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Abstract. We present here a systematic investigation of the atomic displacements in bcc
transition metal (TM) dilute alloys. We have calculated the atomic displacements in bcc
(V, Cr, Fe, Nb, Mo, Ta and W) transition metals (TMs) due to 3d, 4d and 5d TMs at the
substitutional site using the Kanzaki lattice static method. Wills and Harrison interatomic
potential is used to calculate the atomic force constants, the dynamical matrix and the
impurity-induced forces. We have thoroughly investigated the atomic displacements using
impurities from 3d, 4d and 5d series in the same host metal and the same impurity in
different hosts. We have observed a systematic pattern in the atomic displacements for
Cr-, Fe-, Nb-, Mo-, Ta- and W-based dilute alloys. The atomic displacements are found
to increase with increase in the number of d electrons for all alloys considered except for
V dilute alloys. The 3d impurities are found to be more easily dissolved in the 3d host
metals than 4d or 5d TMs whereas 4d and 5d impurities show more solubility in 4d and
5d TMs. In general, the relaxation energy calculation suggests that impurities may be
easily solvable in 5d TM hosts when compared to 3d or 4d TMs.
Keywords. Atomic displacements; crystal defects; crystalline solids.
PACS Nos 63.43.j; 63.43.Dq; 61.66.Dk; 61.72.Ji

1. Introduction
The transition metal dilute alloys are studied for their unique properties such as
high strength, high toughness, soft magnetic properties, soft superconducting behavior, corrosion resistance, catalytic activity and so on. Niobium and molybdenum
metals along with their alloys have been used in high-temperature propulsion systems [1]. Chromium plating is used to harden steel and prevent its corrosion. The
physical properties of these metals are greatly influenced by the structural defects
and impurities. The NbZr alloys, are used to make superconducting magnets [2].
Molybdenum and its alloys, due to their strength at high temperature, excellent
thermal conductivity and low coefficient of thermal expansion are widely used in
electrical and electronic devices, glass manufacturing, high-temperature furnaces
and aerospace equipments [3–5]. Therefore, the existence of TM impurities in TM
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metals are very common, and these impurities affect the physical as well as electronic properties of these metals significantly. We can design new alloy system
with properties tailored to our specific needs. Although such alloying is critically
important to material science, often the observed property changes remain unexplained, particularly for solid solutions where there is lack of information about
atomic arrangements. Thermal (dynamic) displacements and chemically specific
static displacements from the average lattice site result in local strain which influences the energetics of the phase stability [6]. Therefore, it is found interesting to
investigate systematically the atomic displacements in dilute alloys (solid solution)
of TMs which are vital for explaining the strengthening of alloys.
The measurements of the local atomic arrangements in terms of the local chemical order and displacements from the sites of the average lattice provide modeling
information for calculations of property changes. The atomic displacements, which
cause lattice distortion, change the lattice constant systematically either by lattice
dilation or by compression caused by the substitutional impurity and this change
is experimentally observed by X-ray diffraction (XAFS). However, this information is not adequate to estimate the interatomic distances because the distortion
is different in magnitude for different atomic shells around the defect. More detailed information can be obtained using X-ray absorption fine structure (EXAFS)
experiments [7], in which the absorption spectrum of the emitted photoelectrons
from the excited atom modified by the backscattering from the surrounding atoms
is measured. Even EXAFS measurements are reliable only for the 1NNs. This may
be attributed to the reliability of the measured distances which fall off quickly with
each shell. Therefore, in bcc alloys where 2NNs shell interactions are important,
EXAFS methods are inadequate. Recently, diffuse X-ray scattering [8] experiments
have been used to measure lattice compression or dilation to better extent by using
intense and tunable synchrotron sources. The diffuse X-ray or neutron scattering can give complete information on the local geometries albeit for substitutional
impurities very few experiment has been performed so far. Therefore, present
calculations about atomic displacement due to impurities would provide valuable
theoretical data for future experimental work.
Earlier, we had investigated the atomic displacements using the Kanzaki lattice
static method for bcc [9–12] as well as fcc systems. We had also studied the strain
field and electrical field gradients due to impurities in vanadium [13]. The effective
ion–ion interaction potential due to Wills and Harrison [14] was used to calculate the
impurity-induced external forces. These isolated studies failed to bring systematic
analysis of the general trends in the atomic displacements in TMs, although it
gave a good insight into the individual dilute alloy systems studied. Therefore, it
becomes necessary to study completely the bcc alloys using the same methodology
and similar types of interatomic interactions. In this paper we have presented
extensive analysis of all bcc TM (V, Cr, Fe, Nb, Mo, Ta and W)-based dilute
alloys with the specific aim to establish systematic relation in nature of atomic
displacements due to 3d, 4d and 5d impurities. The plan of the paper is as follows:
The necessary formalism in brief is given in §2. The calculations and results are
presented in §3 and are discussed in §4.
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2. Theoretical method
For a perfect crystal with self-consistent pair potential φ(r), the total interaction
energy Φ0 is given as
X
~ 0 ),
φ(R
(1)
Φ0 =
n
n

~ n0 is the equilibrium position of the nth host atom. By introducing an imwhere R
purity at the origin, the lattice is strained, and the host atoms get displaced to new
~ n0 ) is the atomic displacement
~ n0 ), where ~u(R
~n = R
~ n0 + ~u(R
equilibrium positions R
of the nth NN’s of impurity. The total potential energy Φ for a monatomic lattice,
in the harmonic approximation is given as
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Here α, β (x, y, z) denote the Cartesian components.
~ n0 ) is determined by minimizing Φ with respect to
The equilibrium value of uα (R
displacements, which gives
X
~ n0 ) =
~ n0 0 ).
φαβ (n, n0 )uβ (R
(5)
Fα (R
n0 ,β

~ n0 ) and φαβ (n, n0 ) are known. This is
The displacements can be evaluated if Fα (R
conveniently done by expressing eqs (2)–(5) in Fourier space. The Fourier transform
of eq. (2) is given as
Φ = Φ0 −

X
αq

Fα (~q )Qα (~q ) +

N XX
φαβ (~q )Qα (~q )Qβ (~q ).
2
q

(6)

αβ

Here N is the number of lattice points in the crystal, ~q is the wave vector. Fα (~q )
~ n0 ) and φαβ (n − n0 ), respectively and
and φαβ (~q ) are the Fourier transforms of Fα (R
Qα (~q ) are the Cartesian components of normal coordinates. Minimizing Φ, given
in eq. (6), with respect to Qα (~q ), one gets the dynamical equation
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X

[N φαβ (−~q )Qβ (~q ) − Fβ (~q )δαβ δ−~q,~q ] = 0.

(7)

β

With the knowledge of φαβ (~q ) and Fβ (~q ), eq. (7) can be solved for Qα (q) which
~ n0 ) by the relation
are related to ~u(R
X
~ n0 ) =
~ n0 ).
uα (R
Qα (~q ) exp(i~q · R
(8)
q
~

2.1 Calculation of the external force
The components of the external force are calculated from eq. (7) considering the
1NN shell of impurity and are given as
³q a´
³q a´
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8
α
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cos
cos
,
2
2
2
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where FI is the force acting on the 1NN site of impurity. Considering the interaction
with the 2NN shell, the components of F (~q ) are
Fα (~q ) = i2FII sin(qα a),

(10)

where FII is the force at the 2NN site of impurity.
The forces FI and FII are calculated by formalism in ref. [10] and are given as
~ n0 ) = −
Fα (R

X
∂
~ n0 |),
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∂uα (Rn0 ) 0
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where
∆φ(r) = φIH (r) − φHH (r),

(12)

φHH (r) and φIH (r) are the host–host and impurity–host interaction potentials respectively and consist of contribution from quasi-localized d electrons and free s
~ n0 |) in power series of ~u(R
~ n0 ), one gets
electrons. Expanding ∆φ(|R
¯
¯
¯
¯
∂2
0
~ n0 ) = − ∂ ∆φ ¯
~
¯
Fα (R
∆φ
−
|~
u
(
R
)|
.
(13)
~0 |
n
|r|=|R
¯
¯
2
n
∂r
∂r
~0 |
|r|=|R
n

~ n0 )| is finite
Equation (13) retains the second term if the atomic displacement |~u(R
and is known as the second approximation for the calculation of external force. We
use Wills and Harrison transition metal model potential for the evaluation of φHH
and φIH [11].
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3. Calculations and results
We used the discrete lattice static Kanzaki method, described earlier to calculate
the atomic displacements due to 3d, 4d and 5d impurities in bcc TMs (V, Cr, Fe,
Nb, Mo, Ta and W). The atomic force constants and impurity-induced external
force are calculated using Wills and Harrison potential [11]. The impurity-induced
changes in the atomic force constants are considered through second approximation
evaluation of the external force using eq. (13). The atomic force constants and a few
physical parameters for bcc TMs are tabulated in table 1. The impurity-induced
external forces at the 1NN and 2NN sites are given in table 2. It is assumed that
due to single impurity, the conduction electron density is nearly unchanged and
therefore we use κ0 = κ and Zdeff = ZdH for dilute alloys. With the knowledge of
~ q ) for radial forces on the 1NN’s and
φαβ (~q ) and Fα (~q ), eq. (7) is solved for Q(~
2NN’s of impurity using properties of determinants [7] and these values are used
~ n0 ) are calculated for different
in eq. (10), replacing sum by integration and ~u(R
0
~ n by using quadrature method for numerical integration. The numerical
values of R
integration is carried out using Gaussian quadrature method over the first Brillouin
zone using the fact that, for any function F (q) for bcc structures
Z
Z
1
F (q)dq =
F (q)dq.
(14)
4 cube
BZ
The atomic displacements are calculated up to 24NN’s of the impurity atom but we
present discussion of atomic displacements |u(r)| of the first 5NN’s which are more
significant than further NN’s. The results of each dilute alloy system are presented
separately and these are discussed collectively in the next section.
3.1 Vanadium dilute alloys
The interionic potential ΦHH (r) along with its constituents for V is shown in figure
1a. The free electron contribution φFE
HH (r) and contribution due to shift in d-band
Table 1. Few physical parameters for the TM hosts: a is the lattice constant,
Z is the number of valence electrons, Ω0 is the equilibrium volume and A1 ,
A2 , B1 and B2 are the atomic force constants (in 10−2 a.u.), at the 1NN’s and
2NN’s for bcc TMs.
Host
V
Cr
Fe
Nb
Mo
Ta
W

a

Z

Ω0

A1

A2

B1

B2

5.72
5.44
5.42
6.23
5.95
6.24
5.97

5
6
8
5
6
5
6

93.2
82.5
79.32
120.9
105.2
121.0
106.00

−0.446
−0.525
0.0317
0.780
1.216
1.400
2.300

0.229
0.269
0.129
0.200
0.224
−2.800
−3.600

−0.435
−0.517
−0.233
−0.395
−0.455
−0.400
−0.400

0.134
0.157
8.958
0.168
0.203
−0.900
−1.100
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−0.078
0.247
0.179
−0.160
0.328
0.003
−0.374
0.325
0.002

Mo

Ta

W

−0.380
0.417
0.001

−0.088
0.418
0.005

−0.019
0.337
0.482

0.295
0.356
2.669

0.105
0.276
1.004

Nb

−0.050
0.096
0.025

0.0842
0.095
0.015

Cr

−0.033
−0.009
0.001

FI (10−2 a.u.)
FII (10−2 a.u.)
Er (−10−2 eV)

V

Fe

Cr

V

Impurities →

−0.507
0.379
0.004

−0.192
0.388
0.005

−0.024
0.369
0.118

0.344
0.385
3.720

0.043
−0.003
0.002

−0.020
0.024
0.0080

0.080
0.121
0.011

Mn

−0.015
0.416
7.554

0.425
0.426
4.695

−0.06
0.058
0.062

0.0720
0.156
0.025

Fe

1.149
0.130
0.001

0.270
−0.009
0.002

0.510
−0.129
0.308

0.146
−0.085
0.039

−0.820
−0.438
4.590

Zr

0.353
0.115
0.002

−0.054
0.049
0.001

0.310
−0.006
0.216

−5.416
−0.389
7.604

0.487
−0.404
3.968

−0.194
−0.309
0.043

Nb

−0.099
0.0913
0.002

−0.271
0.065
0.002

−0.244
0.007
0.151

−3.437
−0.017
1.0043

−0.320
−3.968
0.876

−0.319
−0.269
0.054

Mo

0.590
0.091
0.005

0.400
−0.065
0.249

0.030
−0.063
0.008

0.716
−0.487
7.590

−0.286
−0.380
0.760

Ta

−0.338
−0.043
0.004

0.012
−0.015
0.003

−0.398
−0.146
0.986

−4.679
−0.211
1.866

3.0732
0.437
75.320

−0.554
−0.363
0.840

W

Table 2. Impurity-induced forces FI and FII (in 10−2 a.u.), at the 1NN’s and 2NN’s of impurity in bcc
metals. Er is the impurity relaxation energy.
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Figure 1. V dilute alloys. (a) Interionic potential for V host, (b) change in
potential ∆φ due to impurities, (c) behavior of first 5NN’s of impurity atom
and (d) comparison of r0 , rc and rd of the impurity atoms with V host.

center φcHH (r) are repulsive and decay fast. However, the d–d interaction term
φbHH (r) is attractive and decreases slowly. The addition of these contributions gives
minimum in ΦHH (r) at r = 4.0 a.u., a distance less than the 1NN distance. Figure
1b shows impurity-induced change in potential ∆φ(r) vs. r for Cr, Mn, Fe, Nb,
and Ta impurities in V. ∆φ(r) due to Nb, Mo, Ta, W and Ti is repulsive at small
distances and shows a minimum at r = 4.8 a.u., close to 1NN. On the other hand,
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∆φ(r) due to Cr, Mn and Fe is attractive at small distances and exhibits a maximum
at r ∼
= 4.8 a.u. This is due to the fact that φHH (r) is larger than φIH (r) for Cr, Mn
and Fe impurities. Here ∆φ(r) is long ranged for the 4d and 5d impurities when
compared to 3d impurities. Among all the TM impurities, ∆φ(r) is the strongest
for W with the maximum range.
The external forces FI and FII , calculated using eq. (13) in the second approximation are given in table 2. The forces are repulsive at the 1NN and 2NN for
Cr, Mn, and Fe impurities while these are attractive for Ti, Nb, Mo, Ta, and W
impurities. The atomic displacements calculated using FI and FII are shown up
to 5NN’s in figure 1c. The maximum displacement is observed at 1NN’s due to
Ti, Cr, Mo, Ta and W impurities whereas for Mn, Fe and Nb, maximum |u(r)| is
observed at 2NN’s. The atomic displacements decrease across the periodic table,
i.e. with increase in the number of d electrons for all the 3d, 4d and 5d impurities.
The comparison of the empirical potential parameters for TMs is shown in figure
1d, to visualize the size effect (difference in r0 host–impurity atom). To compare
the contributions of the d electrons, d-band radius rd and core radius rc are also
compared. The size of the impurities considered is within 8.5% of the size of the
host atom r0 . The d-electron contribution of the host rdH and the impurities rdI
varies quite significantly and shows maximum difference of 36.7% for 5d (Ta and
W) impurity whereas the core radius shows maximum difference of 18.3% for Fe
impurity.
For Cr impurity, nearly all the host nearest neighbors (NNs) contract towards
the impurity and the contraction is maximum at the 2NN’s, thus effectively there is
lattice contraction. For Fe impurity, 1NN host atoms displace away from the impurity, 2NN and 3NN contract towards the impurity, 4NN displacement is anisotropic
and beyond this the displacements are oscillatory in nature. However, the number
of atoms which displace towards the impurity are more than those which displace
away from the impurity. The characteristics of displacements due to Mn impurity are the same as that of Cr and Mo impurity behaves similar to Fe impurity.
Most of the host atoms displace away from the Nb impurity, displacements being
maximum at the 2NN’s and hence there is lattice expansion. The characteristics
of the atomic displacements due to Ti impurity are nearly same. For Ti impurity, the atoms get displaced away up to 5NN and the displacements are oscillatory
in nature. However, the displacement is maximum for the 1NN’s. For W impurity, the 1NN’s displace away from the impurity (maximum |u(r)|), second and
third NN’s contract towards the impurity and then the displacements are oscillatory. The calculated atomic displacements up to 2NN’s are used to calculate the
impurity-induced relaxation energy Er which is given as
Er = −

1X
Fnα unα .
2 nα

(15)

Here F~ is the isotropic impurity force and uα is the Cartesian components of the
atomic displacements. The external forces from table 2 and atomic displacements
up to 2NN’s are used in eq. (15) to calculate the relaxation energy. The relaxation
energy is smaller for 3d impurities when compared to 4d or 5d impurities. This
suggests that 3d impurities may be easily solvable in V.

662

Pramana – J. Phys., Vol. 68, No. 4, April 2007

Atomic displacements in bcc dilute alloys

Figure 2. Cr dilute alloys. (a) Interionic potential for Cr host, (b) change in
potential ∆φ due to impurities, (c) behavior of first 5NN’s of impurity atom
and (d) comparison of r0 , rc and rd of the impurity atoms with Cr host.

3.2 Cr alloys
The interionic potential ΦHH (r) along with its components for Cr host is shown
c
in figure 2a. The contributions φFE
HH (r) and φHH (r) are repulsive and are found to
decay fast. On the other hand, φbHH (r) is negative and decays slowly which leads
Pramana – J. Phys., Vol. 68, No. 4, April 2007
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to a minimum for ΦHH (r) at slightly less than 4.0 a.u. The changes in potentials
∆φ(r) as given in eq. (12) for V, Mn, Fe, Zr, Nb, Mo, Ta and W impurities are
shown in figure 2b. In Cr alloys, ∆φ(r) for 3d impurities Mn and Fe changes
from attractive to repulsive and becomes most repulsive at the 1NN. Further, its
magnitude decreases although it remains repulsive. ∆φ(r) for 3d impurity V just
shows the opposite behavior. ∆φ(r) for 4d impurities Zr, Nb and Mo changes its
character from repulsive to attractive in the vicinity of the 1NN distance. ∆φ(r)
for 5d impurities Ta and W is similar to that for 4d impurities. The calculated
∆φ(r) is used to calculate the impurity-induced forces FI and FII , and are given
in table 2. The forces FI and FII evaluated in the second approximation are given
in table 2. |FI | < |FII | for V, Mn, Fe and Mo impurities whereas |FI | > |FII | for
Zr, Nb, Ta and W impurities. In Cr alloys, forces at 1NN distances are attractive
for V, Mn, Fe, Zr and Mo impurities while repulsive for Nb, Ta and W impurities.
The forces at 2NN distance are attractive for Zr, Nb, Mo and Ta impurities and
repulsive for V, Mn, Fe and W impurities. This is consistent with the variation of
∆φ(r) for these alloys.
For V impurity, the first 3NN’s displace away from the impurity, 4th NN’s have
anisotropic displacements, 5NN’s and 6NN’s displace away from the impurity and
then the displacements show oscillatory behavior. For Mn and Fe impurities, 1NN’s
displace away from the impurity and 2NN’s and 3NN’s displace towards the impurity atom and then the displacements exhibit oscillatory behavior. For the Zr
impurity, the 1NN’s displace away from the impurity and the next two NN’s move
towards the impurity, and 4NN’s and 5NN’s displace away from the impurity and
further the magnitude of displacements of the NN’s decreases with oscillatory behavior. For the Nb impurity, the 1NN’s displace towards the impurity and the
next two NN’s move away from the impurity while 4NN’s show the contraction.
For the Mo impurity, nearly all the NN’s get displaced away from the impurity.
However, the magnitude of displacements decreases and it is oscillatory in nature.
For Ta impurity 1NN’s show contraction towards the impurity, next two NN’s show
expansion away from the impurity, and 4NN’s further show the lattice contraction,
further NN’s displacements are oscillatory. For W impurity, 1NN’s displace away
from the impurity and the next two NN’s show the lattice contraction and after
that the displacements follow the oscillatory behavior.
The magnitudes of the atomic displacements, for the first 5NN’s in Cr alloys are
shown in figure 2c. The impurities except V and Mn show maximum displacements
at the 1NN’s. The V and Mn impurities show maximum displacements at 2NN’s.
The maximum strain is obtained for CrW alloy, which shows the average displacement of 5.4% of R10 , whereas the minimum displacement of 0.36% of R10 is found
for CrV. The displacements in CrW alloy are large due to large external forces at
the 1NN. We find that the strain field increases for the 3d and 5d impurities with
the atomic number, whereas such a trend is not found for 4d impurities.
For qualitative comparison of the difference in size and other parameters representing other contributions, r0 , rd and rc of TMs are shown in figure 2d. The
sizes of the impurities dissolved in Cr are within 15% of r0 of Cr, except for Zr for
which the difference is 25%. rd and rc also show maximum difference for Zr impurity. However, maximum strain is produced by W, and therefore size differences
do not determine the nature of the atomic displacements. The 3d impurities have
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nearly the same value of |u(r)| with decreasing parameters across, 4d impurities
follow exactly the same trend as shown by its physical parameters. However, for
5d impurities the relation is inverse. The relaxation energy Er for Cr dilute alloys
are tabulated in table 2, and is minimum for V, Mn and Fe impurities (3d). The
relaxation energy decreases with increase of electrons from Zr to Mo and for 5d
impurities relaxation energy increases from Ta to W impurities.
3.3 Fe alloys
The interionic potential ΦHH (r) vs. r along with its constituents for Fe is shown in
figure 3a. φFE (r) and φc (r) are repulsive and φb (r) is attractive. The minimum
of ΦHH (r) is at r = 4.0 a.u. which is less than the 1NN distance of 4.69 a.u. The
change in the interaction potential ∆φ(r) due to Cr, Mn, Ni, Cu, Nb, Mo, W and
Pt impurities is shown in figure 3b. At distances less than 4.5 a.u., ∆φ(r) due to
Cu and Ni impurities is attractive and shows a broad repulsive maximum at r = 5.5
a.u. However ∆φ(r) for other impurities is repulsive at small distances and shows
the attractive minima between 1NN and 2NN of impurity. ∆φ(r) for Pt impurity
shows deep attractive minimum at r = 4 a.u.
∆φ(r) is used to calculate the external forces FI and FII at the 1NN’s and 2NN’s
due to impurities in the second approximation. These values of FI and FII , which
are very sensitive to the slope of ∆φ(r), are given in table 2. The forces are
attractive at the first and second NN’s of all the impurities except at the 1NN of
Mn impurity where the force is repulsive. This is due to small repulsive ∆φ(r) at
the 1NN distance for Mn impurity. The attractive force at the 1NN is maximum
for Nb impurity and minimum for Cr impurity while at the 2NN it is maximum for
Pt impurity and minimum for Mn impurity. Both FI and FII are significant for Pt
impurity while for other impurities FII is very small when compared to FI .
In FeCr alloy, the first three NN’s move away from the impurity while the 4NN’s
contract anisotropically. This process of anisotropic radial expansion and contraction continues. The oscillatory nature of atomic displacements in FeNb, FeMo and
FeW alloys is the same as that for FeCr alloy. In FeMn alloy, 1NN’s contract while
2NN’s expand. The displacements for other nearest neighbors are rapidly oscillating. Similar behavior of displacements is found for FeNi and FeCu alloys. However,
in FePt alloy, the first six NN’s are displaced away from the impurity and then the
displacements become oscillatory.
The magnitudes of atomic displacements due to different impurities up to 5NN’s
are shown in figure 3c. |~u(~r )| is maximum for the 1NN’s, decreases for the 2NN’s,
increases for 3NN’s, further decreases for the 4NN’s and again increases for 5NN’s.
The maximum value of |~u(~r )| at the 1NN site is for FeNb which is 17.4% of R10
while the minimum value of |~u(~r )| is at the 1NN site is for Cr impurity which is
1.2% of R10 . In the 3d series, |~u(~r )| increases as the number of d electrons increases
from Cr to Cu. |~u(~r )| for Cr and Mn impurities are nearly the same as these
impurities have the same number of d electrons. |~u(~r )| decreases for 4d impurities
as one moves from Nb to Mo. |~u(~r )| for 5d impurities W and Pt are in decreasing
order except at the 2NN. The calculated values of atomic displacements of 1NN’s
of Cr and Mn impurities are 1.2% and 1.7% respectively. If we take the average
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Figure 3. Fe dilute alloys. (a) Interionic potential for Fe host, (b) change in
potential ∆φ due to impurities, (c) behavior of first 5NN’s of impurity atom
and (d) comparison of r0 , rc and rd of the impurity atoms with Fe host.

displacements of 24NN’s in the calculation, these are of 0.11% and 0.13% of R10
for Cr and Mn impurities. The data analysis of XAFS experiment due to Scheuer
and Lengeler [15] shows that the average displacements for Cr and Mn impurities
in Fe are 0.56% and 0.36% of R10 respectively with large error bars in the data.
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Thus, considering the uncertainty in the measurements, the calculated values are
of the same order as observed experimentally [15]. The Cu impurity in Fe shows
average lattice expansion of 2.2% of 1NN distance which is in agreement with the
experimental data of the Velthuis et al [16].
To evaluate the influence of the size and d electrons, we have compared potential
parameters r0 , rd and rc for all impurities with the Fe host in figure 3d. The
sizes of all impurities r0 are within 14.6% the size of the Fe, the rc radii have
maximum difference for Pt and rd shows maximum difference for Nb. The Cr, Mn
and Ni (3d) impurities show increase in |u(r)| with increase in the size difference.
For 4d and 5d impurities, |u(r)| follows the same pattern as followed by potential
parameters. The Nb (4d) shows maximum difference in size as well as for rd and
it shows maximum |u(r)|. The relaxation energy Er is tabulated in table 2. Er
is smaller for 3d impurities when compared to 4d and 5d impurities. Therefore,
3d impurities may easily be dissolved in Fe than 4d and 5d impurities. It may be
difficult to make FeNb alloy.
3.4 Nb alloys
The interionic potential ΦHH (r), along with its constituents for Nb is shown in
c
figure 4a. The contributions φFE
HH (r) and φHH (r) are repulsive and found to decay
b
fast. On the other hand, φHH (r) is attractive and decreases slowly. The addition of
the three contributions gives minimum in ΦHH (r) occurring at r = 5.0 a.u. slightly
less than the 1NN distance. The change in potential ∆φ(r) due to impurities is
shown in figure 4b.
In Nb host, ∆φ(r) for 3d impurities V, Cr, Mn, Fe changes its nature from
attractive to repulsive in the vicinity of 1NN distance and it is most repulsive at the
1NN distance. Although |∆φ(r)| decreases, it remains repulsive at all the distances
beyond 1NN distances. ∆φ(r) for 4d impurity Zr becomes attractive in the vicinity
of 1NN distance which is contrary to the other 4d impurity Mo. The behavior of
∆φ(r) for the 5d impurity Ta is the same as for Zr. However, for the W impurity
∆φ(r) is attractive. The forces FI and FII calculated in the second approximation
are given in table 2. In Nb alloys, the forces are repulsive at the first and second
NN’s of 3d impurities V, Cr, Mn and Fe. The forces are repulsive at the 1NN’s and
attractive at the 2NN’s for Zr and Ta impurities while the behavior is opposite for
the Mo impurity. However, for W impurity, both FI and FII are attractive. For 3d
impurities |FI | < |FII |, for 4d impurity Zr and 5d impurity W |FI | > |FII | while for
4d impurity Ta |FI | < |FII |. This is consistent with the character of ∆φ(r).
For V, Cr, Mn and Fe impurities, the first 3NN’s are displaced away from the impurity while the displacements of 4NN’s are asymmetric. Fifth NN’s are displaced
away from the impurity and the 6NN’s get attracted towards the impurity. Beyond this, the oscillatory behavior of the displacements continues. For Zr impurity
the first two NN’s are displaced away from the impurity, third NN’s gets attracted
towards the impurity, 4NN’s get repelled and then the asymmetric oscillatory behavior of displacements continue. The first 4NN’s of Mo impurity are attracted
towards the impurity, the 5NN’s and 6NN’s are repelled from the impurity and
then the displacements are asymmetric and oscillatory. The same characteristic of
atomic displacements is found due to Ta and W impurities.
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Figure 4. Nb dilute alloys. (a) Interionic potential for Nb host, (b) change
in potential ∆φ due to impurities, (c) behavior of first 5NN’s of impurity atom
and (d) comparison of r0 , rc and rd of the impurity atoms with Nb host.

The magnitudes of the atomic displacements of the first 5NN’s of all the transition
metal impurities in Nb are compared in figure 4c. Except for Ta impurity, the 2NN’s
are displaced more than the 1NN’s. The atomic displacements for 3d impurities
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from V to Fe, 4d impurities Zr to Mo and 5d impurities Ta to W are in increasing
order. The strain is found maximum for NbFe alloy and minimum for NbTa alloy.
In NbFe the first, second and third NN’s are displaced by 9.2%, 10.1% and 2.5%
of R10 respectively, while the displacements for NbTa alloy are 0.32%, 0.22% and
0.18% respectively. The average atomic displacement of the first 2NN’s in NbZr
alloy is 0.052 a.u., while the analysis of XAFS spectra predicts about 0.10 ± 0.01
a.u. [15]. Considering all the approximations in the calculation and in the analysis
of the experimental data these results are of the same order.
The empirical potential parameters which represent the contribution of the various d-band contribution, are compared to analyze the difference in the host–
impurity atoms. For 3d impurities V, Cr, Mn and Fe, there is large difference
in size of nearly 15% of the Nb and these impurities also exhibit large atomic displacements, i.e. size effect dominates. The 4d and 5d impurities are of the same
order and varies nearly 5% of Nb. The atomic displacements across the TM series
show inverse relation for all 3d, 4d and 5d impurities. The relaxation energies for
the Nb dilute alloys are calculated considering atomic displacements and forces up
to 2NN’s. The Zr (4d) and Ta (5d) impurities show minimum relaxation energy
in Nb and therefore these could be easily dissolved in Nb. For 3d impurities, the
relaxation energy increases with increase in the number of electrons from V to Fe.
3.5 Mo alloys
The interionic potential ΦHH (r), vs. r for Mo along with its components is shown
in figure 5a. Its behavior is the same as that for other bcc TMs. The change in
potential ∆φ(r) due to transition metal impurities is shown in figure 5b. In Mo
host, the behavior of ∆φ(r) for 3d impurities V, Cr, Mn and Fe is the same as
found in the Nb metal. However, ∆φ(r) for 4d and 5d impurities is similar and
just opposite to that for 3d impurities. It is changing from repulsive to attractive
character and again shows the maxima in the vicinity of 1NN and remains attractive
beyond the 1NN distance. Further analysis shows that ∆φ(r) is quite sensitive to
d core radius rd and model potential radius rc . These parameters are more closer
for Zr and Ta and for Mo and W impurities. The forces FI and FII calculated using
∆φ(r) are given in table 2. In Mo alloys, for 3d impurities the forces are attractive
at the 1NN’s distance and repulsive at the 2NN’s distance whereas forces exhibit
opposite nature for 4d and 5d impurities. In Mo dilute alloys, |FI | < |FII | for 3d
impurities, |FI | > |FII | for 4d, while for 5d impurity Ta |FI | > |FII | and for W
impurity |FI | < |FII |.
For 3d impurities V, Cr, Mn and Fe, the first two NN’s get displaced away from
the impurity, third and fourth NN’s shift towards the impurity and then the next
three NN’s get displaced away and further the oscillatory behavior continues. The
4d impurity Zr creates dilation up to first 4NN’s and then the contraction and
dilation oscillatory behavior of displacements continues. However, the Nb impurity
dilates the first two NN’s, third NN’s get contracted and then the rapid oscillatory
behavior of atomic displacement is found. The 5d impurity Ta displaces the host
atoms on the same pattern as Zr impurity. However, the displacement pattern by
W impurity is different. The first two NN’s shift towards the impurity, next two
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Figure 5. Mo dilute alloys. (a) Interionic potential for Mo host, (b) change
in potential ∆φ due to impurities, (c) behavior of first 5NN’s of impurity atom
and (d) comparison of r0 , rc and rd of the impurity atoms with Mo host.

NN’s get displaced away from the impurity and then the oscillatory behavior of the
displacements continues.
The magnitudes of the atomic displacements of the first 5NN’s in Mo alloys are
shown in figure 5c. As |FII | > |FI | for 3d impurities (V, Cr, Mn and Fe), the
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displacements are minimum at the 4NN’s and maximum at the 5NN’s. However,
the displacements due to 4d and 5d impurities are more oscillatory. The maximum
strain is found for MoFe alloy, where the 1NN’s are displaced by 1.96%, 2NN by
4.6%, 3NN by 1.97%, 4NN by 0.6% and the 5NN by 6.1% of R10 . W impurity
produces minimum strain where the 1NN’s are displaced by 0.52%, 2NN’s by 1.2%,
3NN by 0.54%, 4NN by 0.21% and 5NN by 1.7% of R10 .
The comparison of the potential parameters, which represents all the characteristics of the TMs are shown in figure 5d. This shows nearly the same trend as
exhibited by Nb. The comparison of the equilibrium radius (r0 ) of the Mo and
impurities shows that all the impurities are within the difference of maximum 15%
from the host. rd and rc show maximum difference for Mo–Fe combination, which
also exhibits maximum |u(r)|. The relaxation energy for Mo dilute alloys are calculated considering the atomic displacements and forces up to 2NN’s. The relaxation
energy is found to be minimum for W impurity and maximum for Fe impurity. The
V and Mn impurities also show relaxation energy less 4d impurities. The W, V and
Mn impurities may easily be dissolved, than Fe impurity in Mo.
3.6 Ta alloys
The interionic potential φHH (r) for Ta host along with its components is shown in
figure 6a. The contributions from φFE (r) and φc (r) are repulsive and are found
to decay fast. On the other hand, φb (r) is attractive and decays slowly. These
contributions combine to give φHH (r) which shows minima at r = 4.9 a.u. slightly
less than the 1NN distance. The change in the potential due to Ti, V, Cr, Mn,
Nb, Mo and W impurities in shown in figure 6b. ∆φ(r) for all impurities except
Zr shows repulsive minimum at r = 6 a.u., for Zr ∆φ(r) shows attractive minima
at nearly the same distance. In Ta alloys, the forces at 1NN are attractive due
to Ti, V, Cr, Mn, Nb, Mo and W impurities whereas force is repulsive due to Fe
impurity. The forces are attractive at 2NN for Fe and W impurities whereas these
are repulsive for Ti, V, Cr, Mn, Nb and Mo impurities. For 3d impurities FI ¿ FII
except for Fe, while for 4d and 5d impurities FI À FII .
For 3d impurities Ti, V, Cr and Mn, the maximum atomic displacement is observed at 2NN’s. For 4d impurities Zr and Mo, the maximum atomic displacement
is observed at 1NN’s whereas for Nb, maximum atomic displacement is observed at
2NN’s. At 1NN’s, W shows maximum |u(r)| of 0.0074 a.u. and Nb shows minimum
value of |u(r)| as 0.00037 a.u., whereas at 2NN’s Cr impurity shows maximum |u(r)|
of 0.017 a.u. and Mo shows minimum |u(r)| of 0.0005 a.u. The nature of atomic
displacements of NN’s of the impurity are towards the impurity atom, i.e. lattice
shows contraction for Ti, V, Cr, Mn, Fe and Nb impurities whereas lattice shows
lattice expansion due to Mo and W impurities. For Mo and W impurities, 1NN’s
move away from the impurity atom, the 2NN’s move towards the impurity and next
NN’s are moved away from the impurity atom, and this leads to overall expansion
in the lattice.
For 3d impurities, |u(r)| increases with increase in the number of d electrons and
shows a direct relation with the difference in the size. The maximum difference is for
TaCr which also shows maximum |u(r)|. The comparison of the physical parameters
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Figure 6. Ta dilute alloys. (a) Interionic potential for Ta host, (b) change in
potential ∆φ due to impurities, (c) behavior of first 5NN’s of impurity atom
and (d) comparison of r0 , rc and rd of the impurity atoms with Ta host.

for Ta dilute alloys shown in figure 6d, shows that there is large difference in size
for 3d impurities in comparison to 4d and 5d impurities and this may account
for its larger atomic displacements. For 4d impurities also except Nb, Zr to Mo
follows the direct relation with the size difference. For 5d(W) impurity, though
the size difference is less than the Mo(4d), it shows larger |u(r)|, which may be
attributed to closer values of rd . The relaxation energy for Ta dilute alloys is
calculated considering atomic displacements up to 2NN’s and impurity-induced
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isotropic forces, are presented in table 2. The relaxation energy for 3d impurities
are larger by small order of the magnitude than 4d impurities. The minimum
relaxation energy is for TaW alloy. The comparison of the physical parameters in
figure 6d shows that the large difference in size for 3d impurities may account for
its large atomic displacements. Although we do not observe the same trend for
relaxation energy, because the relaxation energies for all alloy combinations for Ta
alloys are less than other bcc alloys considered shows that impurities can be easily
solvable in Ta.
3.7 W alloys
The interionic interaction potential ΦHH for W host along with its components is
shown in figure 7a, showing a minimum at r ' 5.0 a.u. which is nearly equal to
the 1NN distance. The behavior of the components of ΦHH (r) is similar to Ta
host. The change in the potential ∆φ(r) due to Ti, V, Cr, Mn, Zr, Nb, Mo and Ta
impurities is shown in figure 7b. ∆φ(r) for 3d impurities shows positive minima,
i.e. repulsive nature, whereas 4d and 5d impurities show attractive minima. The
position of minima is slightly different for all the impurities which is determined
by the nature of the impurity atom. More precisely, it depends on the impurityinduced changes in the free electron part, s–d hybridization part and finite d-band
width contribution.
The external force induced due to Ti, V, Cr, Mn, Zr, Nb, Mo and Ta impurities is
calculated from the change in potential ∆φ(r) in the second approximation and are
tabulated in table 2. FI À FII for Ti, V, Mn, Zr, Nb, Mo and Ta impurities where as
FI ¿ FII for Cr impurity. Using the external forces and parameters defined in table
1, the atomic displacements are calculated using the same procedure defined earlier.
For 3d impurities Ti, V, Cr and Mn, the atomic displacements are maximum at
the 2NN’s and not at 1NN’s. The behavior of the atomic displacements due to 3d
impurities is nearly same, the 1NN’s move away from the impurity atom, 2NN and
3NN’s displace towards impurity atom. The 4NN’s show anisotropic displacements
in all the 3d impurities considered. For 4d impurities Zr, and Nb shows lattice
contraction with nearly all NN’s moving towards the impurity atom.
The empirical potential parameters for all impurities are compared with the W
host in figure 7d, to see the effect of size difference and contribution of d-band of
TMs on the atomic displacements. The maximum size difference is observed for W–
Zr alloy, which also shows maximum |u(r)|. However, the d-state radius rd and core
radius rc , which represent the contribution of d-band show maximum difference for
W–Mn alloys. The relaxation energy calculation for W dilute alloys again shows
the same trend as shown by Ta alloys. The atomic displacements are maximum for
3d impurities, so are relaxation energy, size difference and d-band contribution.
4. Discussion
We have systematically investigated the TM impurity-induced atomic displacements in all the bcc TMs. The discrete lattice static Kanzaki method used quite
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Figure 7. W dilute alloys. (a) Interionic potential for W host, (b) change in
potential ∆φ due to impurities, (c) behavior of first 5NN’s of impurity atom
and (d) comparison of r0 , rc and rd of the impurity atoms with W host.

extensively and successfully [9–12,17], is also used in the present calculations. The
interatomic interactions in TMs have been difficult due to variable valency of the
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d electrons and associated effects due to strong d-character of the TM. The finite
bandwidth of the d-band due to d–d interaction and s–d hybridization are very vital as they control the physical and electronic properties of the TMs. These effects
are considered using the empirical parameters in the Wills and Harrison interionic
potential in satisfactory ways. They have calculated many physical properties by
calculating lattice constant, cohesive energy, and so on. In the alloy formation,
when TM impurity is introduced in the TM host, there is further transfer of the dchange. These d-charge transfers are difficult to account while studying interionic
interactions theoretically as well as experimentally. Therefore, we have approximated this as Zdeff = ZdH . The Thomas–Fermi constant is assumed to be the same
for alloys and host, i.e. it is not affected by the presence of impurity.
The atomic displacement of NN’s of the 3d TM host shows a mixed behavior.
For Cr and Fe alloys, the atomic displacements are found to increase linearly with
increase in the number of d electrons across the 3d series whereas it is found decreasing for V alloys. The magnitudes of the atomic displacements due to 3d impurities
are found to be smaller by a couple of magnitudes than due to 4d and 5d impurities. Similar trend is found in the relaxation energy also which suggest that 3d
impurities may be easily solvable in the 3d TM hosts than 4d or 5d impurities. The
atomic displacements due to 4d impurities, particularly Nb, is relatively large in all
the 3d TM hosts which may be due to half-filled d-shell, and nonreactive nature of
Nb. We have tried to establish the relation between the potential parameters r0 , rd
and rc and the corresponding atomic displacements. Most of the impurities which
we considered have atomic equilibrium radius within 15% of the size of the host.
Size difference is maximum for VNb alloy but maximum |u(r)| is obtained for VW
alloy, and similar behavior is observed for Cr alloy. However, for Fe alloy, maximum
|u(r)| is found for FeNb which also shows maximum difference in the size. From the
mixed behavior of the atomic displacements due to 3d, 4d and 5d impurities in V
and in Cr and Fe we can conclude that no single factor can determine the nature of
atomic displacements but it is a complex combined effect of many factors. The size
effect, i.e. difference in the size of the host and impurity atom and the electrostatic
interactions have direct effect on the nature of atomic displacements. The d-state
radius which represents the extent of s–d hybridization contribution in TMs have
direct effect on the nature of the atomic displacements.
In 4d host of Nb and Mo, atomic displacements larger for 3d impurities are larger
than 4d and 5d impurities. The difference in the size of host and impurity atoms offers a significant explanation for maximum displacement due to Fe impurity, which
also shows maximum difference in size with the host. The parameters r0 , rc and rd
show inverse relation for all the 3d, 4d and 5d impurities, i.e. |u(r)| increases with
decrease in the potential parameters. The contribution of different components of
the potentials also changes with the type of impurity and overall potential determines the behavior of the particular impurity atom. All the potential parameters
show maximum difference for NbFe alloy leads to maximum |u(r)| whereas in Mo
alloy potential parameters rc and rd show maximum difference for MoFe which
shows maximum |u(r)| whereas MoZr combination has maximum difference in size
(r0 ). Thus in 4d TM alloys also we observe the mixed contribution of potential
parameters. The relaxation energy calculations show that impurities from 3d series
may be less soluble in the 4d metal, however the 4d or 5d impurities have more
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affinity to dissolve. In 5d hosts of Ta and W, minimum atomic displacements are
produced by 5d impurities, when compared to the 4d and 3d impurities. This may
be attributed to the difference in potential parameters and hence nature of different TMs. The 3d impurities have maximum difference in the potential parameters
of r0 , rc and rd , whereas 4d and 5d impurities have parameters of similar order.
The behavior shown by atomic displacements of different 5d TM dilute alloys is
not observed for relaxation energy. The magnitude of the relaxation energy for all
the 5d alloys is smaller than 3d or 4d alloys. Therefore, these alloys may easily be
formed.
The experimental studies for the calculation of atomic displacements are rare
especially for bcc TM dilute alloys though we have good experimental data for fcc
alloys. Even the recent techniques like EXAFS are inadequate for bcc alloys because
in the EXAFS, the reliability of the measured bond distance falls quickly with each
shell and in bcc alloys second shell neighbor distance may be important. Therefore,
direct comparison of the calculated atomic displacements and the experimentally
observed remains inconclusive, although we have compared results for few Fe dilute
alloys with experimental data which are qualitatively in agreement [16,17].
After analyzing the behavior of the same impurity in different TM hosts, we have
observed that the nature of atomic displacements of the NN’s varies significantly.
For V impurity, the external force FI is attractive and FII is repulsive in all bcc hosts
except for Nb, for which it is repulsive at both the NN’s. V cause larger atomic
displacements |u(r)| of NN’s in 4d and 5d. The Cr impurity behaves similarly in
V and Nb, both the forces FI and FII are repulsive. Mn in Cr behaves in a similar
manner as it behaves 4d (Mo) and 5d (Ta and W) hosts. Therefore, the same
impurity behaves differently in different hosts depending upon effective change in
electrostatic interactions in dilute alloy through altered chemical alteration and the
size difference. The relaxation energies for 3d, 4d and 5d impurities are smaller in
magnitude for 5d host (Ta and W) as compared to 4d host (Nb and Mo) and 3d
host (V, Cr and Fe) metals. For the 3d impurities (V, Cr and Mn), the maximum
relaxation energy is found for Nb host, whereas minimum relaxation energy is
obtained for WV, FeCr and FeMn alloys. Nearly all impurities show least relaxation
energy in 5d hosts (Ta and W). Therefore, we can conclude that impurities (3d, 4d
and 5d) may be easily solvable and hence easy to make alloys.
After a thorough systematic investigation, we conclude that it is difficult to predict exactly the behavior of atomic displacements in TM dilute alloys. The obtained
results may help as reference for experimental work on bcc TM dilute alloys as well
as for further theoretical investigations of the impurity-induced physical properties
such as heat of solution, residual resistivity, electric field gradient, knight shift and
so on. The overall behavior of the atomic displacements are governed by various
physical phenomenons collectively. The present investigation of alloys will be quite
helpful for further research on TM alloys. The first principle calculation of strain
field in TM alloys [17] has provided another effective tool for further theoretical
investigation.
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