PRAMANA

c Indian Academy of Sciences
°

— journal of
physics

Vol. 65, No. 3
September 2005
pp. 469–479

Material parameters for thermoelectric
performance
M N TRIPATHI1,2 and C M BHANDARI3
1

Department of Physics, University of Allahabad, Allahabad 211 002, India
C.M.P. Degree College, Allahabad, India
3
Indian Institute of Information Technology, Allahabad 211 002, India
E-mail:ommadhav27@rediffmail.com; cmbhandari@yahoo.com
2

MS received 18 October 2004; revised 3 April 2005; accepted 13 April 2005
Abstract. The thermoelectric performance of a thermoelement is ideally defined in
terms of the so-called figure-of-merit Z = α2 σ/λ, where α, σ and λ refer respectively
to the Seebeck coefficient, electrical conductivity and thermal conductivity of the thermoelement material. However, there are other parameters which are fairly good indicators
of a material’s thermoelectric ‘worth’. A simple yet useful performance indicator is possible with only two parameters – energy gap and lattice thermal conductivity. This indicator
can outline all potentially useful thermoelectric materials. Thermal conductivity in place
of lattice thermal conductivity can provide some additional information about the temperature range of operation. Yet another performance indicator may be based on the slope of
α vs. ln σ plots. α plotted against ln σ shows a linear relationship in a simplified model,
but shows a variation with temperature and carrier concentration. Assuming that such a
relationship is true for a narrow range of temperature and carrier concentration, one can
calculate the slope m of α vs. ln σ plots against temperature and carrier concentrations.
A comparison between the variation of ZT and slope m suggests that such plots may be
useful to identify potential thermoelectric materials.
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1. Introduction
A thermoelectric generator works between two different temperatures, and is somewhat like a heat engine, converting heat into electrical energy. The conversion
efficiency of the device (ratio of electrical power generated to the heat absorbed
at the hot junction) can be expressed in terms of the Carnot efficiency and the
specific material parameter corresponding to the thermoelement. This material parameter, referred to as thermoelectric figure-of-merit (Z), is of central interest in
thermoelectric material research and is defined as [1–4]
Z=

α2 σ
,
λ

(1)
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where, α is the Seebeck coefficient, and σ and λ refer to the electrical and thermal
conductivity of the thermoelement material, respectively.
The figure-of-merit (Z) provides a guideline to find out potentially good thermoelectric materials; it is convenient to define dimensionless figure-of-merit (ZT ),
where T is the mean temperature. For a simplified theoretical model based on
parabolic energy bands and single spherical valley, ZT may be written as [1–5]
¡¡
¢
¢2
s + 52 − ξ
¢
,
(2)
ZT = ¡
s + 52 + (β exp(ξ))−1
where, β is defined as
µ
β = 5.74 ∗ 10

−6

T

3/2

m∗
m0

¶3/2

µ
,
λL

where ξ and s refer to reduced Fermi energy EF /kB T and scattering parameter,
and m∗ , m0 , µ, λL , kB refer to effective mass, free electron mass, carrier mobility,
lattice thermal conductivity and Boltzmann constant, respectively. β has also been
employed as an indicator for thermoelectric performance of materials. In a rigorous theoretical calculation Z takes a fairly complex form reflecting the features
pertaining to several equivalent valleys, possible intra- and inter-valley scattering
of carriers, non-parabolic nature of electron (hole) energy bands, and a likely contribution of the minority carriers. Whereas a final deciding factor reflecting on
the merit and worth of the material is an exact calculation of Z, other indicators
can present interesting and valuable guidelines too. We present in this paper two
alternative methods for identifying materials for thermoelectric applications. (a)
A preliminary guide, (b) slope of α vs. ln σ plot as an alternative performance
indicator.
2. Theory
(a) A preliminary guide
A material’s usefulness in thermoelectric applications is displayed by a single entity referred to as the figure-of-merit which itself is a complex function of several
physical parameters. Over the decades following the mid-twentieth century several
material parameters were considered. The present paper suggests one of the simplest parameters that could be used as a preliminary guide to a material’s usefulness
in thermoelectric applications.
The three best-known groups of thermoelectric materials are those based on
bismuth telluride, lead telluride and silicon–germanium alloys, and all these have
widely differing values of figure-of-merit. Bismuth telluride-type materials have
their highest value of Z around room temperature while silicon–germanium alloys have their highest value at about 1300 K. In the intermediate temperature
range (400–800 K) materials based on lead telluride are among the best. However,
when expressed in its dimensionless form the figure-of-merit ZT approximately approaches a value of unity for all three families of materials. The dimensionless
470
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Table 1. Room temperature values of energy gap, lattice thermal conductivity and δ of thermoelectric materials.

Energy gap
(eV)

Materials
GaSb
Bi2 Te3
Sb2 Te3
PbTe
PbSe
CdTe
InAs
InSb
ZnSb
InP
Ge
Si
Si–Ge1
Si–Ge2
Mg2 Ge
Mg2 Si
Mg2 Sn
AgPb18 SbTe20
GaAs
1 Si Ge
70
30

0.67
0.15
0.30
0.32
0.25
1.50
0.35
0.17
0.6
1.25
0.65
1.15
0.97
0.97
0.60
0.70
0.30
0.30
1.42

Lattice thermal
conductivity
(W m−1 K−1 )

δ
((eV)1/2 /W m−1 )

27
1.6
2.4
2.0
1.7
7.5
29
15
17
80
63
113
7.6
3.3
13
10.5
16
1.99
37

0.101
0.81
0.76
0.94
0.98
0.54
0.068
0.092
0.16
0.047
0.043
0.032
0.432
0.99
0.20
0.26
0.114
0.92
0.107

alloy single crystal; 2 fine grained material (∼5 µm).

figure-of-merit thus represents a unifying quantity in the assessment of thermoelectric materials.
However, when attempting to identify potentially good thermoelectric materials, the required information on all the three parameters α, σ and λ is not always
available in the literature. A simpler ratio,pwhich appears to serve as an initial
guide to good thermoelectric materials, is Eg /λL where Eg is the energy gap.
Expressing λL in W/m K and Eg in electron volts (eV), the ratio acquires an almost identical value for Bi2 Te3 , PbTe and SiGe alloys. Assuming that the lattice
thermal conductivity varies as T −1 at room and higher temperatures and neglecting the
p temperature variation of Eg a better choice could be that a parameter,
δ = ( Eg /λL T ) × 103 , can be defined, which is almost independent of temperature. Moreover for the best thermoelectric materials δ approaches unity from
below and gives a reasonably good agreement with the maximum value of ZT
for these materials. Table 1 gives values of Eg , λL and δ for a large number of
semiconductors [6–9]. Figure 1 displays δ plotted against Eg for various materials. Larger values of δ approaching unity are typically those of high-performance
materials.
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Figure 1. New material parameter δ plotted against energy gap for different
semiconductors.

(b) Slope of α vs. ln σ plots as an alternative performance indicator
For a simple theoretical model assuming parabolic energy bands and single spherical
valley a simple relationship between the Seebeck coefficient and electrical conductivity can be given by [10,11]
α = m(b − ln σ),

(3)

where m = kB /e and b ≈ s + ln[T 3/2 (m∗ /m0 )3/2 µ] − 4.66. m and mb represent the
slope and intercept on the α vs. ln σ plots.
It is investigated that maximum electrical power factor is dependent on both
m and b. The use of α vs. ln σ plot only requires data from relatively simple
measurements of α and σ rather than m∗ and µ, which may be required to obtain
ZT in accordance with eq. (2).
The non-parabolicity of energy bands has a considerable influence on the magnitude and variation of m, which is likely to be quite significant in narrow band-gap
semiconductors [12]. The energy dependence of the effective mass is then given by
[13,14]
m∗ = m∗0 (1 + 2βg η),
where βg = kB T /Eg and η = E/kB T .
472
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E and Eg refer to carrier energy and energy band gap. The transport coefficients can be expressed in terms of generalized Fermi integrals, which are defined
as [13–16]
¶
Z ∞µ
∂f
n p
−
η n [η(1 + βg η)]p (1 + 2βg η)l dη.
(5)
Ll (ξ, βg ) =
∂η
0
Here f is the Fermi distribution function. The indices l, p, n take different values
for various scattering processes.
The corresponding electron relaxation time for acoustic phonon scattering [13,15],
which takes account of non-parabolicity of energy bands, is given by
−1
τac
∝ [η(1 + βg η)]1/2 [1 + 2βg η].

(6)

The reduced electrical conductivity σ 0 is given by
µ
σ0 =

kB
e

¶2

T
T
σ = KNv 0 L1−2 ∗ ,
λl
[mc λl ]

(7)

where Nv is the number of equivalent valleys and m∗c is the conductivity effective
mass. In the present calculations no distinction has been made between the densityof-states and conductivity effective masses. The constant K depends on the elastic
constant C11 and acoustic deformation potential (ξD ) and is given by [4,8]
K=

2
kB
hC11
2 .
3π 2 ξD

(8)

In the two-band conduction model the electrical conductivity is the sum of contributions from both electrons and hole bands. Total Seebeck coefficient [14,16,17] is
given by
α = [αe σe + αh σh ]/(σe + σh ),

(9)

where, the contribution to the Seebeck coefficient from jth band can be expressed
as
·
¸
kB 1 L1−2
αj =
−
ξ
(10)
j .
e 0 L1−2
The total thermal conductivity [7,8] is then given as
λ = λL + λe + λh + λb ,

(11)

where, suffices L, e, h and b refer to lattice, electron, hole and electron–hole pair
(bipolar) contributions, respectively.
The electronic contribution to thermal conductivity is given by
Ã
· 1 1 ¸2 !
2 1
L
L
T
−2
λe = KNv 0 L1−2 ∗ 0 1 − 0 −2
.
(12)
mc
L−2
L1−2
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Figure 2. (a) Variation of figure-of-merit (ZT ) and (b) the value of slope m
with carrier density (n) at temperatures 200, 250 and 300 K for Bi2 Te3 .

The lattice thermal conductivity is given by [8,14]
µ
λL =

kB
~

¶3

kB
T3
2π 2 vs

Z

θD /T
0

x4 e4
τC dx.
(ex − 1)2

(13)

Here θD is the Debye temperature.
For two-band conduction including bipolar contribution to thermal conductivity,
the figure-of-merit [14,16–18] becomes
ZT =

(αh0 σh0 − αe0 σe0 )2
,
{(σe0 + σh0 )(1 + σe0 Le + σh0 Lh ) + σe0 σh0 (δe + δh + ξg )2 }

(14)

where δ = 1 L1−2 /0 L1−2 and ξg = Eg /kB T .
In the present paper we have presented the variation of the slope m and dimensionless figure-of-merit (ZT ) with respect to carrier concentration (n). The
three systems investigated, bismuth telluride (Bi2 Te3 ), lead telluride (PbTe) and
474
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Figure 3. (a) 3D visualization of (ZT ) and (b) m with log of carrier density
(n) and temperature for Bi2 Te3 at the operating temperature range.

silicon–germanium alloys, are among the best-known thermoelectric materials for
low, medium and higher temperature ranges. Si0.7 Ge0.3 is the best alloy composition among other compositions of silicon–germanium [14]. A linear interpolation
is applied for physical parameters of Si0.7 Ge0.3 , except for λL which requires an
independent calculation based on disorder scattering.
3. Results and discussion
Calculated values of δ for a number of typical semiconductors are presented in
table 1 and plotted in figure 1. Although only a limited number of semiconductor materials have been examined, there does appear to be a correlation between
the parameter δ and thermoelectric performance. It is concluded that in situations where insufficient information is available to evaluate the figure-of-merit, the
Pramana – J. Phys., Vol. 65, No. 3, September 2005
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parameter δ can serve as a useful indicator of the material’s thermoelectric potential. It may be a sort of preliminary guide for probable candidates for thermoelectric
applications. δ can tell us about the usefulness of the material in the corresponding
range of temperatures. It can also provide an indication of the optimum temperature range. Replacing λL by λ in the expression of δ may provide an idea of
optimum temperature range. λL T remains temperature independent, but λT may
increase
with temperature in the intrinsic range and this may reduce the value
p
of Eg /λL T . This requires a detailed calculation of λ and will form the subject
matter of a future work. Sofo and Mahan [19] found that the energy gap of high
performance thermoelectric materials can be expressed by nkB T , where n = 6–10
and T is the operating temperature of thermoelectric device.
Referring to the second approach, eq. (3) suggests that a plot between α vs. ln σ
is a straight line. This may be reasonably so in a narrow range of temperature
and carrier density (reduced Fermi energy). However, m changes with both the

Figure 4. (a) Variation of figure-of-merit (ZT ) and (b) the value of slope m
with carrier density (n) in the temperature range (400–600 K) for PbTe.
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Figure 5. (a) Variation of figure-of-merit (ZT ) and (b) the value of slope m
with carrier density (n) at temperatures 1000, 1200 and 1400 K for Si0.7 Ge0.3
alloy.

parameters, and this variation has been investigated and displayed for different
cases. Table 2 gives the physical parameters of the investigated materials used in
the calculation. We also present the results of a rigorous calculation of ZT for the
sake of comparison.
In figure 2, the results of calculations for Bi2 Te3 are displayed for temperature
range (200–300 K) in steps of 50 K. Figure 2a shows ZT and figure 2b shows
m. Temperatures selected for the purpose are based on the optimum performance
range of the material. All three curves for different temperatures show that the
variation of m approaches maximum sharply and then decreases slowly with increase in the carrier concentration. The ZT plots show somewhat similar variation.
At temperatures beyond the maximum the m vs. n curves have a tendency to
approach almost constant value. The onset of this region may mark the ideal operating temperature for material under consideration. For a particular temperature
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Table 2. Physical parameters of Bi2 Te3 , PbTe and Si0.7 Ge0.3 at room temperature used in the calculations.
Eg (eV) m∗d /m0
Bi2 Te3
PbTe
Si0.7 Ge0.3

0.15
0.32
0.97

0.16
0.20
0.9

C11
(Nm−2 ) ×1011
0.19
1.39
1.55

λL
ξD (eV) (W m−1 K−1 ) Nv
6.3
24
12.8

1.6
2.0
7.6

6
4
6

T = 250 K the maximum value of ZT = 0.65 and at that point carrier density
n = 7.5 ∗ 1018 cm−3 and the value of m = −105 µV/K. Figures 3a and 3b display
the same results in a 3D visualization. One can see that ZT plot acquires a peak,
whereas the slope m shows a plateau and the onset of the plateau marks the optimal
value of m.
Figures 4a and 4b display similar results for PbTe, the temperature range being
400–600 K. For T = 600 K the slope m approaches a constant value. At T = 500 K,
ZT = 0.43, n = 12 ∗ 1018 cm−3 , and slope m = −98 µV/K.
The results of calculation for Si0.7 Ge0.3 are displayed in figures 5a and 5b. The
large energy gap of the alloy makes it useful at higher temperatures; hence the
temperature range selected for this material is 1000–1400 K. The variation of m
shows a similar nature as that of ZT when both are plotted against carrier density.
One may conclude that m rises sharply with n, and acquires a maximum value. It
then drops slowly with further rise of n. The value of n that gives the highest m
is the optimum concentration for that temperature. The m is found in the range
from −90 to −105 for best operating temperatures for all three materials under
consideration, which is close to the value of slope [10], m approaches (kB /e) =
−86 µV/K. It is found that maximum of ZT and maximum of m shift towards
left as T decreases. For fixed T , variation with n is almost identical in both the
schemes. As regards the optimal values of T and n, the ZT plots are marked by
peaks, whereas the slope m plots are marked by the onset of plateau region.
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