.015.

groove. Then we calculate the average of the pressure over all the groove sites and
re-assign that average value to all groove sites.
As before,
P the condition for constant lifting force is maintained through the
condition
P (x, y) = −F , ensured by adjusting p0 . In the lifting step, pressure is
calculated from Poissons’s equation, with the appropriate pressure at the centre and
groove pressure equalized as before. In the step when the fingers actually advance,
according to Darcy’s law, we use Laplace equation with the groove (having the
equally distributed pressure previously determined) as the inner boundary and the
outer fluid–air interface with 0 pressure as the outer boundary. Here Laplace is
used instead of Poisson, since the increased height for this step has already been
taken into account. These steps are repeated as long as at least one of the fingers
touches the groove (refer to figure 4).
Results for circular fluid blobs of radius 24 (in arbitrary units) and a circular
groove of radius 8 (in arbitrary units) have been simulated. For a plate with
a square groove, exactly the same procedure is followed. Figures 5 and 6 show
respectively typical patterns for fingering in a circular grooved plate and a square
grooved plate, the groove having a side 16 units long. The simulation is continued
until the fingers reach the groove.
It is to be noted that, in each time-step after the initial time-step, the pressure P (x, y) is calculated first from Poisson’s equation, in order to get the average
pressure along the groove. Force conservation is ensured, and then the pressure
distribution is again calculated from Laplace equation with the groove as the inner
boundary. This pressure distribution is used in Darcy’s law to get the interface
velocity. The actual advancement of the fingers, occurs of course, only once in a
time-step.
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Figure 4. Flow chart illustrating the sequence of steps followed for the simulation of the grooved patterns.

5. Results
We have studied the development of fingers on a fluid blob of radius 24 units. The
results we have presented are for µ = 0.014–0.017. The initial central pressure p00,
which determines the lifting force has been varied from 13 to 15. All parameter
values are in arbitrary units. For still lower pressure there is no fingering. δt has
been taken as 0.7, and this makes the finger advancement length optimum. There
is scope for variation of parameter combinations to look at larger sized systems.
We have chosen the parameter values such that about 5–10 time-steps take the
fingers to the centre for the plane plate. Since fingers are advanced in discrete steps
determined by the velocity, a velocity less than 1 means no advancement in that
step.
5.1 Plane plate
Changes in the pattern due to variation of µ is shown in figures 2 and 3 for µ = 0.014
and 0.015 respectively, with p00 = 14.6. The plate separation at each time-step can
Pramana – J. Phys., Vol. 73, No. 4, October 2009
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Figure 5. Simulated fingering pattern for a circular grooved plate. The
pattern is developed in 5 time-steps, after that fingers touch the groove. See
text for more details.

be calculated from the inverse of the area covered by the fluid, since the volume
of fluid is constant. We find that the separation increases exponentially and some
results are shown in figure 7.
Interestingly, the experimental results also show an exponential increase [16],
though this is not predicted from theory [2]. Experimentally obtained plate separation, also calculated from the volume divided by area of contact of the fluid, as a
function of time is shown in figure 8. The exponential fit is also shown.
Figure 9 shows the variation of the fluid area of contact, as a function of µ. For
smaller µ, fingers penetrate more and the area of contact decreases strongly.
5.2 Grooved plate results
The groove diameter for the circular groove and the side for the square groove
are chosen as 16 units. For smaller values, the effect of the groove is much less
noticeable, and for larger values, it comes too close to the periphery.
In the present report, we stop the simulation as soon as the groove is reached,
but the study can be extended to let secondary fingers proceed from the groove to
the centre. Multiple grooves as shown in figure 1D can also be introduced in future.
However, for the present simple case, results are already quite interesting. Salient
features are discussed in the next section.
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Figure 6. Simulated fingering pattern for a square grooved plate. The pattern is developed in 5 time-steps, till fingers just touch the groove. See text
for more details.

Figure 7. Simulated plate separation as a function of time for several lifting
pressures are represented by the symbols, the lines are exponential fits. All
quantities are in arbitrary units.

6. Discussion
At a glance figure 2 shows that the fingers formed look quite realistic, when compared with experimental results shown for the plane plates in figure 1. The initial broadening and later tapering nature of the fingers is reproduced, as is the
Pramana – J. Phys., Vol. 73, No. 4, October 2009
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Figure 8. Experimental plate separation as a function of time is represented
by the symbols, and the line is the exponential fit.
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Figure 9. Simulated area of contact of fluid, as a function of time for varying
viscosity is shown. All quantities are in arbitrary units.

suppression of several fingers due to screening. The imposition of the square
geometry makes the finger boundaries somewhat artificially jagged at some places.
Smoother contours may be obtained by taking larger systems with a finer mesh of
points, thus requiring more computer memory. The simulation pattern looks more
like the non-Newtonian fingering in this respect, though of course non-Newtonian
nature has not been included in the theory.
On comparison with the simulated grooved patterns, figures 5 and 6, with A
and B in figure 1, we see that the essential features introduced by the grooves
are reproduced. The circular groove stabilizes pressure gradients and makes more
fingers grow longer, compared to the plane plate patterns.

752

Pramana – J. Phys., Vol. 73, No. 4, October 2009

Computer simulation of viscous fingering

Figure 10. Simulated fingering pattern for a plane plate under the same
conditions as for figures 5 and 6. The pattern developed in 5 time-steps shows
much slower growth of fingers than for the grooved plates.

The difference between the square and circular grooved patterns is also noticeable.
In figure 1, experiments show that with the circular groove, all fingers grow more
or less equally, while with the square groove, the growth is favoured towards the
corners. This is expected, since the pressure gradients are stronger here. Looking
at figures 5 and 6, we see that this is exactly the case in the simulation too. The
simulated patterns shown have same initial conditions and all other parameters are
the same, to facilitate comparison. The time for growth is 5 time-steps. Another
striking result is that with grooves, the rate of growth is somewhat enhanced. Figure
10 shows the situation after 5 time-steps for the plane plate, the fingers are much
smaller here, compared to figures 5 and 6, also taken after 5 time-steps. This seems
to bear out the report of faster growing fingers with grooves, in [14]. However, a
comparison between simulation and experiment is rendered difficult by the fact that
the extra fluid and larger depth at the grooves cannot be taken into account. The
assumption that the same volume of fluid with and without grooves will produce
an initial blob with the same radius cannot be true in reality.
To conclude, the complex viscous fingering process with grooved plates can be
generated by a simple computer algorithm. It appears that the major effect of
the grooves is manifested through a redistribution of pressure, rather than a local
change of depth. Another effect is the change in speed of finger growth.
Viscous fingering with anisotropy has been simulated by [13], but that is for
the normal HS with a network pattern. Fingering in LHSC with ferrofluids has
also been simulated [17]. To our knowledge, this is the first attempt at simulating
fingering with etched plates in the LHSC and the results are encouraging.
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