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Abstract. The steady-state amplification of light beam during two-wave mixing in photorefractive materials has been analysed in the strong nonlinear regime. The oscillation
conditions for unidirectional ring resonator have been studied. The signal beam can be
amplified in the presence of material absorption, provided the gain due to the beam coupling is large enough to overcome the cavity losses. Such amplification is responsible for
the oscillations. The gain bandwidth is only a few Hz. In spite of such an extremely narrow bandwidth, unidirectional oscillation can be observed easily at any cavity length in
ring resonators by using photorefractive crystals as the medium and this can be explained
in terms of the photorefractive phase-shift. The presence of such a phase-shift allows
the possibility of the non-reciprocal steady-state transfer of energy between the two light
beams. Dependence of gain bandwidth on coupling constant, absorption coefficient of the
material’s cavity length (crystal length) and modulation ratio have also been studied.
Keywords. Two-wave mixing; unidirectional ring resonator; photorefractive phase-shift;
non-reciprocal energy transfer.
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1. Introduction
Amplification of light via two-wave coupling effect in photorefractive materials has
given pathways to many applications of these materials. Several interaction geometries have been tried to study the two-wave coupling effects, out of which the most
elegant and simple configuration is the unidirectional ring resonator [1] shown in
figure 1.
In this geometry, a photorefractive material in single crystal form is placed in a
ring cavity and pumped by an external light beam. Fanning of the incident beam
inside the crystal takes place. Some of the fanned light is directed around the loop
to re-enter the crystal via the three-mirror set-up M1 , M2 , and M3 . The two-beam
coupling gain is directional and is determined by the symmetry, alignment and
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Figure 1. Unidirectional photorefractive ring resonator.

charge transport properties of the crystal [2] which results in unidirectional property
in the ring, i.e. the light moving, say, in the clockwise sense is amplified while the
light moving in the anti-clockwise sense is not amplified due to material loss and vice
versa. For the two-beam coupling gain above a threshold the resonating beam grows
from the amplification of the fanned light. The typical resonator conditions require
that the optical path length inside the cavity must be equal to an integral multiple
of the wavelength of the incident pump beam. However, the unique feature of the
photorefractive ring resonator is that the oscillation builds up almost regardless
of the optical cavity length. The frequency of oscillation is determined by the
round trip phase condition. The appropriate phase difference after one round trip
to satisfy the resonator condition is provided by the phenomenon of spontaneous
occurrence of small frequency shift between the resonating (signal) and external
(pump) beams. Any change of the ring cavity length is compensated by the change
of the frequency of the signal beam.
Theory of such an interaction [2] is based on non-degenerate two-wave mixing
and shows that the coupling coefficient which depends on the frequency difference
(ω) of the pump (ωp ) and signal (ωs ) beams is smaller than that in the degenerate
two-wave mixing. This coupling coefficient also depends on the parameters of the
material and the experimental geometry. The magnitude of the coupling coefficient
determines the amplification of the signal beam. The intensity and frequency of the
signal beam are independent of one another and both of these change due to changes
in the length of the ring resonator. This feature is unique for photorefractive ring
resonator. An efficient resonator can be realized even with moderate coupling
coefficient γ (of the order of 5/cm) for low values of absorption coefficient α (below
0.1/cm). These two conditions are simultaneously fulfilled in a RhBaTiO3 crystal
using an NIR (1.06 µm) laser as a pump beam [3,4].
2. Theory of oscillations in unidirectional ring resonators
Let the photorefractive crystal be placed with its thickness along z-axis with origin
of the coordinate system at the centre of the left crystal plane z = 0. The signal
and pump beams make symmetrically equal angles with the z-axis. Thus, the right
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crystal plane is the plane z = l, where l is the crystal thickness. The electric fields
of the pump and signal waves inside the photorefractive medium are given by
~p = A
~ p (z) exp[j(ωp t − ~kp · ~r )] + c.c.
E

(1a)

~s = A
~ s (z) exp[j(ωs t − ~ks · ~r )] + c.c.
E

(1b)

with
~ p (z)| = Ap (z) =
|A
~ s (z)| = As (z) =
|A

p

Ip exp(jψp ),

p
Is exp(jψs ),

(2a)
(2b)

where Ap (z) and As (z) are the slowly varying amplitudes; ωp and ωs are the angular
frequencies and ~kp and ~ks are the wave vectors of the pump and signal beams with
intensities Ip and Is and phases ψp and ψs , respectively. The photorefractive crystal
is assumed to be isotropic and optically inactive and both the beams are taken
to be polarized perpendicular to the plane of incidence (i.e., s-polarized). If the
frequencies of the two beams are equal, a stationary interference fringe pattern is
formed. However, if the two frequencies differ by a small amount ω(= ωp − ωs )
the formed interference pattern moves through the volume of the crystal along the
z-axis with the speed v = ω/k, where k = |~k| and ~k = ~kp − ~ks . The frequency ω is
also called the oscillation frequency shift or the frequency detuning. The intensity
of the interference pattern is given by
~p + E
~ s | 2 = (E
~p + E
~ s )(E
~p + E
~ s )∗ .
IT = |E

(3)

Using the expressions for the electric fields (eqs (1a) and (1b)), the intensity (IT )
due to the two degenerate wave mixing can be written as
IT = |Ap |2 + |As |2 + A∗p As exp(j~k · ~r ) + Ap A∗s exp(−j~k · ~r ).

(4)

The magnitude of the wave vector ~k is given by 2π/Λ, where Λ is the spatial period
of the interference fringe pattern. The intensity expression (4) represents a spatial
variation of optical energy inside the photorefractive medium. According to the
band transport model [5–7], such an intensity pattern will generate and redistribute
charge carriers. As a result, a space charge field is created in the photorefractive
medium, which induces an index volume grating via Pockel’s effect [8]. In general,
the index grating will have a spatial phase-shift relative to the interference fringe
pattern [6].
The index of refraction in the volume of grating thus generated is given by [9]
·
¸
n1
Ap A∗s
n = n0 +
exp(jφ)
exp{j(~k · ~r − ωt)} + c.c. ,
(5)
2
I
where c.c. represents complex conjugation and I is the sum of the intensities of the
two waves, i.e.,
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I = Ip + Is ≡ |Ap |2 + |As |2 .

(6)

The constant term n0 in eq. (5) is the index of refraction in the absence of light,
and n1 is a real and positive number. φ is the phase by which the index grating is
shifted spatially with respect to the light interference pattern. The value of φ and
n1 are related to the frequency detuning ω of the photorefractive medium and are
given as [10]
φ = φ0 + tan−1 (ωτ ),
n1 = √

2∆ns
,
1 + ω2 τ 2

(7)
(8)

where τ is the decay time constant of the photorefractive grating, ∆ns is the saturation value of the photo-induced index change and φ0 is a constant phase-shift
related to the non-local response of the crystal under the interference fringe illumination. The parameters ∆ns and φ0 depend on the grating spacing (Λ) and its
direction, as well as on the material properties of the crystal, e.g., the electro-optic
coefficients and therefore, on the applied electric field [7,11]. In photorefractive
medium that operates by diffusion only (i.e., no external static electric field), e.g.,
barium titnate (BaTiO3 ) crystal, the magnitude of φ0 is π/2 with its sign depending
upon the direction of the c-axis.
The finite spatial phase-shift between the interference pattern and the induced
volume index grating has been known for some time [12,13]. The presence of such
a phase-shift allows the possibility of the non-reciprocal steady-state transfer of
energy between the two light beams. Steady-state coupled wave equations for the
degenerate two-beam coupling are given by [14]
dIp
Ip Is
= −γ
− αIp
dz
Ip + Is

(9)

dψp
Is
=β
dz
Ip + Is

(10)

dIs
Ip Is
=γ
− αIs
dz
Ip + Is

(11)

Ip
dψs
=β
.
dz
Ip + Is

(12)

The constants β and γ appearing in eqs (9)–(12) are given by
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γ=

2πn1
sin φ,
λ cos θ

(13)

β=

πn1
cos φ,
λ cos θ

(14)
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where λ is the wavelength of the laser beam and θ is half the angle between the
signal and pump beams inside the photorefractive medium. Adding eqs (9) and
(11) and integrating with respect to z yields
Ip (z) + Is (z) = I0 exp(−αz),

(15)

where I0 = Ip (0) + Is (0) with Ip (0) and Is (0) respectively are the pump and signal
intensities at z = 0. Using eq. (15), eqs (9) and (11) give the following differential
equations:
γ
dIp
− Ip2 exp(αz) + (γ + α)Ip = 0
dz
I0

(16)

dIs
γ
+ Is2 exp(αz) − (γ − α)Is = 0.
dz
I0

(17)

Equations (16) and (17) can be integrated to yield the expressions for the pump
and signal beam intensities as
(1 + m−1 ) exp(−αz)
,
1 + m−1 exp(γz)

(18)

(1 + m) exp(−αz)
,
1 + m exp(−γz)

(19)

Ip (z) = Ip (0)

Is (z) = Is (0)

where m is the input intensity ratio given by
m=

Ip (0)
.
Is (0)

(20)

From eq. (19) it is obvious that in the absence of the material absorption (α = 0),
the intensity of the signal beam Is (z) is an increasing function of z, whereas the
intensity of the pump beam (eq. (18)) Ip (z) is simultaneously a decreasing function
of z. This energy transfer from the pump beam to the signal beam can be described
by the coupling constant γ whose sign depends on the direction of the c-axis. As a
result of the coupling γ > 0 the signal beam gains energy from pump beam. In the
presence of material absorption (i.e., α > 0), the signal beam can still be amplified
provided the gain due to the beam coupling is large enough to overcome the cavity
losses. Such amplification is responsible for the oscillation.
If the values of Ip (z) and Is (z) are known, the photorefractive phases ψp and
ψs can be obtained by integrating eqs (10) and (12). The phase-shift in traversing
through the photorefractive medium for the signal beam is given as
∆ψ = ∆ψ0 + ∆ψc ,

(21)

where ∆ψ0 represents the phase shift in the absence of photorefractive coupling
resulting due to passage of the signal beam through the photorefractive medium
only and it is given by
Pramana – J. Phys., Vol. 72, No. 4, April 2009
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∆ψ0 =

2π
n0 l.
λ

(22)

The second term ∆ψc on the RHS of eq. (21) represents the additional phase-shift
in the presence of photorefractive two-beam coupling and it is given by
∆ψc = ψs (l) − ψs (0).

(23)

Substituting the values of Ip (z) and Is (z) from eqs (18) and (19) into eq. (12) and
integrating it we get
Z
∆ψc = ψs (l) − ψs (0) =
0

l

βdz
.
1 + m−1 exp(γz)

(24)

It can be seen that this photorefractive phase-shift is independent of the material
absorption coefficient α. On integrating, eq. (24) yields the following expression
for the phase-shift due to photorefractive two-beam coupling as
¾
½
β
1+m
∆ψc = − loge
.
(25)
γ
1 + m exp(−γl)
Now eqs (19) and (25) can be used to study the properties of the parametric unidirectional photorefractive ring resonators.
2.1 Frequency and intensity of oscillations
The gain inside the ring resonator is provided by amplification of the signal beam
in two-wave mixing. This amplification is based on two main conditions. First,
the two-wave coupling gain has to overcome passive losses inside the resonator, and
second, the phase of the oscillating wave after one round trip has to be an integral
multiple of 2π. For photorefractive crystal that operates by diffusion only φ0 = π/2.
Therefore, using eqs (7), (8) and (13), the coupling constant γ can be written as
γ0
,
1 + (ωτ )2

γ=

(26)

where γ0 is the coupling constant for the case of degenerate two-wave mixing (i.e.,
ω = ωp − ωs = 0) and is given by the expression
γ0 =

4π∆ns
.
λ cos θ

(27)

The parametric two-wave mixing gain can be defined as
g=

Is (l)
.
Is (0)

Equations (19) and (28) lead to the following expression for g:
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g≡

(1 + m) exp(−αl)
.
1 + m exp(−γl)

(29)

For large m, i.e., in the beginning of the coupling, the terms 1 + m and
1 + m exp(−αl) in eq. (29) can be approximated by m and m exp(−αl) respectively and therefore, the gain g can be written as
g ≈ exp{(γ − α)l}.

(30)

From eq. (30) we see that amplification (g > 1) is possible only when γ > α.
Differentiating eq. (29) with respect to l and equating (dg/dl) to zero gives the
value of l as
½
¾
1
m(γ − α)
.
(31)
l = lm = loge
γ
α
Equation (31) gives us acceptable values of l for the condition γ > α only. The
value of l given by (31) corresponds to the extremum value of g. To find whether
this value is maximum or minimum, evaluation of the second derivative of g with
respect to l is needed for this value of lm . Putting lm in the expression of d2 g/dl2
gives negative value suggesting that lm corresponds to the maximum value of g.
The gain is significant only when |ωp − ωs |τ < 1. For materials such as SBN and
BaTiO3 , τ is between 1 and 0.1 s. Thus, the gain bandwidth is only a few Hz and
in spite of such an extremely narrow bandwidth, unidirectional oscillation can still
be observed easily at any cavity length in ring resonators using BaTiO3 crystals
as the photorefractive medium. Such phenomenon can be explained in terms of
the additional phase shift ∆ψc . Contrary to the above the width of the gain curve
for the conventional gain medium is typically several GHz mainly due to Doppler
broadening [14]. Further, there are two main differences between the photorefractive
and the usual atomic gain media: (i) the photorefractive medium responds to the
intensity of the incident beam, not to the electric field amplitude, as is the case
with an atomic medium and (ii) the response time of the photorefractive medium is
typically orders of magnitude longer than the response time of the atomic medium
(e.g. ∼10−3 –1 s for barium titnate compared with ∼10−8 s for a helium–neon
medium). Hence, the response time of the photorefractive gain medium is much
longer than the passive-cavity energy decay time which is responsible for the strong
pulling of the resonator field frequencies towards the pump frequency.
2.2 Conditions of oscillations
Now one can investigate the boundary conditions appropriate to a unidirectional
ring oscillator. Similar to the case of laser oscillators, the oscillation of the ring
resonator starts from the noises generated by scattering and quantum fluctuation.
In photorefractive crystals the scattering dominates the noise contribution. Initially
there could be a little amount of light scattered along the direction of the ring
resonator. The two-wave mixing process in the photorefractive crystal amplifies
this scattered light having frequencies differing from the frequency of the pump
beam by ω(≤ 30 Hz). As the intensity of this light in the resonator builds up, the
Pramana – J. Phys., Vol. 72, No. 4, April 2009
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parameter m decreases. The build-up of oscillation intensity leads to a saturation
of the gain. For the steady-state oscillations, after each round trip the phase and
intensity of the electric field of the signal beam must reproduce. Therefore, the
oscillations are sustained for the conditions
Z
∆ψc + k ds = 2N π,
(32)

gR = 1,

(33)

where the integration (in eq. (32)) is over a round-trip beam path and the parameter
R (in eq. (33)) is the product of the reflectivities of the mirrors M1 , M2 and M3 .
Defining the cavity-detuning parameter ∆Γ by
Z
0
∆Γ = 2N π − k ds,
(34)
where N 0 is an integer chosen in such a way that ∆Γ lies between −π and +π, eqs
(32) and (34) yield
∆ψc = ∆Γ + 2M π,

(35)

where M is an integer. Thus, oscillation can be sustained only when the cavity
detuning is compensated by the photorefractive phase-shift ∆ψc . Combining eqs
(29) and (33) gives us
R=

1 + m exp(−γl)
.
(1 + m) exp(−αl)

(36)

Using eqs (25) and (36) the phase-shift ∆ψc can be written as
∆ψc = −

β
loge [R exp(−αl)].
γ

(37)

For the case of pure diffusion, φ0 = π/2 and hence, from eq. (7) we have
ωτ = − cot φ.
From eqs (13), (14) and (37) one obtains
½
¾
cot φ
∆ψc = −
{loge R − αl}.
2

(38)

(39)

Using eqs (35), (38), and (39) one gets the expression for the oscillation frequency
shift Ω as
ωτ =

−2∆ψc
−2(∆Γ + 2M π)
=
.
αl − loge R
αl − loge R

Equations (29) and (33) can be solved for m values as
716
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Figure 2. Variations of photorefractive gain g with coupling constant γ
(l, m, α) for different values of (a) m (fixed α and l), (b) l (fixed α and m)
and (c) α (fixed m and l) respectively.

½
m=

1 − R exp(−αl)
R exp(−αl) − exp(−γl)

¾
.

(41)

In eq. (41) m must be positive and R exp(−αl) < 1 (since R < 1 and α >
0). Therefore, the numerator of eq. (41) is positive. Thus, for positive m the
denominator of eq. (41) must be positive which gives the threshold condition for
the oscillations as
γl > αl − loge R(≡ γt l),

(42)

where γt is the threshold parametric gain constant. As the two-beam coupling
constant γ is a function of oscillation frequency shift ω, from eq. (42) it is obvious
that the parametric gain is above the threshold only in a finite spectral regime.
Using eq. (26), eq. (42) becomes
s½
¾
γ0 l
− 1.
(43)
|ωτ | <
αl − loge R
From inequality (43) one obtains the spectral regime where the parametric gain γ
is above the threshold values γt , i.e., γ > γt .
Pramana – J. Phys., Vol. 72, No. 4, April 2009
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Figure 3. Variations of photorefractive gain g with crystal length l for different values of (a) γ (fixed m and α), (b) α (fixed γ and m) and (c) m (fixed
α and γ) respectively.

The photorefractive ring resonator will have sustained oscillations only when the
oscillation frequency shift ω falls within this spectral regime. The same frequency
shift ω must also satisfy expression (43) and thus, using eqs (39) and (43) we also
obtain the oscillation condition as
s½
¾
2|∆ψc |
γ0 l
<
− 1.
(44)
αl − loge R
αl − loge R
From eqs (42) and (44) we have
γ0 l > γt l +

1
(2∆ψc )2 ≡ Gt l,
γt l

(45)

where Gt is the threshold gain when ∆ψc 6= 0. From eqs (35) and (45) it can be
seen that the threshold gain increases as a function of the cavity detuning ∆Γ. The
cavity detuning ∆Γ determines not only the frequency shift ω (eq. (40)) but also
the threshold gain Gt .
718
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Figure 4. Variations of photorefractive gain g with absorption coefficient α
for different values of (a) m (fixed γ and l), (b) l (fixed γ and m) and (c) γ
(fixed m and l) respectively.

The cavity detuning ∆Γ defined in eq. (34) lies between −π and +π. However
the photorefractive phase shift ∆ψc (eq. (25)) can be greater than π. Under
this condition, the unidirectional ring resonator may oscillate at more than one
frequency which are given by eq. (40) with M = 0, ±1, ±2, . . . , and with their
respective threshold gain given by
Gt l = γt l +

1
{2(∆Γ + 2M π)}2 .
γt l

(46)

Thus, it can be seen that for each cavity detuning ∆Γ, the unidirectional ring
resonator can support multimode oscillations for the fairly large values of coupling
constant γ0 .
3. Results and discussion
The parametric gain g depends on γ, l, α and m (eq. (29)). The variations of g
with γ for different values of m (fixed α and l), l (fixed α and m) and α (fixed m
and l) are shown in figures 2a, 2b and 2c respectively.
Pramana – J. Phys., Vol. 72, No. 4, April 2009
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Figure 5. Variations of photorefractive gain g with m for different values
of (a) l (fixed γ and α), (b) γ (fixed l and α) and (c) α (fixed γ and l)
respectively.

From figure 2a it is obvious that the gain g increases rapidly with increasing γ
for m À 1. It can also be seen that g increases exponentially with increasing γ
and finally attains a saturation value (figure 2b). It is interesting to note that the
saturation value of g decreases with increasing l. From figure 2c, similar variation
can be observed for different values of α. In this case also as α increases the
saturation value of g decreases from ∼100 for α = 0 to ∼1.0 for α = 5 cm−1 .
Figures 3a, 3b and 3c respectively show the variations of g with l for different
values of γ (fixed m and α), α (fixed γ and m) and m (fixed α and γ). It can be
seen (figure 3a) that for fixed m and α, g grows with increasing l initially, reaches
a maximum value corresponding to the value of l = lm (eq. (31)) and decreases
afterwards. For l > 1.5 cm the curves with different γ values merge. As γ increases,
the peak height increases whereas the value of lm decreases. Similarly, from figure
3b it can be seen that for non-absorbing photorefractive crystal (α = 0), g grows
exponentially with increasing l obtaining a saturation value of ∼100. However, for
absorbing photorefractive crystal (α 6= 0), g vs. l curve possesses a maximum. As α
increases, the peak height as well as the value of lm decrease. Similar to the above
720
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Figure 6. Variations of loge g with ωτ for different values of (a) l (fixed γ0 ,
α and m), (b) γ0 (fixed l, m and α), (c) α (fixed γ0 , m and l) and (d) m
(fixed γ0 , α and l) respectively.

two cases, the g vs. l curve at different values of m show maximum (figure 3c). For
m < 1.0 the gain is insignificant. However, as m increases above 1.0 the gain also
increases. With increasing m the peak height increases whereas the peak position
shifts to lower lm values. The opposite change in the peak height for increasing α
and γ can be understood easily as increasing α reduces the intensity of the beams
which is expected to reduce the gain. On the other hand, increasing γ enhances
the transfer of energy from the pump beam to the signal beam thereby increasing
the gain.
The variations of g with α for different values of m (fixed γ and l) , l (fixed γ
and m) and γ (fixed m and l) are shown in figures 4a, 4b and 4c respectively. From
figure 4a it is clear that gain is almost independent of α for m < 100. However,
for m À 100, g is very large for smaller values of α and decays drastically with
increasing α. Similar variations of g with l and γ can be seen from figures 4b and
4c. It is to be noted that for different values of l, any two g vs. α curves do not
coincide (figure 4b) whereas, g vs. α curves with different values of γ coincide for
γ ≥ 10.0 (figure 4c).
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Figure 7. Variations of photorefractive phase-shift ∆ψc with l for different
values of (a) m (fixed ωτ and γ0 ), (b) ωτ (fixed γ0 and m) and (c) γ0 (fixed
ωτ and m) respectively.

Figures 5a, 5b and 5c respectively depict the variations of g with m for different
values of l (fixed γ and α), γ (fixed l and α) and α (fixed γ and l). From figure
5a, it is clear that for thicker crystal g varies almost linearly with m. However,
for thinner crystal g saturates at much lower values of m. From figure 5b, it is
apparent that g vs. m curves are coincident for γ values 10, 15, 20, 25, . . . cm−1 .
However, at relatively smaller values of γ, g saturates at lower m values. Contrary
to the above, g vs. m curves are linear for 0 ≤ m ≤ 200 for α values lying in the
range 0–5 cm−1 (figure 5c).
The variation of loge g with ωτ for different values of l (fixed γ0 , α and m), γ0
(fixed l, m and α), α (fixed γ0 , m and l) and m (fixed γ0 , α and l) are shown
in figures 6a, 6b, 6c and 6d respectively. With increasing value of the oscillation
frequency shift, gain decreases rapidly. For a given value of the oscillation frequency
shift, the gain increases with increasing l (figure 6a), γ0 (figure 6b) and m (figure
6d) whereas it decreases with increasing α (figure 6c). It is interesting to note that
at ωτ = 3.0 the gain is very close to 1.0 irrespective of the crystal thickness (figure
6a).
Figures 7a, 7b and 7c respectively show the variations of photorefractive phaseshift ∆ψc with l for different values of m (fixed ωτ and γ0 ), ωτ (fixed γ0 and
m), γ0 (fixed ωτ and m). From figure 7a it is obvious that the phase-shift grows
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Figure 8. Variations of phase-shift ∆ψc with ωτ for different values of (a) γ0
(fixed m and l), (b) m (fixed γ0 and l) and (c) l (fixed γ0 and m) respectively.

exponentially with l and reaches saturation values. The saturation is reached at
lower l values for lower values of m. As regards to the saturation of the gain similar
behaviour has been observed for the phase-shift with increasing l for different γ0
(figure 7c). However, in this case the saturation is reached at lower values of l for
higher values of γ0 . The variation of the phase-shift with l also shows saturation
for different values of ωτ (figure 7c). Phase-shift ∆ψc increases linearly with l
(figure 7b).
The variation of phase-shift ∆ψc with ωτ for different values of γ0 (fixed m and l),
m (fixed γ0 and l), l (fixed γ0 and m) are shown in figures 8a, 8b and 8c respectively.
The phase-shift ∆ψc is a function of the oscillation frequency shift ω = ωp − ωs .
As the value of |ωτ | increases, the value of |∆ψc | increases, reaches to a maximum
and then decreases to zero slowly. The magnitude of the phase-shift for a given
value of ωτ increases with increasing γ0 , m and l.
Figures 9a, 9b and 9c show the variations of phase-shift ∆ψc with degenerate
coupling constant γ0 for different values of m (fixed ωτ and l), ωτ (fixed m and l),
l (fixed ωτ and m) respectively. As expected (eq. (35)) the variations of ∆ψc with
γ0 for different values of m, ωτ and l are similar to those of ∆ψc with l.
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Figure 9. Variations of phase-shift ∆ψc with degenerate coupling constant
γ0 for different values of (a) m (fixed ωτ and l), (b) ωτ (fixed m and l) and
(c) l (fixed ωτ and m) respectively.

Figures 10a, 10b and 10c respectively present the variations of ∆ψc with m for
different values of l (fixed ωτ and γ0 ), γ0 (fixed l and ωτ ) and ωτ (fixed l and
γ0 ). It is clear from figures 10a and 10b that the phase-shift increases with increase
of m for different l and γ but becomes constant after a particular value of m
and these m values increase as l value increases. However, for γ0 ≥ 10.0 all the
curves are coincident suggesting that for γ0 ≥ 10.0 the phase-shift becomes almost
independent of γ0 . Figure 10c shows that the phase-shift becomes constant at lower
values of m for higher values of the oscillation frequency shift.
4. Conclusions
Due to two-beam coupling in the photorefractive material the signal beam can be
amplified even in the presence of material absorption (i.e., α > 0), provided the gain
due to the beam coupling is large enough to overcome the cavity losses and such
amplification is responsible for the oscillations in the unidirectional ring resonators.
The phase-shift (∆ψc ) introduced in the signal beam due to traversal through the
724
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Figure 10. Variations of ∆ψc with m for different values of (a) l (fixed ωτ
and γ0 ), (b) γ0 (fixed l and ωτ ) and (c) ωτ (fixed l and γ0 ).

crystal in the presence of photorefractive two-beam coupling is independent of the
material absorption coefficient α. This phase-shift is an important factor responsible for the oscillations. The gain (g) vs. crystal thickness (l) curves possess maxima
indicating that at a particular value of crystal thickness the gain is maximum for
a given set of other parameters. For these resonators the gain bandwidth is only a
few Hz. In spite of such an extremely narrow bandwidth, unidirectional oscillation
can be observed easily at any cavity length in ring resonators using a particular
photorefractive medium. Such phenomenon can be explained in terms of the photorefractive phase-shift ∆ψc . The parametric gain is above the threshold (γt ) only
in a finite spectral regime. The photorefractive ring resonator has sustained oscillations only when the oscillation frequency shift ω falls within this spectral regime.
The cavity detuning ∆Γ lies between −π and +π. However, the photorefractive
phase-shift ∆ψc can be greater than π. Under this condition, the unidirectional
ring resonator may oscillate at more than one frequency which are given by eq.
(50) with M = 0, ±1, ±2, . . .. Thus, it can be seen that for each cavity detuning ∆Γ, the unidirectional ring resonator can support multimode oscillations for
fairly large values of coupling constant γ0 . Different modes have different gains
in a unidirectional ring oscillator, which depend on the parameters characterizing
the photorefractive medium and the passive cavity. The mode having higher value
Pramana – J. Phys., Vol. 72, No. 4, April 2009
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of gain can suppress one or other modes. By properly selecting the parameters of
unidirectional ring oscillator and pump intensity, oscillations can be sustained for
any particular mode [15].
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