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Abstract. We locate resonances in η-light nucleus elastic scattering using the time delay
method. We solve few-body equations within the finite rank approximation in order to
calculate the t-matrices and hence the time delay for the η-3 He and η-4 He systems. We
find a resonance very close to the threshold in η-3 He elastic scattering, at about 0.5 MeV
above threshold with a width of ∼2 MeV. The calculations also hint at the presence of
sub-threshold states in both the cases.
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1. Introduction
The motivation attached to the η-physics and non-availability of the η-beams has
given rise to a continuously growing interest in the η-mesic physics. The understanding of some of the fundamental problems like the charge symmetry breaking,
the strangeness content of a nucleon etc. has been linked to the η-physics. There
are also objectives relevant to the intermediate energy physics; for example, study
of the N -N ∗ interaction, the in-medium properties of the N ∗ etc. In spite of the
efforts that have been put into the exploration of the η-mesic physics, the strength
of the η-N interaction and consequently the choice of the system (nucleus) for which
the η-mesic nucleus [1] could exist, remain as unsettled issues.
We planned to study the resonances in η-light nuclei systems since the few-body
systems can be treated rigorously and a good knowledge of such systems can be
used to treat the η-heavier nuclei systems. There also exist strong speculations,
made on the basis of theoretical studies, for the existence of η-light nuclei systems
[2,3]. Recently, experimental efforts have also been carried out to look for such
systems [4].
We solve few-body equations to calculate the t-matrices and then use them to
calculate the time delay for the η-light nuclei elastic scattering. We find a resonance
in the η-3 He system in addition to a very strong rise in time delay right at the
threshold, hinting at the possibility of the presence of sub-threshold states. We do
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not find any resonance in the η-4 He scattering but a possibility of the existence of
a sub-threshold state.
2. The η-nucleus T -matrix
We have solved the few-body equations within the finite rank approximation (FRA)
to calculate the t-matrices for η-nucleus elastic scattering near threshold. The calculations made within the FRA neglect the excited states of a nucleus and allow
the nucleus to remain only in its ground state during the scattering, which is justified since the calculations have been made near threshold and hence the energies
involved are very low. The transition matrix within the FRA can be written as [5]
T (~k 0 ~k ; z) = h~k 0 ; ψ0 |T 0 (z)|~k ; ψ0 i
Z
~ 00 h~k 0 ; ψ0 |T 0 (z)|~k 00 ; ψ0 i
dk
~ 00 ~
+ε
00 2 T (k , k ; z),
00 2
(2π)3 (z − k2µ
)(z − ε − k2µ )

(1)

where z = E − |ε| + i0. E is the energy associated with η-nucleus relative motion,
ε is the binding energy of the nucleus and µ is the reduced mass of the η-nucleus
system. The operator T 0 describes the scattering of an η-meson from nucleons fixed
in their space positions within the nucleus. The matrix elements for T 0 are given
as
Z
hk~0 ; ψ0 |T 0 (z)|~k ; ψ0 i = d~r |ψ0 (~r )|2 T 0 (k~0 , ~k ; ~r ; z),
(2)
where
T 0 (k~0 , ~k ; ~r ; z) =

A
X

Ti0 (k~0 , ~k ; r~i ; z).

(3)

i=1

Ti0 is the t-matrix for the scattering of the η-meson from the ith nucleon in the
nucleus, with the re-scattering from the other (A-1) nucleons included. It is given
as
Ti0 (k~0 , ~k ; r~i ; z) = ti (k~0 , ~k ; r~i ; z)
Z
d~k 00 ti (~k 0 , ~k 00 ; r~i ; z) X 0 ~ 00 ~
+
Tj (k , k ; ~rj ; z).
00 2
(2π)3
z − k2µ
j6=i

(4)

The t-matrix for elementary η-nucleon scattering, ti , is written in terms of the
two-body ηN matrix tηN as
ti (k~0 , ~k ; r~i ; z) = tηN (k~0 , ~k ; z) exp[ i( ~k − k~0 ) · r~i ].

(5)

The wave function ψ0 , required in the calculation of eq. (2) is taken to be of the
Gaussian form for the 3 He and 4 He nuclei.
Since there exists a lot of uncertainty in the knowledge of the η-nucleon interaction, we use two different prescriptions [6,7] of the η-N t-matrix, tηN → ηN , leading
to different values of the η-N scattering length, viz. (0.88, 0.41) [6] and (0.28, 0.19)
[7]. These coupled channel, off-shell t-matrices reproduce the πN → ηN data well.
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3. Time delay
Having obtained the t-matrices for the η-nucleus elastic scattering, we calculate the
‘time delay’ for each case. The concept of time delay has an interesting, intuitive
physical picture of a delay caused in a scattering process due to an attractive
potential, causing formation of an intermediate metastable state. The presence of
a resonance shows up as a positive bump in the time delay plots with its center at
the mass of the resonance. The full-width at half-maximum of the peak corresponds
to the width of the resonance directly (see for example [8,9]) giving a clear picture
of a resonance. The time delay originally quantified by Wigner et al [10] in terms
of the energy derivative of the phase shift,
∆t = 2h̄

dδ
,
dE

(6)

obviously means that any significant change in phase shift, as a function of energy,
will be seen clearly in the time delay plots. It should be noted that a decrease in
the phase shift, with respect to energy, would give rise to a negative time delay. A
detailed interpretation and discussion of the circumstances giving rise to such an
observation can be found in [11].
Though the above definition of time delay as a derivative of the phase shift was
derived in Wigner’s work within a simple wave packet picture, it nicely emerges
from the definition of the delay time matrix of Eisenbud [10] too. An element of
this matrix, ∆tij , which is the time delay in the emergence of a particle in the jth
channel after being injected in the ith channel is given by
·
¸
dSij
∆tij = <e −ih̄(Sij )−1
,
(7)
dE
where Sij is an element of the corresponding S-matrix. In an eigenphase formulation of the S-matrix, S = ηe2iδ (with η being the inelasticity factor), one can
easily see that the time delay as defined above is given by the energy derivative of
the phase shift. The time delay matrix was discussed further in terms of a lifetime
matrix by Smith [12]. Using the definition of the t-matrix in terms of the S-matrix:
S = 1 + 2iT,

(8)

where the complex t-matrix, T (= T R + iT I ), contains the resonant as well as the
non-resonant components, the average time delay can be written in terms of the
t-matrix as
"
#
dTijR
dTijI
dTijR
R
I
h∆tij i = 2h̄
+ 2Tij
− 2Tij
.
(9)
dE
dE
dE
Hence, the time delay in an elastic scattering can be found from
#
"
I
R
dTiiR
R dTii
I dTii
∗
+ 2Tii
− 2Tii
.
Sii Sii ∆tii = 2h̄
dE
dE
dE
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In the present work, we shall use the above definition to evaluate the time delay in
η-nucleus elastic scattering.
Before discussing the results of our work, it is worth mentioning here that the
concept of time delay, which has been discussed in most of the standard textbooks
[13] on quantum mechanics and scattering theory as a necessary condition for the
existence of a resonance, had not been practically used in the past for the characterization of hadron resonances. It is only recently that we used this concept to study
resonances in hadron–hadron scattering and we could successfully reproduce all the
N and ∆ resonances [8], the meson resonances like the ρ, the σ, the K ∗ [9] and,
the much talked about exotic baryon resonances also [14]. This and the experience
from the study of the η-3 He final state interaction in the p + d → η + 3 He reaction
[15] encouraged us to locate resonances in the η-light nuclei systems.
4. Results and discussion
We present here the results of the time delay calculations made using eq. (10),
where we have used the t-matrices obtained by solving the few-body equations
[1–5]. Figure 1 shows the time delay plot for η-3 He elastic scattering as a function
of excess energy. We first discuss the calculation made using the η-N t-matrix from
[6], i.e., with the one giving rise to a stronger η-N scattering length. It can be seen
that there is a broad bump around 0.5 MeV excitation energy with a width of about
2 MeV. There is also a sharp rise in time delay at the threshold hinting towards the
presence of a sub-threshold state. The calculation made with the t-matrix obtained
from [7] also shows a sharp rise in time delay near threshold. However, there is no
resonance found in this case.
The time delay plots for the η-4 He elastic scattering have been shown in figure
2. We do not find the possibility of a resonance in this case. This calculation, in
contrast to the η-3 He calculation, shows a large sensitivity to the different inputs in
terms of the different prescriptions of the η-N t-matrices. The η-N t-matrix leading
to a weaker η-N scattering length [7] does show the possibility of the presence of a
sub-threshold state, whereas the one resulting into a stronger scattering length [6]
shows a large negative time delay near threshold.
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Figure 1. The time delay in η 3 He → η 3 He elastic scattering.
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Figure 2. The time delay in η 4 He → η 4 He elastic scattering.

The cause of the negative time delay could be a repulsive interaction. In a
scattering process, a repulsive potential can cause the particle to accelerate through
the interaction region, causing a ‘time advancement’ in contrast to the time delay
caused due to an attractive potential.
To summarize this discussion, we can say that a search for possible resonances
in the η-3 He and η-4 He systems has been made, on the basis of the time delay
calculated from t-matrices for these systems, obtained by solving the few-body
equations within the finite rank approximation. We find a resonance in the η3
He scattering. These calculations also hint at the possibility of the presence of
sub-threshold states in the η-light nuclei systems.
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