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Abstract. Attempts have been made to look for the soliton content in the solutions of
the recently studied nonlinear diffusion-reaction equations [R S Kaushal, J. Phys. 38,
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term which renders the system nonconservative and the corresponding Hamiltonian nonHermitian.
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1. Introduction
The diffusion-reaction (D-R) equation and its variants have been the subject of
study in various branches of physical, chemical and biological sciences [1–4]. Besides
its study in one dimension and higher dimensions, this all depends on the nature
of the phenomenon under study as to what form of this equation (whether linear
or nonlinear version) needs to be used. While a variety of simplified versions of
nonlinear D-R equations are studied [3,5–7] in the literature, a D-R equation with
cubic nonlinearity has been found recently in several interesting applications [5,8,9].
In fact, the presence of velocity-term, which is also attributed to the turbulent
or anomalous diffusion in this later version is found to play an important role
in several applications, particularly in biological studies [1,4,8,9] and the same is
also responsible for making the corresponding Hamiltonian non-Hermitian. Earlier,
one of us had studied [5] the possibility of real eigenvalues of the non-Hermitian
Hamiltonian operator
H = −D

∂
∂2
+v
+ V (x),
2
∂x
∂x

(1)
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associated with the linear version of the D-R equation, Ct + vCx = DCxx − V (x)C,
and also the problem of integrability associated with the classical analogue of this
operator. Solitary wave solutions of the D-R equations with quadratic and cubic
nonlinearities, namely
Ct + vCx = DCxx + [a + U (x)]C − b|C|C,

(2)

Ct + vCx = DCxx + [a + U (x)]C − b|C|2 C,

(3)

are obtained under some simplifying assumptions. This was done mainly to obtain
the closed form solutions of eqs (2) and (3) for complex concentration function
C(x, t). Here, we relax this assumption of complex C(x, t) and demonstrate that
eqs (2) and (3) for real C(x, t) do admit a variety of exact solutions including the
solitonic ones in terms of elliptic functions more on the lines of the KdV equation.
In particular, the existence of soliton solutions of eq. (3) is explicitly demonstrated
in a certain parametric domain. We shall, however, restrict ourselves to the case of
constant value of the random potential U (x), say U0 , in (2) and (3) in this work.
In some sense eqs (2) and (3) can be considered as the generalization of the Fisher
and Nagumo equations respectively, discussed in the literature [2,3].
In the next section we obtain the quasi-exact solutions of both eqs (2) and (3)
using the so-called eigenfunction ansatz method [10]. In §3, we discuss the solitonic
and solitary wave solutions of eq. (3) in a very general manner in terms of Jacobian
elliptic function. Finally, concluding remarks are made in §4.
2. Exact solutions of eqs (2) and (3)
For the solution of eq. (3), we introduce the variable ξ = x − wt and recast eq. (2)
for the real C(x, t) in the form
DC 00 − (v − w)C 0 + αC − bC 2 = 0,

(4)

where U (x) is assumed to be constant (say U0 ) and α = a + U0 . Primes on C
denote derivatives with respect to ξ. Further, for the solutions of eq. (4) we make
an ansatz
C(ξ) = a0 + a1 tanh(µξ) + a2 tanh2 (µξ),

(5)

where a0 , a1 , a2 , µ and w are constants to be fixed later. The use of (5) in (4)
and the rationalization of the resultant expression with respect to the powers of
tanh(µξ) yields the following set of equations:
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2µ2 Da2 − (v − w)µa1 + αa0 − ba20 = 0,

(6)

−2µ2 Da1 − 2(v − w)µa2 + αa1 − 2ba0 a1 = 0,

(7)

−8µ2 Da2 + (v − w)µa1 + αa2 − b(a21 + 2a0 a2 ) = 0,

(8)
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2µ2 Da1 + 2(v − w)µa2 − 2ba1 a2 = 0,

(9)

6µ2 Da2 − ba22 = 0.

(10)

These equations can be easily solved for the constants a0 , a1 , a2 , µ and w in terms of
v, α and b appearing in eq. (2) or (4). From eqs (8), (9) and (10), one immediately
derives the results for a0 , a1 and a2 as
¸
·
1
1
(11)
a0 =
αD − 8µ2 D2 − (v − w)2 ,
2Db
25

a1 =

6(v − w)µ
,
5b

(12)

a2 =

6µ2 D
.
b

(13)

Note that the parameter w (which has the dimension of velocity) is of somewhat
different nature compared to other constants appearing in the ansatz (5). Using
eqs (11)–(13) in (7) one obtains µ as µ = ±(v − w)/(10D). On the other hand, the
use of the values of a0 , a1 , a2 , and µ in eq. (6) yield a constraining relation among
various quantities, viz.,
25αD = ±6(v − w)2 .

(14)
p

Relation (14) can be used to fix w from v − w = ±5 αD/6.
p Finally a0 , a1 , a2 and
µ turn out to be a0 = a2 = α/4b, a1 = ±α/2b, µ = ± α/24D. The results for
D = b = 1 and α = 0.2 are worth comparable to those available in [2,3]. Thus, the
exact solution (5) of (4) takes very simple form, viz.,
C(ξ) = (α/4b)[1 ± tanh(µξ)]2 .

(15)

Next, we obtain the exact solution for the case of cubic nonlinear equation (3)
which is recast in the form
DC 00 − (v − w)C 0 + αC − bC 3 = 0.

(16)

As before, for the solution of eq. (16) we make an ansatz
C(ξ) = a0 + a1 tanh(µξ),

(17)

and substitute the same in (16). The rationalization of the resultant expression
with respect to the powers of tanh(µξ) now yields the following set of equations
involving the unknowns a0 , a1 , µ and w:
−αa0 + (v − w)µa1 + ba30 = 0,

(18)

2µ2 Da1 − αa1 + 3ba20 a1 = 0,

(19)
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−(v − w)µa1 + 3ba0 a21 = 0,

(20)

−2µ2 Da1 + ba31 = 0.

(21)

These equations can be solved to give the values of a0 , a1 , µ and w. In fact, the
pair of eqs (18) and (20), and (19)pand (21) separately provide the expression for
a21 and a comparison yields a0 = ± α/4b. Thus, the solution (17) of (16) becomes
p
C(ξ) = ± α/4b [1 + tanh(µξ)],
(22)
p
p
with µ = ± α/8D and w in ξ = x − wt is given by v − w = ±3 αD/2.
A few remarks about the solutions (15) and (22), respectively, of eqs (4) and (16)
(or of eqs (2) and (3)) are in order: (i) While the coefficients in ansatz (5) and
(17) depend on the strength of the nonlinear coupling b in general, the quantities
µ and w, on the other hand, depend only on the diffusion coefficient D. (ii) Corresponding to the two values of µ, each of eqs (15) and (22) represents four traveling
wave solutions of eqs (2) and (3). However, two of them will turn out to be linearly
independent, for each case. (iii) Note that for positive α, the solutions are real as
long as the nonlinear coupling b > 0. For negative b however the solutions become
complex. If we label the four solutions of (4) or (16) as C++ (ξ), C+− (ξ), C−+ (ξ)
and C−− (ξ) corresponding to the (upper,upper), (upper,lower), (lower,upper) and
(lower,lower) signs on the right-hand side of (15) and (22), then a number of properties of the function Cij (ξ)(i, j = +, −) can be listed. For example, for the solution
(15) written as
C(ξ) =

³ α ´·
4b

µ r
¶¸2
α
1 ± tanh ±
ξ
,
24D

Figure 1. Solutions of eq. (15). (a) Kinkshaped soliton (C+− ) and (b) antikinkshaped soliton (C++ ), for v = 2.0, D =
1.0, α = 0.2, b = 1.0.
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(23)

Figure 2. Solutions of eq. (22). (a) Kinkshaped soliton (C+− ) and (b) antikinkshaped soliton (C++ ), for v = 2.0, D =
1.0, α = 0.2, b = 1.0.
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note that C++ (ξ) = C+− (−ξ) = C−+ (−ξ) = C−− (ξ). Similarly, for (22) written as
r ·
µ r
¶¸
α
α
C(ξ) = ±
1 + tanh ±
ξ
,
(24)
4b
4D
the following symmetries are obvious: C++ (ξ) = −C−+ (ξ) = C+− (−ξ) =
−C−− (−ξ). However, in both the cases, the pair (C++ , C+− ) or (C−− , C−+ ) turns
out to be linearly independent.
It is interesting to note that the linearly independent solutions C++ and C+−
of eq. (16) respectively represent the kink and antikink-shaped soliton solutions in
analogy with other versions of the nonlinear D-R equations studied in the literature
(see p. 289 of [4]). The kink and antikink-shaped solitons resulting from these
solutions of eqs (15) and (22) are shown in figures 1a,b and 2a,b, respectively for
v = 2.0, D = 1.0, α = 0.2, b = 1.0. For the same value of the nonlinear coupling b,
the distinct features for the quadratic and cubic nonlinearities can be noticed from
these figures.
3. Other general solutions of eq.(3)
Using the so-called polar reduction method, we investigate other general soliton
solutions of eq. (3) for the complex C(x, t). In particular, we look for the solution
of
DC 00 − (v − w)C 0 + αC − b|C|2 C = 0

(25)

in the form
C(ξ) = r(ξ) exp[iΘ(ξ)].

(26)

The use of (26) in (25) and subsequent separation of the resultant expression into
real and imaginary parts respectively yields [5]
2

Dr00 − DrΘ0 − (v − w)r0 + αr − br3 = 0,

(27)

2Dr0 Θ0 + DrΘ00 − (v − w)rΘ0 = 0.

(28)

As before, the first integral of eq. (28) can be written as [5]
·
¸
k
(v − w)ξ
0
Θ = 2 exp
,
r
D

(29)

in which, again, we resort to the v = w case for simplicity leading to Θ0 = k/r2 .
Using this form of Θ0 , the first integral of eq. (27) turns out to be
2

k2
αr2
br4
r0
=− 2 −
+
+ k1 ,
2
2r
2D
4D

(30)

which, after introducing the variable S = r2 , can be expressed as
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2

S 0 = AS 3 + BS 2 + k1 S − 4k 2 ≡ AF (S)
or its integral version as
Z S
dS
p
ξ=±
,
AF (S)

(31)

(32)

where F (S) = (S − β1 )(S − β2 )(S − β3 ). Here A = (2b/D), B = −(4α/D), k1 is the
0
constant of integration and the roots βi s of F (S) satisfy
β1 + β2 + β3 = −B/A,

(33)

β1 β2 + β2 β3 + β3 β1 = k1 /A,

(34)

β1 β2 β3 = +4k 2 /A.

(35)

Now we make the substitution z 2 = (S − β3 )/(β2 − β3 ) and write the right-hand
side of eq. (32) in the form of elliptic integral [2,3], viz.,
Z z
dz 0
p
ξ(z, m) =
,
(36)
√
2
o λ 1 − m2 z 0
1 − z 02
where λ = −A(β3 − β1 )/4, m2 = (β3 − β2 )/(β3 − β1 ). It can be readily seen that
for the case z = sin φ, the integral in (36) defines the elliptic function sn and the
same allows one to write z = sn(λξ, m) or the general solution r(ξ) as [2]
p
r(ξ) = ± β3 − (β3 − β2 )sn2 (λξ, m).
(37)
For k = 0, the polar angle Θ becomes constant, say Θ0 , and for this choice we
investigate the following cases differing in terms of nature of zeroes of F (S).
Case I: When β3 6= 0 and β1 = β2 = 0, eq. (37) renders the solution of (25) as
(sn2 + cn2 = 1),
p
C(x, t) = β3 cn(λξ, m) exp(iΘ0 ).
(38)
Case II: When β2 and β3 are not zero but β1 = 0, the solution of (25) can be
expressed as
p
C(x, t) = ± β3 − (β3 − β2 )sn2 (λξ, m) exp(iΘ0 ).
(39)
Case III: When β3 = 0 but β1 and β2 are not zero, then solution of (25) becomes
p
C(x, t) = β2 sn(λξ, m) exp(iΘ0 ).
(40)
Solutions corresponding to these three cases are respectively shown in figures 3–5,
for D = 1.0, α = 0.2, b = 1.0. Note that Case I is interesting as it clearly displays
the soliton content in the solution (see figure 3). Cases II and III however represent
periodic solutions of (3) which are respectively displayed in figures 4 and 5.
254

Pramana – J. Phys., Vol. 67, No. 2, August 2006

Exact solutions of nonlinear D-R equations

Figure 3. Solitonic solution of eq. (3) (see Case I) for D = 1.0, α = 0.2,
b = 1.0, β1 = β2 = 0, β3 = 0.4.

Figure 4. Periodic wave solution of eq.
(3) (see Case II) for D = 1.0, α = 0.2,
b = 1.0, β1 = 0, β2 = 0.4, β3 = 0.02.

Figure 5. Periodic wave solution of eq.
(3) (see Case III) for D = 1.0, α = 0.2,
b = 1.0, β3 = 0, β1 = 0.4, β2 = 0.02.

4. Concluding discussion
Certain aspects ignored earlier [5] in the studies of the D-R equations involving
quadratic and cubic nonlinearities, are now investigated in this work. In particular,
the existence of soliton content in the solutions of eqs (2) and (3) is demonstrated
explicitly.
In view of the fact that nonlinear D-R equations are in use in explaining a variety
of physical phenomenon and the choice of nonlinearity in these equations is a part
of the modeling process of the phenomenon under study, it is expected that the
results obtained in this paper can offer some clue in making such choices.
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