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Abstract. We calculate the physical mass and the width of the sigma meson by considering that it couples in vacuum to two virtual pions. The mass is calculated by using
the spectral function, and we find that it is about 600 MeV. In addition, we obtained 220
MeV as the value for the width of its spectral function. The value obtained for the mass is
in good agreement with that reported in the Particle Data Book for the σ-meson, which is
also named f0 (600). This result also shows that σ-meson can be considered as a two-pion
resonance.
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1. Introduction
Even though the existence of the scalar–isoscalar σ-meson is subject to controversy
[1], the study of its properties and structure in vacuum and in nuclear matter has
recently attracted growing interest because of the role it plays in some theoretical
models and the increasing experimental evidence of its existence [2]. It has been assumed that the σ-meson participates as an intermediate particle in several processes
in vacuum and in hot and dense nuclear matter [3]. Particularly, the σ-meson is of
wide interest because in theoretical models of the nuclear force, the sigma model is
responsible for the attractive part of the nuclear potential [4], where it is attributed
to the exchange of a single σ-meson.
In addition, the σ-meson plays the role of the chiral partner of the pion in the
sigma model, which is a toy model for the interaction between nucleons and pions,
with SU (2)L ⊗ SU (2)R symmetry [5–8]. This model was originally developed by
Gell-Mann and Levy [9]. In the Gell–Mann and Levy model, the σ-meson plays the
same role as the Higgs particle in the Weinberg–Salam theory [7,9], in the sense
that the nucleon gets mass when the SU (2)L ⊗ SU (2)R symmetry is spontaneously
broken. Moreover, in chiral perturbation theory the σ-meson enters as an essential
part to adjust the theory to the experimental data [10], and in the interactions
between mesons, the σ appears as a resonance, showing up as a pole in the T -matrix
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[11,12]. In [6,13,14] they propose some experimental possibilities for investigating
the behaviour of the σ-meson in hot and in dense nuclear matter.
On the other hand, the existence and the composition of the σ-meson, as a qq
meson or as a ππ resonance is still under discussion [13,15,16]. We conclude here
that it can be considered as a two-pion resonance.
There are several ways to deﬁne and determine theoretically the mass and the
width of unstable particles. In [17], the mass of a particle is deﬁned as the pole in
its complete propagator; this deﬁnition is used also in [18–20]. On the other hand,
authors in [21,22] make use of the spectral function to deﬁne the mass of a particle.
In [23,24] the S-matrix formalism is used to determine the mass and the width of
a meson.
In this work we deﬁne the physical mass and the width in terms of the spectral
function. We study the spectral function of σ-meson in vacuum when this meson
couples through strong interaction to two virtual pions. Deﬁning the physical mass
of a particle as the magnitude |k| of its four-momentum for which the particle spectral function S(k) gets its maximum, we ﬁnd a closed expression for the regularized
self-energy function of the σ-meson and so we obtain an exact analytical function
for its spectral function. The σ-meson self-energy is calculated in the one-loop level
and the propagator is computed by summing over ring diagrams, in the so-called
random phase approximation (RPA) [25], which is characterized by the calculation of the self-energy to one-loop order. To carry out the summation we use the
Dyson equation. The real part of the self-energy is ultraviolet divergent and it is
regularized by using a simple subtracted dispersion relation, which preserves the
symmetries of the theory.
2. Formalism
The spectral function of a particle is deﬁned as −2π times the imaginary part of
its propagator. The technique of deﬁning the physical mass of a particle in terms
of its spectral function is used extensively in [21,26,27] and it is well-established.
This method will be used here for calculating the physical σ-meson mass.
In order to evaluate the physical mass of the σ-meson, we need, ﬁrstly, to calculate
its dressed propagator Δ(k) in vacuum, where k is the four-momentum of the
propagating meson. The expression for the dressed σ-meson propagator is obtained
from the Dyson equation [4,28]
iΔ(k) = iΔ0 (k) + iΔ0 (k) [−iΣ(k)] iΔ(k),

(1)

where iΔ0 (k) = i/(k 2 − (m0σ )2 + i) is the free σ-meson propagator, with m0σ and
Σ(k) being the bare mass and the self-energy of σ, respectively. The self-energy
Σ(k) contains all the information about the interactions of the meson with the
quantum vacuum. So in order to determine the self-energy Σ(k) we must specify
the dynamical content of our model.
Our starting point is the interaction Lagrangian density Lσππ which describes
the σ − π dynamics, given by
Lσππ =
926

1
gσππ mπ π · π σ,
2
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Figure 1. Sigma meson self-energy diagram. The dashed lines represent the
σ-meson and the dotted lines the pion field.

Figure 2. Sigma meson full propagator in the chain approximation. The
right side is the diagrammatical representation of the chain approximation to
the dressed propagator.

where π = (π1 , π2 , π3 ) represents the Cartesian components of the pseudoscalar
π-meson ﬁeld, σ is the scalar σ-meson ﬁeld, gσππ is the coupling constant, and mπ
is the mass of the π-meson [29].
The inﬂuence of the interaction of σ-mesons with virtual pions is introduced
through the modiﬁcation of the free propagator in the one-loop approximation. This
is shown graphically in ﬁgure 1. This Feynman diagram contributes to the σ-meson
self-energy. The dashed lines represent the σ-meson and the dotted lines represent
the pion ﬁeld. We will calculate the full propagator in the chain approximation,
which consists of inﬁnite summation of the one-loop self-energy diagrams [19]. The
diagrammatical representation of the modiﬁed propagator is showed in ﬁgure 2,
and the analytical expression is given by iΔ(k) in eq. (1).
The solution for Δ(k) in the Dyson equation (1) is given by
Δ(k) =

1
[Δ0 (k)]

−1

− Σ(k)

=

1
.
k 2 − (m0σ )2 − Σ(k)

(3)

On the other hand, the analytical expression for the self-energy Σ(k) is given by
[5,29]

3 2
1
1
d4 q
2
−iΣ(k) = gσππ mπ
,
(4)
4
2
2
2
2
(2π) q − mπ + i (q − k) − m2π + i
where the coeﬃcient 3/2 for the pion loop comes from the three isospin states and
the permutation symmetry factor [29].
We will work in the σ-meson rest frame, for which k μ = (k 0 , 0).
Carrying out the integration of Σ(k) with respect to q0 by using the Cauchy
residue theorem, and integrating in the q0 complex plane, we obtain
 ∞
q 2 d |q |
3 2
2

.
(5)
Σ(k) = − 2 gσππ mπ
8π
q 2 + m2π [4(q 2 + m2π ) − k02 − i]
−∞
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The real and imaginary parts of eq. (5) can be separated by using the well-known
formula
1
1
= P ∓ iπδ(x).
x ± iε
x

(6)

The integration of the imaginary part is readily obtained, given the result
Im Σ(k) =

2
−3gσππ
m2π
32π


1−

4m2π
k2

1/2
(7)

for k 2  4m2π and zero for k 2 < 4m2π . We can see the characteristic threshold value
k 2  4m2π for the production of real π − π pairs from the σ-ﬁeld.
On the other hand, the real part of Σ(k) is ultraviolet divergent, and therefore
it needs to be regularized. The regularization of Re Σ(k) will be done by using a
simple subtraction dispersion relation [30], which is given by the expression

t ∞ Im Σσπ (t )
dt ,
(8)
Σ(t) =
π 0 t (t − t) − i
where the imaginary part in the integrand is taken from eq. (7). On the other hand
the real part of the integral in eq. (8) is simply Σ(t) − Σ(0), being convergent [30].
Now let us write the identity
Re Σ(k) = Re Σ(k) − Re Σ(0) + Re Σ(0),

(9)

where Re Σ(0) is an inﬁnite quantity that cancel the inﬁnite terms of Re Σ(k). We
deﬁne now the ﬁnite quantity Re ΣR (k) = Re Σ(k) − Re Σ(0) as the regularized
real part of the σ-meson self-energy, and the renormalized mass mσ through m2σ =
(m0σ )2 +Re Σσπ (0). With this deﬁnition we take mσ = 600 MeV as the experimental
value of the mass for sigma.
From eq. (8), we obtain for the real part
Re ΣR (k) =

2
m2π k 2
−3gσππ
P
32π 2




∞

4m2π

1−

4m2π
x

1/2

x (x − k02 )

dx .

(10)

The integration can be carried out directly giving the result
Re ΣR (k) =

2
m2π
−3gσππ
(1 + cI0 ) ,
16π 2

where
c≡1−
and
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4m2π
k2

√

 c − 1
1

I0 = √ ln  √
2 c
c + 1

with c > 0.
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(a)

(b)
Figure 3. (a) Sigma meson spectral function for the parameter mσ = 600
MeV. (b) Sigma meson spectral function for the parameter mσ = 441 MeV.

The expression for the renormalized self-energy ΣR (k) = Re ΣR (k) + iIm Σ(k),
constructed from eqs (7) and (11), is the main result of this work.
The propagator given by eq. (3), takes the form
Δ(k) =

1
.
k02 − m2σ − Re ΣR (k) − iIm Σ(k)

(12)

From the deﬁnition of the spectral function S(k) given above, we have
S(k) = −

2πIm Σ(k)
[k02

−

m2σ

2

− Re ΣR (k)] + [Im Σ(k)]

2

.

(13)

Substituting Im Σ(k) and Re ΣR (k) from eqs (7) and (11) into eq. (13), we obtain
a closed expression for the spectral function. The parameters in eq. (13) are the
reported mσ value for the σ-meson mass, which we take as 600 MeV, and the bare
2
σππ coupling constant gσππ
= 12.8 [29]. The plots of S(k) given by eq. (13) are
shown in ﬁgures 3a and 3b.
As we can see, S(k) gets its maximum value at k = 600 MeV, according to the
reported value for the mass of σ [31]. On the other hand, we obtained the value of
220 MeV for the width, taking at one half of the maximum value of the spectral
function.
In a recent work [32], a mass of about 441 MeV and a width of 540 MeV for
the σ-meson are reported. Both values are far from our values. However, if mσ =
441 MeV, we obtain the graph showed in ﬁgure 3b, with a peak at 400 MeV and
a width of 220 MeV. The values obtained for the mass are far from the two-pion
threshold due to the fact that the peak of the spectral function depends on the
choice of the parameter mσ . As we can see in [16] a very wide and disperse set of
values for the mass and width of sigma has been reported, depending on diﬀerent
theoretical models.
3. Conclusion
We have succeeded in obtaining, in our calculations of the σ-meson physical mass,
a value which is in the range of its experimental value with that reported in the
Pramana – J. Phys., Vol. 68, No. 6, June 2007
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Particle Data Book for f0 (600). This calculation gives a relatively small value for
the width compared with that in [31]. The use of a simple subtraction in the
dispersion relation has allowed us to renormalize the σ-meson self-energy, given a
closed analytical expression. The fact that we could obtain the physical mass of the
σ-meson by considering that it couples in vacuum to two virtual pions, is a strong
indication that the σ-meson can be considered as a two-pion resonance.
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