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Abstract. Control of population transfer by rapid adiabatic passage has been an established technique wherein the exact amplitude profile of the shaped pulse is considered to
be insignificant. We study the effect of ultrafast shaped pulses for two-level systems, by
density-matrix approach. However, we find that adiabaticity depends simultaneously on
pulse profile as well as the frequency modulation under non-resonant conditions.
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1. Introduction
Ultrafast laser technology has progressed rapidly over the past several years. For
example, arbitrary amplitude and frequency modulation (shaping) of broadband
pulses is now quite common [1], and the generation of the shaped pulses has proven
useful in multi-photon absorption [2–5] and wave-packet interferometry studies [6].
In fact most pulse shaping applications are limited not by technology, but the
difficulty in calculating appropriate and useful waveforms.
Pulse shape effects have been most extensively studied experimentally in NMR
and MRI, partly because radiofrequency technology is quite mature and partly
because the theoretical framework is simpler. In MRI, treating the sample as a
two-level system with variable resonance frequency is often done. Excitation on
resonance is just proportional to the pulse area. Frequency swept pulses, which
perform adiabatic inversion, create uniform excitation with non-uniform field [7].
In the optical regime, the simple linearly swept (chirped) pulses can be produced
either by stretching transform-limited Gaussian pulses with a grating or a prism, or
on a nanosecond time-scale, by crossing a CW laser beam with a molecular beam
above or below the beam waist. A Gaussian pulse with a linear frequency sweep
has been demonstrated to adiabatically invert population [8]. The sech/tanh pulse
was first tailored as a nanosecond pulse over a decade ago, but was not made as a
ps or fs pulse with high enough power to achieve adiabaticity until recently [9].
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We present results which show that stimulated emission dynamics depend
strongly on the laser pulse shape. In the present work we apply density matrix
approach [10] and also attempt to explain off-resonance behavior. We have presented results which show that this is a promising approach. We have applied the
approach to the single photon scenario in a simple two-level system.
2. Theory
In the time domain the filter is characterized by a time response function g(t).
The output of the filter Ein (t) in response to an input pulse Ein (t) is given by the
convolution of Ein (t) and g(t), such that, Eout (t) = Ein (t) ⊗ g(t). If the input is a
delta function, the output is simply g(t), and so for a sufficiently short input pulse,
the problem of generating a specific output pulse shape is equivalent to the task of
fabricating a linear filter with the desired time response [11].
A creative solution to the problem of slow modulators is the indirect pulse shaping
in the frequency domain. In the frequency domain, the filter is characterized by its
frequency response G(ω), i.e.,
Eout (ω) = Ein (ω) × G(ω),

(1)

where Ein (t), Eout (t) and g(t) and Ein (ω), Eout (ω) and G(ω), respectively are the
Fourier transform pairs. With a delta function input pulse, the input spectrum
Ein (ω) is unity and the output spectrum is equal to the frequency response of the
filter, and thus, due to Fourier transform relations generation of a desired output
waveform can be accomplished by implementing a filter with the required frequency
response.
The simplest model describing a molecular system is an isolated two-level system or ensemble without relaxation or inhomogeneities. Let us consider a linearly
polarized laser pulse being applied to the |1i → |2i transition, where |1i and |2i
represent ground and excited eigenlevels, respectively of the field-free Hamiltonian
[12].
In the laboratory-frame of reference, the general form for the scalar component
of the linearly polarized electromagnetic field E(t) (due to laser) along the direction
of the |1i → |2i transition can be represented as
E(t) = ε(t)ei[ω(t)t+φ(t)] + c.c. = ε(t)ei[ω(t)+φ̇(t)]t + c.c.,

(2)

where ε(t), φ(t) and φ̇(t) are the instantaneous amplitude, phase and frequency
sweep respectively; and ω is the carrier frequency.
In case of single-photon interactions, the total laboratory frame Hamiltonian for
such a two-level system under the effect of applied laser field in eq. (2) can be
written as
¶
µ
¶ µ
~ω1 µ·E
E1 V12
2
H=
= µ·E ∗
V21 E2
~ω2
2
Ã
!
µ·E i[ω(t)+φ̇(t)]
~
−ωR
e
~
=
,
(3)
µ·E −i[ω(t)+φ̇(t)]
2
ωR
~ e
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where ωR = ω2 − ω1 is the resonance frequency, V12 and V21 are the negative interaction potentials and hω1 and hω2 are energies of the ground and the excited state
respectively and µ is the transition dipole moment. Solving the eigenvalue problem
with such a formidable Hamiltonian can be simplified greatly by transforming it
into a different frame of reference. A time-dependent transformation operator, T
transforms the Schrödinger equation as follows:
¶
µ
∂ψ
= Hψ ,
T i~
∂t
∂(T ψ)
∂(T −1 T )ψ
i~
− i~
= T H(T −1 T )ψ,
∂t
∂T
·
¸
∂T −1
∂(T ψ)
−1
i~
= T HT + i~
(T ψ).
(4)
∂t
∂t
This results in the following transformed equation:
H transformed = T HT −1 + i~T −1

∂T
.
∂T

(5)

In order to investigate the off-resonance behavior of the continuously modulated
pulses it is useful to perform a rotating frame transformation to a frequencymodulated (FM) frame by the transformation of eq. (3). This results in a transformed Hamiltonian H FM .
µ
¶
∆ − φ̇(t) Ω2
H FM = ~ Ω∗
,
(6)
0
2
where Ω = µ · ε(t)/~ is the Rabi frequency. The time derivative of the phase
function, i.e. phase modulation appears as an additional resonance offset over and
above the time-independent de-tuning ∆, while the direction of the field in the
orthogonal plane remains fixed. The time evolution of the unrelaxed two-level
system can then be evaluated by integrating the Liouville equation
dρ(t)
i
= [ρ(t), H FM (t)],
dt
~

(7)

where ρ(t) is a 2 × 2 density matrix whose diagonal elements represent populations
in the ground and excited states and the off-diagonal elements represent coherent
superposition of states. This approach has been very successful in solving most
single-photon processes beyond perturbation limits for arbitrarily shaped amplitude
and frequency-modulated pulses.
The effects of purely amplitude modulated pulses are easily calculated on resonance. They are completely determined by the pulse flip angle
¶
Z µ
µ
~ · ~ε(t)
dt,
(8)
Ωt =
~
where µ
~ is the transition dipole moment and ~ε(t) is the pulse envelope. The case
Ωt = π (a ‘pi pulse’) corresponds to complete inversion. Doubling the pulse amplitude, thus creating a ‘2π’ pulse, returns the population completely to the ground
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state. Thus the population undergoes what are called ‘Rabi oscillations’ with laser
amplitude.
Even for an amplitude modulated pulse, the effects cannot be analytically calculated except in a few special cases. A rectangular pulse can be solved exactly;
the next-simplest analytically solvable waveform is the sech/tanh pulse. However,
numerical solutions are always possible, and they reveal some important general
trends.
Effects of the pulse profile and the frequency sweep on the population are usually
interpreted in the framework of adiabatic rapid passage (ARP). In ARP, the barriers
to total population inversion in real systems are removed by either modulating the
laser pulse so that its spectrum sweeps through the distribution of resonances of
the atoms or molecules in the ensemble or by perturbing the atomic or molecular
energy levels via an electric field (i.e., a Stark shift) so that they shift through
resonance with the irradiating laser field. If this frequency sweep is sufficiently
slow, the transition is said to be ‘adiabatic’. If the rate at which the frequency
of the laser pulse changes with time is slow compared with the precession rate
of µ (and fast compared with the relaxation rates of the material system), µ is
said to ‘adiabatically follow’ the pseudofield vector, thereby giving rise to complete
population transfer [13]. The ‘adiabatic condition’ on the frequency sweep can be
written as
¯ ¯
p
¯ dθ ¯
¯ ¯ ¿ Ω2 (t) + ∆2 (ω0 , t),
(9)
¯ dt ¯
where ∆ is the resonance offset between the laser frequency ω and the resonance
frequency ω0 , Ω is the Rabi frequency and θ is the angle between the pseudofield
vector and the z-axis,
θ = tan−1 (∆/Ω).

(10)

The adiabaticity of various interactions can then be quantified by defining an ‘adiabaticity parameter’,
p
Ω2 (t) + ∆2
Q=
.
(11)
|θ̇(ω0 , t)|
In ref. [14], Q > 5.4 was shown to give an essentially complete inversion. For
smaller values, µ cannot remain locked to the pseudopolarization vector. In this
case, the two vectors become separated by a large angle and inversion is prohibited.
Although the efficiency of the adiabatic tracking increases with Q, the sweep rate
is maximized when Q is minimized. Since it is often useful to invert population with
the shortest possible pulses, Qmin is an important parameter (using this notation,
Qmin = 5.4 for the constant adiabaticity pulses). Qmin for sech/tanh pulses was
also calculated in ref. [14] and was found to be ∼1.6. Since the durations of the
constant adiabaticity pulses and the sech/tanh pulses were kept equal, the lower
Qmin of the sech/tanh pulses means that their sweep rates are faster and that they
therefore invert population more quickly than the constant adiabaticity pulses.
The inversion process of the sech/tanh pulses can be explained by rotating the
coordinates of the vector picture (already itself in the ‘rotating frame’) about the
1002
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y-axis, such that the z-axis stays aligned with the pseudopolarization vector. This
coordinate system is the so-called ‘second-order rotating frame’, or SORF, and
x → x0 , y → y 0 and z → z 0 (see figure 1). In the SORF, a new pseudopolarization
vector, feff results that is the sum of the old field and a new ‘virtual’ field caused
by the rotation of the new frame with respect to the old frame. feff is tilted from
the z 0 -axis by an angle ϕ, which is related to the parameters in the original frame
by
√
Ω2 + ∆2
¯ dθ ¯
cot ϕ =
= Q.
(12)
¯ ¯
dt

It can be seen that in this case, increasing the sweep rate, dθ/dt, causes feff to
tilt away from the z 0 axis. If the sweep rate is increased slowly enough, then µ
can adiabatically follow feff in the SORF and inversion can proceed. Therefore,
adiabaticity in the SORF is governed by the condition
QSORF (t) =

||feff ||
À 1.
ϕ̇

(13)

The minimum QSORF calculated for the sech/tanh pulse in ref. [14] is 6.5, confirming that sech/tanh pulses are indeed ‘adiabatic’ in the SORF.
3. Results and discussions
The simulations are performed with a laser pulse having pulse shapes of either (a)
a Gaussian intensity profile; (b) a hyperbolic secant intensity profile or (c) a cosine
square pulse which have the following respective forms:
(a)
(b)
(c)

I(t) = I0 exp[−8 ln 2(t/τ )2 ] ⇒ ε(t) = ε0 exp[−4 ln 2(t/τ )2 ],
√
√
I(t) = I0 sech2 [{2 ln[2 + 3)}(t/τ )] ⇒ ε(t) = ε0 sech[{2 ln(2 + 3)}(t/τ )],
I(t) = I0 cos4 [π/2(t/τ )] ⇒ ε(t) = ε0 cos2 [π/2(t/τ )],
(14)

Figure 1. Second-order rotating frame.
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Figure 2. Excited state population as a function of Rabi frequency and
de-tuning for a Gaussian pulse without frequency sweep (T = 20 ps).

where τ is the full-width at half-maximum (FWHM), and I(t) is the pulse intensity.
This is because most of the commercially available pulsed laser sources have these
intrinsic laser parameters. We choose a range of frequency sweeps, such as (d) the
linear frequency sweep for the Gaussian amplitude and (e) the hyperbolic tangent
sweep for the hyperbolic secant amplitude, and they have the respective forms
1004
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Figure 3. Excited state population as a function of Rabi frequency and
de-tuning for hyperbolic secant pulse without frequency sweep (T = 20 ps).

(d)

φ̇(t) = bt,

(e)

φ̇(t) = b{2 ln(2 +

√

3)} tanh[{2 ln(2 +

√

3)}(t/τ )],
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Figure 4. (a) Cosine square pulse without frequency sweep. (b) Excited
state population as a function of Rabi frequency and de-tuning for cosine
square pulse without frequency sweep (T = 20 ps).
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Figure 5. Excited state population as a function of Rabi frequency and
de-tuning for Gaussian pulse with linear frequency sweep (T = 20 ps; rate =
2 ∗ pi ∗ 0.22/T ).

where b is a constant. Such pulses have been shown to invert population through
ARP [15] in the single-photon case and so we choose to use these particular shapes.
Figure 2 shows the Gaussian pulse without the frequency sweep. The population
undergoes Rabi oscillations, which is understandable. Also, the excited population
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1007

S Dasgupta, T Kushwaha and D Goswami

Figure 6. Excited state population as a function of Rabi frequency and
de-tuning for hyperbolic secant pulse with linear frequency sweep (T = 20 ps;
rate = 2 ∗ pi ∗ 0.22/T ).

falls steeply off-resonance. This is also as expected. For the given range the behavior
of the unswept hyperbolic secant is identical to this (figure 3). The unswept cosine
square pulse has also been studied and is found to have similar propagation with
1008
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Figure 7. Excited state population as a function of Rabi frequency and
de-tuning for cosine square pulse with linear frequency sweep (T = 20 ps; rate
= 2 ∗ pi ∗ 0.22/T ).

Rabi (figure 4). At higher values of the Rabi frequency, we see a deviation from the
other two previous cases, which is due to the edge effect of the cosine square pulse.
When the frequency is modulated, the upper state population is dependant not
only on the amplitude and the excitation is not limited to the resonance region and
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Figure 8. Excited state population as a function of Rabi frequency and
de-tuning for Gaussian pulse with hyperbolic tangent sweep (T = 20 ps; b = 2
in eq. (15)).

also the Rabi oscillations vanish. This is shown in figures 5–11. This is evident
from the plots that are obtained from the simulation for the Gaussian pulse with
the linear chirp and also with the hyperbolic tangent chirp (figures 5 and 9). The

1010
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Figure 9. Excited state population as a function of Rabi frequency and
de-tuning for hyperbolic secant pulse with hyperbolic tangent sweep (T = 20
ps; b = 2 in eq. (15)).

plots for hyperbolic secant pulse with the linear and the hyperbolic tangent pulse
is also indicative of this (figures 6 and 10). Comparing the frequency chirped cases
with the unswept case shows that the Rabi oscillations disappear and also at the
off-resonance energies the population can get inverted.

Pramana – J. Phys., Vol. 66, No. 6, June 2006

1011

S Dasgupta, T Kushwaha and D Goswami

Figure 10. Excited state population as a function of Rabi frequency and
de-tuning for cosine square pulse with hyperbolic tangent sweep (T = 20 ps;
b = 2 in eq. (15)).

The plots for cosine square pulse with the linear and the hyperbolic tangent pulse
have also been studied (figures 7 and 11).
Comparing the three cases of the two different sweeps, we can see that the main
factor governing the excited state population after adiabaticity has been reached is

1012
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Figure 11. Upper state population as a function of de-tuning for all the
pulses with linear sweep at Rabi frequency = 100 units (T = 20 ps; rate
= 2 ∗ pi ∗ 0.22/T ).

Figure 12. Upper state population as a function of de-tuning for all the
pulses with hyperbolic tangent sweep at Rabi frequency = 100 units (T = 20
ps; b = 2 in eq. (15)).
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the frequency chirp that is applied to the pulse shapes. But as given in eq. (11),
the excited state population after adiabaticity is also dependant on the electric
field or the pulse shape. The time-dependent Rabi field term includes the pulse
shape term, as given in Ω = µ · ε(t)/~. Thus we see certain differences in the
adiabatic profiles of the three pulses with the linear as well as the hyperbolic tangent
sweeps.
Figures 11 and 12 show the comparison of the upper state population in the adiabatic region for the two different sweeps. Figure 11 shows the three different pulse
profiles given by equation (14) with the linear chirp. The hyperbolic secant pulse
has the largest spread; it excites the two-level system over a wider range of frequencies off-resonance as compared to the cosine square as well as the Gaussian. Figure
12 shows the three different pulses with hyperbolic tangent sweep. The hyperbolic
secant pulse gives a perfectly rectangular population profile in the adiabatic region
whereas both the Gaussian as well as the cosine square pulses have a slight slope
for the excited population profile.
These graphs show the difference in the adiabatic profiles which come due to the
differences in the pulse shapes. The basic shapes are governed by the sweep rates,
but certain deviations are exhibited due to the differences in the pulse shapes.
Acknowledgements
This work is supported by the generous funding from the Ministry of Communication and Information Technology, Govt. of India, Swarnajayanti Fellowship
Program of the DST, Govt. of India and the International Senior Research Fellows
Program of the Wellcome Trust (UK).

References
[1] A M Weiner, Rev. Sci. Instr. 71, 1929 (2000)
W S Warren and J X Tull, Adv. Mag. Opt. Res. 20, 1 (1997)
[2] D W Schumacher and P H Bucksbaum, Phys. Rev. A54, 4271 (1996)
[3] C J Bardeen, J W Che, K R Wilson, V V Yakovlev, P J Cong, B Kohler, J L Krause
and M Messina, J. Phys. Chem. A101, 3815 (1997)
[4] A Assion, T Baumert, M Bergt, T Brixmer, B Kiefer, V Seyfried, M Strehle and
G Gerber, Science 282, 919 (1998)
T Baumert, J Helbing, G Gerber, L Woste, A H Zewail, J Troe, J Manz, T Kobayashi,
V S Letokhov, U Even, M Chergui, D M Neumark and S A Rice, Adv. Chem. Phys.
101, 47 (1997)
[5] J C Davis and W S Warren, J. Chem. Phys. 110, 4229 (1999)
[6] N F Scherer et al, J. Chem. Phys. 95, 1487 (1991)
[7] For a review, see M Garwood and L Delabarre, J. Magn. Reson. 153, 155 (2001)
[8] J S Melinger, S R Gandhi, A Hariharan, D Goswami and W S Warren, J. Chem.
Phys. 101(8), 6439 (1994)
[9] M R Fetterman, D Goswami, D Keusters, W Yang, J K Rhee and W S Warren, Optics
Express 3(10), 366–375 (1995)

1014

Pramana – J. Phys., Vol. 66, No. 6, June 2006

Dependence of adiabatic population transfer on pulse profile
[10] L C Allen and J H Eberly, Optical resonance and two level atoms (Dover, New York,
1975)
[11] D Goswami, Phys. Rep. 374, 385 (2003)
[12] S Abbas Hosseini and D Goswami, Phys. Rev. A64, 033410 (2001)
[13] J Macomber, The dynamics of spectroscopic transitions (John Wiley & Sons, New
York, 1976)
[14] D Rosenfeld and Y Zur, J. Magn. Reson. 132, 102 (1998)
[15] J S Melinger, S R Gandhi, A Hariharan, J X Tull and W S Warren, Phys. Rev. Lett.
68, 2000 (1992)

Pramana – J. Phys., Vol. 66, No. 6, June 2006

1015

