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Abstract. Empirical study shows that many real networks in nature and society share
two generic properties: they are scale-free and they display a high degree of clustering.
Quite often they are modular in nature also, implying occurrences of several small tightly
linked groups which are connected in a hierarchical manner among themselves. Recently,
we have introduced a model of spatial scale-free network where nodes pop-up at randomly
located positions in the Euclidean space and are connected to one end of the nearest link
of the existing network. It has been already argued that the large scale behaviour of this
network is like the Barabási–Albert model. In the present paper we briefly review these
results as well as present additional results on the study of non-trivial correlations present
in this model which are found to have similar behaviours as in the real-world networks.
Moreover, this model naturally possesses the hierarchical characteristics lacked by most
of the models of the scale-free networks.
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1. Introduction
In recent years empirical observations on a large number of real-world networks
have revealed two common features in their structural properties. Namely, these
networks have highly heterogeneous structures and it is apparent in their nodal
degree distributions having power-law tails. For this reason they are called the
scale-free networks (SFN). In addition, a significant amount of local correlations are
observed in these networks, which are characterized by the clustering coefficients
and are measured by the three-point correlation functions among the local nodes
of the network [1–5].
A number of different models have been proposed for these networks over the last
several years which mainly tried to reproduce these features. Among them one of
the most well-known networks is the one by Barabási and Albert (BA) [1]. Though
this model is very successful to generate an SFN with a non-trivial power-law degree
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distribution, no significant local correlation as present in real-world networks has
been observed in this model [1,2].
One of the most important scale-free networks is Internet [6]. The difference the
Internet has with other networks is that a large part of Internet is embedded in
Euclidean space by the cable and wire connections [7–9]. Therefore, it is indeed
necessary to frame a suitable model of an SFN whose nodes as well as links both lie
on the Euclidean space and whose growth procedure is determined by considerations
related to Euclidean measures. In a recent work [10] we have proposed a Euclidean
scale-free network whose growth is controlled by a local selection rule. In the
limiting case of very large network sizes this model is seen to follow the same
degree distribution as in the BA model. In the present paper we argue using the
numerical evidence that the same model network indeed has a hierarchical structure
associated with non-trivial clustering coefficient as observed in real-world networks.
The number of links k meeting at a node of the network is called the ‘degree’ of
that node. The probability that a randomly selected node has degree k is denoted by
P (k). For the large SFNs the degree distribution varies as a power law: P (k) ∼ k −γ ,
where γ is regarded as a critical exponent characterizing the degree distribution [2].
Secondly, the clustering coefficient for an arbitrary node i with degree ki is defined
as Ci = 2ni /[ki (ki − 1)], where ni is the number of links among the ki neighbours of
i. Empirical measurements on the clustering properties of the real-world networks
have revealed the following common features: (i) The clustering coefficient hCi
averaged over all nodes is significantly larger compared to the random networks of
similar size [11], (ii) the clustering coefficients of these networks do not depend on
their sizes N [2] and (iii) the clustering coefficient averaged over all nodes of same
degree k shows the hC(k)i ∼ k −1 scaling, which is regarded as the signature of a
hierarchical structure in many real-world networks [12].
Apart from this, many networks are found to be modular: small groups of nodes
that are highly interconnected between themselves, but intergroup links are comparatively few in numbers. In social networks such modules represent groups of
friends or coworkers. These numerous groups combine with each other in a hierarchical manner, generating a hierarchical network.
In the above description the networks are considered to have binary structures,
i.e., a pair of nodes are either connected by a link or disconnected. However,
in reality, even the linked pairs have a large variation of their strengths. Quite
often, these strengths of ties between nodes are not similar and may even be highly
heterogeneous. This strength of a link is called the weight of the link and such a
network is called the weighted network. A number of examples from widely different
fields can be cited for such networks, e.g., the number of passengers between a pair
of airports [13], strength of pair-interaction between two species in ecological system
[14], number of co-authored papers of two authors [15], magnitude of data traffic
in a link of the Internet [6] or volume of trade between two countries are few wellknown examples of weighted networks [16,17].
In this context one can define a nodal strength si in a weightedPnetwork which
supports the total weight of all links meeting at the node i: si = j wij . For the
world-wide airport network (WAN) it has been observed that the nodal strength
averaged over all nodes of degree k varies as hs(k)i ∝ k β with β > 1 where the
link weight is defined either by the number of passenger seats or by the Euclidean
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Figure 1. The picture of a network of N = 212 nodes, each node is a randomly positioned point on the unit square and is connected randomly to one
end of the nearest link.

distance between successive stops [18]. Average link weight again scales with the
product of the degree values of the two end-nodes: hwij i ∝ (ki kj )θ with θ ≈ 0.5 for
WAN [18]. For the metabolic networks where link weights represent the optimal
metabolic fluxes, β is observed to be approximately 0.8 for E. Coli. A number of
models have been proposed to reproduce similar non-linear behaviours [19–21].
A detailed look into the different unweighted networks shows that most models
have difficulty in capturing simultaneously these two features, the high clustering
and scale-free degree distribution.
Let us discuss the BA model in some more detail [1,2]. Starting from a small
connected network, here the network grows incrementally by adding nodes one by
one. The new nodes get connections to the already existing nodes of the network
in a probabilistic fashion guided by a linear attachment probability rule (‘rich get
richer’ principle) which guarantees that large degree nodes grow at higher rates. In
BA model the degree exponent γ is known to be exactly 3.
On the other hand, the BA networks cannot reproduce the non-trivial correlations
observed in many real-world networks. The BA networks produce a larger clustering
coefficient than the corresponding random networks of same size. The average
clustering coefficient decreases with the system size as C(N ) ∼ N −0.75 for BA
network and ∼ (ln N )2 /N for the random networks [22]. However for several realworld systems C(N ) is practiaclly independent of N . Moreover, in BA model C(k)
is independent of k contrary to the empirical observation that C(k) ∼ k −a .
In a recent paper [10], we questioned the general requirement of the ‘linear attachment’ rule of the BA model as a necessary criterion to achieve an SFN. We
Pramana – J. Phys., Vol. 71, No. 2, August 2008
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Figure 2. (a) Finite-size scaling analysis of the degree distribution for three
system sizes, N = 214 (solid line), 216 (dashed line), 218 (dotted line) and for
three values of the number of outgoing links m = 1, 2 and 3 (from left to
right). (b) Same plot as in (a) but scaled with m−1.67 .

argued that at least for networks embedded in the Euclidean space like the Internet
and the airport networks, existence of such a rule for the expanding network seems
to be highly inappropriate. Qualitatively one can say that whenever a new computer is connected to the Internet and become a member of the world-wide Internet
network, it always gets a connection to the existing local nodes of the Internet network. In fact one would hardly give any extra importance to large ISP hubs in
Tokyo, Stuttgart or Chicago rather than small providers in his locality. Considering the whole world-wide Internet network, it is apparent that the new nodes pop
up randomly in space and time without any spatial correlations. Similar arguments
can be put forward for the airport network as well. A new airport in some remote
city in some country is quite likely to be connected to the neighbouring airport first
by direct non-stop flights and very unlikely to have cross-country inter-continental
flights to begin with.
In ref. [10] we studied a growing network on Euclidean space where new nodes
are added one by one and are connected to the neighbouring nodes of the growing
network. We showed that even such a network has scale-free degree distribution.
The degree exponent γ of this network is numerically found to be nearly 3 and we
argued that in the limit N → ∞ it is exactly the same as the BA network. In
addition, these networks have non-trivial dependence of average strength on the
nodal degrees.
In the present work we show that this model has additional realistic features.
There exists a strong correlation between link weights and the topological properties. The assortative behaviour of the system is enhanced when the weighted
definition of average nearest-neighbour degree is taken into account. Moreover, the
presence of hierarchical architecture is also identified.
2. The model
In this section we describe our method of generating the scale-free network on the
two-dimensional Euclidean space. The network is grown within a unit square on
394
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Figure 3. The associated Voronoi cells for the growing network: (a) Five
links, (b) six links and (c) seven links. The whole space is partitioned into
different cells around each link centre.

the x–y plane. We drop points one by one at randomly selected locations within
this area. Their coordinates are denoted by {xi , yi }, i = 1, N for N such points.
These points are the nodes of the spatial network to be grown. Initially when two
points are dropped we join them by a straight line which is the first link of the
network. Then the third point is connected either to the point 1 or to the point
2 by the second link and this process is repeated one by one to make all N nodes
connected to the growing network.
How a new node is connected to the existing network can be understood in
the following way. In general every new node connects to one end of the nearest
link. Suppose at a certain stage the network has t links connecting t + 1 nodes. For
connecting the (t+2)th node to the network, the nearest link centre is selected. One
of the two end-nodes of the nearest link is then chosen with probability 1/2 and is
connected to the new node to create the (t + 1)th link (figure 1). These connections
can be done very efficiently by keeping the local
into memory. The
√ information
√
unit square area is divided into a lattice of size N × N . As the network grows
the serial numbers of the links whose centres are positioned within a lattice cell are
stored at the associated lattice site. To find out the nearest link centre one starts
from the cell of the (t + 2)th node and searches the lattice cells shell by shell till
the nearest link centre is found out. When t ∼ N , only the nearest shell needs to
be searched.
After the network has grown to N nodes, the degree distribution P (k, N ) is
calculated. From a direct measurement of the slope of the log P (k, N ) vs. log k
plot the exponent γk is estimated to be 3.00 ± 0.05, which is close to BA value.
Moreover, a scaling of P (k, N ) is also studied (figure 2a):
P (k, N ) ∝ N −η G(k/N ζ ),

(1)

where η = 3/2 and ζ = 1/2 are used to obtain the best data collapse giving
γk = η/ζ = 3. The network so generated has a tree structure. However, networks
having more general structures with multiple loops can be generated with m links
coming out from every incoming node and are attached in a similar way to the
first m neighbouring links in increasing order. In figure 2b we show that degree
distributions for m = 2 and 3 can be scaled as P (k, N )m−1.67 ∝ N −η G(k/N ζ ).
Pramana – J. Phys., Vol. 71, No. 2, August 2008
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Figure 4. (a) Plot of the average link weight vs. the product of degree
values of the two end-nodes of the link for a network of N = 214 nodes.
Tuning parameter α as defined in eq. (2) has values 0.1, 0.4, 0.8, 1.2, 1.6 and
2 from top to bottom. Plot shows that slope θ of the curves increases with α.
(b) Plot of the link weight-degree exponent θ(α) vs. the tuning parameter α
shows almost linear increase.

It is interesting to observe that when a new point is dropped its very position
determines to which node this point would be connected. This is because around
every link centre there is an associated surrounding region. All points of this region
have this link centre situated at the shortest distance. This implies that given a
connected network of t links, the whole space is partitioned into t non-overlapping
regions similar to the well-known Voronoi cells [23]. When a new link is added into
the system, the number of such cell increases and the area of each cell is rearranged
(figure 3). The probability that a randomly selected point is within a particular
cell is equal to the area of the cell. Since different Voronoi cells have different areas,
the probability of selecting a link centre is in general non-uniform. It is known that
for a two-dimensional Poisson–Voronoi tessellation, the cell sizes follow a gamma
distribution whose width scales as 1/t [24]. Therefore, though for finite t the cell
sizes are non-uniform, for t → ∞ the cell size distribution is similar to a delta
function implying that all cells have uniform size. In this limit the probability that
a particular node of degree k will be linked is k/2 times the cell size – which gives
rise to the linear preferential attachment as in BA model. Therefore, for a very
large network (N → ∞) in our model the node selection probability is different
from that in BA model at early times (t small) whereas it asymptotically converges
to the BA preferential rule in the limit t → ∞. We conclude that the leading
behaviour of our spatial network model is like the BA model. We have already seen
that even for finite N the degree exponent γk ≈ 3 as in the BA model.
This result can be interpreted as follows. Let us assume that the area of every
Voronoi cell in the network with t links is uniform and is equal to 1/t. This implies
that the ith node with degree ki (t) has probability ki (t)/(2t) to be linked with the
new (t + 2)th node. The factor 2 comes from the fact that one of the two end-nodes
of every link is selected with equal probability. Therefore, dki (t)/dt = ki (t)/(2t)
and ki (t) = (t/i)1/2 , which is exactly similar to the BA model resulting P (k) ∝ k −3 .
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Like weighted airport network [18] the strength si of a node i is measured as the
sum of the Euclidean lengths raised to the power α for all links meeting at i:
X
X
si =
wij =
`α
(2)
ij
j

j

`ij being the length of the link between the nodes i and j and α is a continuously
tunable parameter; the sum j runs over the nearest neighbours of i. Using the above
definition of link weights and nodal strengths, one can analytically show that the
strength distribution P (s) follows a power-law with exponent γs (α) = 1 + 4/(2 + α)
and using the general relation γs = γk /β + 1 − 1/β [25] and using γk = 3 we
get β(α) = 1 + α/2. The exponent of the weight distribution P (w) varies as
γw (α) = 1 + 2/α. A number of checks have been done to verify these results [10].
2.1 Weight–topology correlation
A strong correlation between weight and the topological properties is observed for
this model. Like world-wide airport network (WAN), the dependence of the link
weight wij on the degrees of the end-point nodes ki and kj can be well approximated
by the relation hwij i ∝ (ki kj )θ . For a large network with N = 214 , the average
weights are calculated for different values of α.
In figure 4a, normalized link weight and product of the degree values of two
end-nodes is plotted for six different α values. In the double-logarithmic plot it is
found that the variation is a power-law over decades and the slope of the exponent
θ systematically increases with α.
In figure 4b, the link weight-degree exponent θ is plotted with α. Exponent θ
found to grow with α. It is expected here as with α link weights increases but
the static structure of the network and the degree distribution remain unchanged.
Hence the degree of any two end-nodes of a given link remains unaltered but the
weight of the link increases. Plot shows that θ increases almost linearly with α.
2.2 Degree–degree correlation
In figure 5, average nearest-neighbour degree hknn i of any arbitrary node of degree
k is plotted with k. It gives an idea of the degree–degree correlation of the neighbouring nodes. The exact conditional probability P (k1 |k) that a node of degree k
is connected to a node of degree k1 is in general difficult to find out and interpret.
The average nearest-neighbour degree of a node i of degree ki is defined as [25]:
knn,i =

1 X
kj ,
ki j

(3)

where the sum j runs over the nearest neighbours of i.
Now, when averaged over the nodes according to degree k we find knn (k) which
is related to P (k1 |k) as
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Figure 5. The average degree hknn (k)i and the average weighted degree
w
hknn
(k)i of a neighbour of a node of degree k are plotted with k with solid and
empty symbols for networks with m = 1. Plots for three different system sizes
N = 212 , 214 and 216 are denoted by circles, squares and triangles respectively.
The solid line is guide to the eye having a slope 1/2.

knn (k) =

X
1 X
knn,i =
k1 P (k1 |k).
Nk
ki =k

(4)

k1

If there is no degree–degree correlation, P (k1 |k) is a function of k1 only and
knn (k) is a constant. But if knn (k) increases with k (assortative) it tells that large
degree nodes prefer to join with the large degree nodes and disassortative if knn (k)
decreases with k.
In the case of weighted networks the appropriate characterization of the assortative behaviour is obtained by the weighted average nearest neighbours degree,
defined as
1 X
w
knn,i
=
wij kj ,
(5)
si j
where the sum j runs over the nearest neighbours of i.
w
w
Here the behaviour of the function knn
(k) (defined as the average of knn,i
over all
vertices with degree k), marks the weighted assortative or disassortative properties
considering the actual interactions among the system’s elements [25].
Plot shows that the unweighted network has no significant degree–degree correlation, similar to BA model. But the weighted network on the contrary show clear
assortative property which is common in most of the social networks.
2.3 Clustering and hierarchy
In figure 6a, we plotted the average clustering coefficient of the network for different
system sizes N . Unlike BA model we find that the clustering coefficient is quite high
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Figure 6. (a) Comparison of the variation of overall clustering coefficient
C(N ) with the network size N (m = 2) for the present model (circles) and the
BA model (squares). The slope is −0.03 in our model, which is much larger
than −0.75 of the BA model. (b) Plot of the average clustering coefficient
C(k) and the weighted clustering coefficient C w (k) of nodes of degree k with
k of a network of size N = 10,000 nodes (m = 2). For both curves the slopes
are ≈ −1 (as indicated by the solid line).

and its variation with system size is almost negligible. In the log–log plot C(N ) ∼
N −µ , where µ ∼ 0.03. This shows a marked departure from the BA behaviour.
The search for a new connection as far as possible in the local neighbourhood gives
rise to high local clustering and as the nodes pop-up randomly in the unit square
this feature is common in every portion of the square. Hence the average clustering
coefficient is high and is practically independent of N .
This topological clustering does not take into account the fact that all neighbours
are not equal. Weighted clustering coefficient is introduced by Barrat et al [25]
which combines the topological information with the link weight distribution of
the network. If node j and node h are neighbours of node i, then the weighted
clustering coefficient can be defined as
C w (i) =

X (wij + wih )
1
aij aih ajh ,
si (ki − 1)
2

(6)

j,h

where aij stands for the adjacency matrix of the network, which is 1 if there is a
link between node i and node j, otherwise 0.
This quantity C w (i) counts for each triplet formed in the neighbourhood of vertex
i, the weights of the two participating edges of i. C w and C w (k) are defined as the
weighted clustering coefficients averaged over all vertices of the network and over
all vertices with degree k, respectively.
Hierarchy in a network is characterized in a quantitative manner following the
finding in [26], that in deterministic scale-free networks the clustering coefficient of
a node with k links follows the scaling law
C(k) ∼ k −1 .

(7)

Barabási et al argued that this scaling is applicable for other scale-free networks
also [12].
Pramana – J. Phys., Vol. 71, No. 2, August 2008
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In figure 6b we find that C(k) ∼ k −ν , where ν is almost 1 and the weighted
and unweighted plots have similar slopes. This is a clear signature of the presence
of hierarchical organization in the network which is again different from the BA
behaviour.
To summarize, we argue that in many real-world networks it is more likely that
the new nodes get their connections in the local neighbourhood and that produces
the scale-free degree distribution. Indeed, a spatial scale-free network is grown
using the criterion of the local selection rule. This network shows a non-linear
dependence of the nodal strength on the degree. The clustering behaviour is very
different from the BA model, showing almost negligible variation with the system
size. Moreover, the system shows a strong hierarchical scaling found to be present
in many real networks.
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