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Abstract. We develop two measures to characterize the geometry of patterns exhibited by the state of spiral defect chaos, a weakly turbulent regime of Rayleigh–Bénard
convection. These describe the packing of contiguous stripes within the pattern by quantifying their length and nearest-neighbor distributions. The distributions evolve towards
a unique distribution with increasing Rayleigh number that suggests power-law scaling for
the dynamics in the limit of infinite system size. The techniques are generally applicable
to patterns that are reducible to a binary representation.
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1. Introduction
Characterizing the geometry exhibited by a system plays a fundamental role in
physics. For example, crystal structures are associated with underlying symmetries
that determine many material properties. Often, it is not easy to obtain parameters
such as lattice constants, number of nearest-neighbors, etc. in the absence of underlying symmetries. This is particularly true for spatially extended chaotic systems
displaying patterns comprising of many length and time scales. Developing measures that can quantify structural properties spanning multiple scales in a robust
and consistent way is expected to provide key insights into the dynamics of these
systems.
Fluid flows exhibit patterns with rich dynamical behavior in response to external driving. In the classical example of Rayleigh–Bénard convection, a fluid
layer held in a vertical temperature gradient undergoes a transition from conductive heat transfer to convective flow. The convection pattern occurring across
the fluid layer was described as the linear instability of the conducting state by
Rayleigh [1] and parametrized by a dimensionless number known as the Rayleigh
number, R = gαd3 ∆T /(νκ). Here g is the acceleration due to gravity, α is the thermal expansion coefficient, d is the thickness of the fluid layer, ∆T is the vertical
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temperature difference across the fluid, ν is the kinematic viscosity and κ is the
thermal diffusivity of the fluid.
Just above a critical temperature difference, ∆Tc , convective rolls result in a
stable, stationary stripped pattern. This critical temperature difference corresponds
to a critical Rayleigh number, Rc , and the pattern has a critical onset wavelength.
The critical Rayleigh number and critical wavelength of the pattern were shown to
be universal constants at the onset of the convective instability. Often, a reduced
control parameter, ² = (∆T − ∆Tc )/∆Tc is used to parametrize the temperature
difference, with convection occurring when ² > 0. Increasing the Rayleigh number
beyond Rc results in time-dependent and turbulent patterns through secondary
instabilities of the convective rolls. The stable band of stable and stationary wave
vectors between the primary convective instability and secondary instabilities has
been predicted by Busse [2].
In Rayleigh–Bénard convection, the externally imposed temperature gradient
provides a constant flux of energy through the system and is dissipated within
the fluid primarily by thermal conduction and viscous dissipation. The relative
strengths of the two dissipation mechanisms is parametrized by the Prandtl number
(Pr = ν/κ) and is of order unity for gases, making the patterns they exhibit of
interest. In particular, at low Prandtl numbers, roll curvature in the horizontal
plane can result in long-range pressure gradients that result in mean flows within
the system. These systems therefore show significantly different patterns from
fluids with high Prandtl numbers. A review of recent advances in Rayleigh–Bénard
convection is found in [3] and references therein.
We characterize patterns obtained from experiments on Rayleigh–Bénard convection [4] in the state of spiral defect chaos, a classical example of spatio-temporal
chaos [5–8]. The striped patterns exhibited during spiral defect chaos (see figure 1)
are time-dependent with widespread defect formation resulting in the pinch-off and
merger of the stripes [9,10]. It was shown that the chaos in the pattern is centered
about defect nucleations [11], underlining the importance of local properties [12].
A pivotal study using numerical simulations determined that spiral defect chaos
is extensively chaotic, in that the fractal dimension is proportional to the system
size [11]. However, there are few quantitative measures of the impact of local instabilities and defects on the large scale geometry of the pattern. The characterizations
developed in this paper obtain distributions for the length scales of stripes as well
as nearest-neighbor distributions that result from defect dynamics.
The state of spiral defect chaos has received much attention as it shows unexpected chaotic behavior that is bistable at values of system parameters corresponding to the flow being stable and stationary [13–15]. A number of characterizations
of the state have been made emphasizing local instabilities, wave vector frustration
and mean flows that may be linked with defect nucleation [11,12,16–19]. Here,
we report on two characterizations of the state that quantify the geometric structure of the flow in spiral defect chaos. First, we determine the distribution of the
area of distinct convection roll structures. Second, we reduce the patterns exhibited by the system to a graph. This parametrizes the system through the number
of nearest-neighbors of each distinct roll. These measures characterize the topology and packing of the striped patterns observed within the convective region and
provide unique insights into the underlying dynamics.
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Figure 1. A typical image of the convective state exhibiting spiral defect
chaos (at ² = 2.82) as visualized using shadowgraphy. The convective fluid is
bounded horizontally in a circular domain with radius 3.8 cm and vertically
extends to about 0.69 mm.

One of the most prominent features of the dynamics of convection rolls is their
incessant merger and pinch-off. As a result of such dynamics, two distinct neighboring rolls become a single larger roll (during merger) or a single roll splits in
two (during pinch-off) with each newly formed distinct roll being smaller than the
original roll. If such dynamics occurs randomly along any position along the roll,
on average it would result in the size of a roll doubling during merger or halving
during pinch-off. A schematic of this process is shown in figure 2. Since each such
event leads to the size of a roll changing by a factor of two, we study the distribution of roll sizes in base two. A similar argument may be made for the number of
nearest-neighbors as illustrated in figure 2.
2. Experimental set-up
Our experiments use compressed carbon dioxide as the convective fluid. The gas is
held in a convection cell bounded below by a 1 cm thick gold plated aluminium mirror and above by a 2 cm thick transparent sapphire crystal. The lateral boundaries
comprise of stacks of filter papers 0.069 cm thick that also act as a spacer between
the upper and lower boundaries. The filter paper has a 3.8 cm diameter circular
hole in the center within which the convection is visualized. The aluminium mirror
has a resistive thin film heater attached to it on the bottom and rests on high precision screws that may be turned to align the mirror. The mirror is levelled with
respect to the sapphire window using laser interferometry. Chilled water at a controlled temperature is circulated over the top of the sapphire window to maintain
its temperature. In addition, thermistors embedded in the side of the aluminium
mirror as well as close to the sapphire plate are used to monitor the temperature
gradient across the convective layer. The set-up is contained within an aluminium
canister pressurized to 30 atm with CO2 gas using an external pressurized cylinder.
Computer control of the thin film heater is used to set the temperature difference,
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Figure 2. A schematic of roll pinch-off and merger for a set of rolls participating in defect nucleation is shown. During this process, the two dark rolls
merge, leading to the number of distinct dark rolls halving from 2 to 1. At
the same time, the lighter colored rolls split, doubling their number from 1 to
2. Concurrent with this, the size of the distinct darker roll has approximately
doubled while that of the lighter roll has halved. The number of nearest-neighbors in this ideal case of parallel allignment of rolls has also been increased
from 1 light roll to 2 light rolls, and vice versa for the dark rolls. The physics
of such dynamics therefore motivates studying distributions of roll sizes and
nearest-neighbor distributions in base 2.

T , between the top and bottom boundary of the convective cell to within 10 mK
of the desired value. Our experimental set-up is further detailed and characterized
in [20].
At a critical temperature difference across the fluid, T = Tc , the onset of convection occurs resulting in the formation of roll-like structures. The visualization of
the convective rolls is done using shadowgraphy [21,22]. This technique utilizes the
variation in the refractive index between hot and cold regions of the gas to focus
light differently. The images are captured using a CCD camera with high and low
intensities representing hotter upflows and cooler downflows.
We set our experiment at different values of the reduced Rayleigh number, ² =
[T − Tc ]/Tc . A sequence of 18000 images acquired at 11 Hz are used in our data
analysis. We capture the dynamics of the system over many times the vertical
thermal diffusion time (about 2 s in our system), which is the time scale at which
defect nucleation occurs resulting in topological changes within the pattern. The
distributions reported in this manuscript are stationary over the observation time.
The response of the system falls qualitatively into three regimes [5,23]: 0 ≤ ² ≤ 0.5,
where the convective rolls are stationary states of the system; 0.5 ≤ ² ≤ 1.5 results
in the onset of time dependence and weak turbulence, and 1.5 ≤ ² shows prominent
time-dependent chaotic behavior.
3. Image processing
A background image of the fluid flow prior to the onset of convection is subtracted
from every image to compensate stationary optical inhomogeneities from irregularities in the optical path. These difference images are Fourier filtered to eliminate
672
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(a)

(b)

(a)

Figure 3. (a) A set of convection rolls representing the dark areas of figure 1
are indicated by dark regions of a binary image. As an example of a distinct
component of this flow, one of the rolls that is singly connected is shaded in
gray. (b) The complementary flow is shown, representing the bright areas in
figure 1. In addition, the gray component is added for visual effect, while also
indicating its nearest-neighbors in color.

the influence of high frequency noise associated with the CCD array as well as low
frequency variations associated with nonuniform illumination. The intensity profile
of the resultant image is representative of the structure of the convective rolls. The
image is thresholded at the median value of intensity to yield a binary image. This
choice of a threshold segregates the convective region into equal areas representing
hot upflows and cold downflows to be consistent with the conservation of mass.
The segregation of the flow into two distinct components as depicted by the
binary image (figure 3) provides the basis for our characterizations. A similar
approach based on algebraic topology has been used to characterize patterns [24].
As illustrated in figure 3a, each distinct bright (dark) roll is completely surrounded
by dark (bright) rolls, or the boundary of the convective cell.
4. Distribution of area/length of stripes
In the first characterization, we simply look at the area of distinct bright or dark
rolls as a fraction of the total convective area. A normalized distribution of the
number of distinct rolls at a given ² is plotted in figure 4. Since the convective
rolls have a well-defined average width, the area of the rolls is well-approximated
by a constant scalar multiple of the length of the roll. The convective rolls may
be looked upon as primarily one-dimensional curves within the circular convective
region. At the lower values of area, this distribution is cut-off when the length of
a convective roll equals its width. The diameter of the cell bounds the maximum
area of straight roll. However, curvature and mergers between rolls can result in
rolls of length exceeding the cell diameter.
The kinks in figure 4a–c occur at an area corresponding to that of a roll with
length equal to the diameter of the convective region. There is a sharp drop in the
number of rolls that have a length greater than the diameter of the convection cell.
This is because the rolls are without much curvature at lower values of ². At higher
values of ², the roll curvature increases, leading to a smoother distribution of roll
Pramana – J. Phys., Vol. 70, No. 4, April 2008
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Figure 4. The distributions of the number of convective rolls at a given area
fraction is plotted with increasing values of ². At large values of ², the data
is well-fit by a straight line. In plot (e), a linear fit corresponds to a line of
slope −1.81 ± 0.03. Bright and dark regions are distinguished by upward and
downward pointing triangles.

sizes. The distinction between the distributions for upflows and downflows is due
to non-Boussinesq effects and has been thoroughly investigated in [20,25].
The kink in the distribution is retained over the observation time, but is less
dominant with increasing ². The number of defects that nucleate within the pattern
increases with time. However, the spatial density of these nucleations increases
with increasing ². This indicates that the distribution of roll lengths overcomes
the influence of the cell diameter with increasing density of defects rather than the
number of defects that occurs in the pattern.
At higher values of ², the distribution plotted in figure 4 is well-fit by a straight
line. Convergence to this distribution indicates that the optimal packing of the
rolls within the finite aspect-ratio cell is achieved with a power-law distribution in
roll sizes within the range observed. The sizes of contiguous rolls change due to
pinch-off and merger of rolls. On an average, these processes are expected to halve
or double the number as well as areas of contiguous regions. Hence, we use base
2 as physically relevant to plot the distribution in figure 4. An interesting study
would be to estimate if the current distributions continue to hold at larger aspect
ratios.
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Figure 5. The variation of the number of nearest-neighbors is shown at
different temperature gradients across the fluid. At high values of ², the distribution is fit by a straight line. The slope when ² = 3.21 is −2.61 ± 0.05.

5. Nearest-neighbor distributions
A further topological characterization may be made by considering the binary image of the flow as a bipartite graph. To do this, we count the number of distinct
bright rolls, each contiguous dark roll shares an interface with and vice versa. Each
bright (dark) roll may be considered as a vertex connected to its nearest-neighbor
along its boundary to a corresponding dark (bright) roll/vertex. Figure 3b illustrates this measurement by indicating the nearest-neighbors of a single convective
roll in the flow (indicated in gray). In our binary image, bright (dark) regions are
surrounded by dark (bright) regions with the only exceptions being at the boundaries. We count the number of nearest-neighbors of every dark (bright) region that
is bright (dark). A set of numbers representing the average number of nearest
neighbors for each distinct dark/bright region is thus generated at a constant value
of ². We normalize this set to unity to compute the probability of having a given
average number of nearest-neighbors. This quantity is plotted against the number
of nearest-neighbors for a convective roll as shown in figure 5. These probabilities
converge to a distribution well-fit by a straight line at high ².
The probability of having only one neighbor is finite for rolls that are at the
boundary, or are completely encircled by a different roll. There is a general trend
for the number of rolls with two nearest-neighbors to decrease with increasing ² as
in figure 5. In the simple geometries of parallel stripes and target patterns, the
number of nearest-neighbors is two. When more complex patterns emerge, they
can often be broken down into spatially localized regions with simple geometries.
For example, the statistical distributions of spirals (identified by eye) in the state
was studied analogous to magnetic spin [26]. The present characterization develops
a general technique to make global and rigorous characterizations of the system
based on the nearest-neighbor distributions within the flow.
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Figure 6. The variation of the slopes from least-squares fit to straight lines
as parametrizing the distributions in figures 4a and 5b as a function of ². A
distribution is well-fit by a straight line when the error in the extracted slope
is small.

6. Variation with Rayleigh number
At higher values of ², the distributions of nearest-neighbors are also well-fit by a
straight line in the log–log plot of figure 5. While the lengths of rolls show a sharp
kink associated with the system size, there is no feature corresponding to this
in the nearest-neighbor distributions. The distribution of the area of the system
are metric-dependent, and correspondingly show an associated length scale of the
system size. The nearest-neighbor distributions, however, are metric-independent
and a topological measure of the intertwining of the rolls. The two measures are
related as they determine the packing of upflows and downflows in the system.
The distributions quantifying the areas as well as the nearest-neighbor distributions of convective rolls converge with increasing ² as seen in figure 6. Here, the
slopes of lines used to fit the distributions are indicated along with their error-bars.
When the error bars are large, the distributions are not well-fit by a straight line.
At larger values of ², the small error bars indicate convergence to a straight line.
However, this convergence is not monotonic. We believe this may be related to
frustration arising between the shapes of the stripes (described by the wavelength,
curvature, length of rolls etc) and the finite system size. A varying shape of the rolls
with ² could lead to a frustrated packing for the rolls. A thorough investigation of
this aspect is beyond the scope of the present investigation.
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7. Conclusions
The present study develops characterizations of fluid flows that offer insightful comparisons with other complex systems characterized using similar measures. These
include describing small world networks, structure of the internet and protein–
protein interactions [27–29].
In spiral defect chaos, the extreme confinement of the fluid between the top and
bottom plates primarily determines the wave number exhibited by the system. This
results in a bounded distribution of power in Fourier space, corresponding to the
wavelength of the convective rolls. We find that while the wave vectors are constrained, the length distribution of the rolls and topological measures characterizing
the nearest-neighbor distributions converge to suggest power-law distributions that
may occur in an infinite system. The distributions are stationary and do not change
as the number of defects the system is subjected to increases at a given Rayleigh
number. Therefore, we also conjecture that the final distributions are not the outcome of the number of defects the system is subjected to, but the density of defects
that changes with Rayleigh number.
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