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Abstract. We have carried out a molecular dynamics simulation of two- and threedimensional double Yukawa fluids near the triple point. We have compared some of the
static and dynamic correlation functions with those of Lennard–Jones, when parameters
occurring in double Yukawa potential are chosen to fit Lennard–Jones potential. The results are in good agreement. However, when repulsive and attractive parameters occurring
in double Yukawa potential are varied, we found distinct differences in static and dynamic
correlation functions. We have also compared the two-dimensional correlation functions
with those of three-dimensional to study the effect of dimensionality, near the triple point
region.
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1. Introduction
For the last few decades, a lot of physical insight into the thermodynamic properties
of two- and three-dimensional fluids interacting with Lennard–Jones (LJ) potential
has been gained from computer simulation studies [1,2]. Radial distribution functions have been computed using Monte Carlo methods [3] and molecular dynamics
methods [4,5]. The static and dynamic properties of the fluids interacting with LJ
potential have been studied by employing the techniques of molecular dynamics
simulations [6,7].
Since, with the LJ potential one cannot change the softness of repulsive core as
well as the range and magnitude of attractive interactions, so double Yukawa (DY)
potential has been proposed. This potential has been discussed in detail in §2. The
main motivation behind using this potential is that it can be fitted to any realistic
potential to facilitate the calculations of the thermodynamic properties of classical
fluids [8–10]. This potential has also been used to deal with long-range correlations
[11]. If suitably parametrized, DY potential provides a close fit to LJ potential as
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Figure 1. The double Yukawa potential with parameters λ1 = 14.735,
λ2 = 2.6793 and E = 2.0198² showing a close fit to Lennard–Jones potential. Inset shows that the repulsive potential energy for DY potential is less
when compared to LJ potential as r∗ decreases.

shown in figure 1. Both the potentials agree well if we look at the attractive bowl
of the potential, but on looking at the repulsive part in the range 0 < r∗ < 1, it
has been found that as the value of r∗ decreases, magnitude of repulsive potential
energy for DY potential goes on decreasing when compared to the magnitude of LJ
potential, which is shown in the inset of figure 1. Thus DY potential is convenient
to use due to soft repulsion when compared to LJ potential.
In this paper, we wish to study the static and dynamic correlation functions of
two- and three-dimensional monoatomic fluids interacting via DY potential when
the parameters occurring in DY potential are chosen to fit the LJ potential. Later,
we study the effect of varying the attractive and repulsive parameters of DY potential. The density and temperature of the fluids are taken to be close to their
respective triple points. The time correlation function we have studied in this paper
involves the motion of a tagged particle. The results of radial distribution function
can be compared with those of neutron and X-ray scattering experiments on simple
fluids, which yield information about radial distribution function g(r). The simulation details of the MD method are given in §3. Section 4 discusses the various
static and dynamic correlation functions. Concluding remarks are given in §5.
2. Double Yukawa potential
The form of this potential is
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Figure 2. The double Yukawa potential for different values of λ1 , with
λ2 = 2.6793.

where σ is the value of r at which u(r) = 0, E is the depth of the potential and ² is
an arbitrary energy scale. λ1 and λ2 control the decay range of the repulsive and
attractive contributions to the potential.
The nature of the potentials for different λ1 and λ2 are shown in figures 2 and
3 respectively. λ1 affects considerably the repulsive and, to a lesser extent, the
attractive parts of the potential. On the other hand, λ2 affects mainly the attractive
part of the potential. The impact of λ2 on the range of attractive part can be clearly
seen. The locations and depths of the minima of the attractive potentials, however
∗
, of
are strongly dependent on both λ1 and λ2 . We can calculate the locations, rmin
the minima from
µ
¶
∗
1
+1
λ1 rmin
∗
rmin
=1+
log
.
(2)
∗
(λ1 − λ2 )
λ2 rmin
+1
∗
decreases whereas |umin | increases with increasing λ1 . Similarly,
For a given λ2 , rmin
∗
rmin also decreases with increasing λ2 but |umin | decreases considerably.

3. Molecular dynamics simulation
We have chosen to start our simulation with 1024 particles on a simple cubic lattice for three-dimensional (3D) and on a square lattice for two-dimensional (2D)
monoatomic fluids. In both 2D and 3D fluids, MD calculations were performed for
the two systems each interacting with LJ and DY potentials respectively. Total
momentum was conserved via shifting all velocities. We scaled the resulting velocities to adjust the mean kinetic energy to the desired value and thus adjusted the
Pramana – J. Phys., Vol. 65, No. 3, September 2005
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Figure 3. The double Yukawa potential for different values of λ2 , with
λ1 = 14.735.

instantaneous temperature to match the desired temperature only during equilibration. Newton’s equations of motion were integrated using Verlet’s algorithm. The
potential was truncated at approximately half the boxlength and then shifted. The
periodic boundary conditions were imposed in the usual fashion. With the periodic
boundary conditions, we had eliminated the surfaces and created a quasi-infinite
volume/area to represent the macroscopic system more closely.
After establishing equilibrium configurations, the MD simulations were carried
out for 200,000 time steps with ∆t∗ = 0.001. In a MD simulation, successive
time steps are correlated which do not contain significantly new information. So,
position vectors r(t) and velocity vectors v(t) were stored at every 10th time step
for subsequent analysis. The dimensionless units that are being used in this paper
are u∗ = u/², r∗ = r/σ, n∗ = nσ 2 for 2D system and n∗ = nσ 3 for 3D system,
t∗ = (²/mσ 2 )1/2 t and temperature T ∗ = KB T /².
For a particular E, λ1 and λ2 for DY potential, which gives a close fit to LJ
potential, the triple points chosen were the same for both DY and LJ systems,
i.e. (n∗ , T ∗ )=(0.76, 0.48) and (0.84, 0.72) for 2D DY/LJ and 3D DY/LJ systems
respectively [11,12]. These states were chosen only to compare our results with those
of LJ systems. When the attractive part (λ1 ) of the DY potential was changed,
i.e. (E, λ1 , λ2 )=(2.0198², 12.0, 2.6793) then the triple points chosen were (n∗ ,
T ∗ )=(0.76, 0.43) and (0.86, 0.70) for 2D DY and 3D DY systems respectively.
And when the repulsive part (λ2 ) of the DY potential was changed, i.e. (E, λ1 ,
λ2 )=(2.0198², 14.735, 3.0) then the triple points chosen were (n∗ , T ∗ )=(0.76, 0.42)
and (0.84, 0.70) for 2D DY and 3D DY systems respectively. These triple points
have been established by observing a freezing transition above the triple point
densities at constant temperature.
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4. Static and dynamic correlation functions
We have carried out the analysis of liquid structure by (1) computing the simple
thermodynamic properties such as temperature, pressure etc. These quantities can
be compared with real experiments also, (2) computing static properties, which
characterizes the local structure of a fluid and (3) computing dynamic properties
that play a central role in the theory of time-dependent processes near the equilibrium.
The static properties are investigated through the radial distribution function
g(r). For 2D fluids, the calculation of g(r) involves the relation
hn(r)i = 2πr∆rng(r),

(3)

where hn(r)i is the average number of particles in the annulus of radius r and
thickness ∆r, centered at a given particle. For 3D,
hn(r)i = 4πr2 ∆rng(r).

(4)

Figures 4a and 5a compare the radial distribution function curves for DY and
LJ potentials for 2D and 3D fluids respectively, when parameters occurring in
DY potential are chosen to fit LJ potential. As expected, the curves are in good
agreement. Figures 4b and 5b show the relevant structural information for three
different sets of parameters ((i) when parameters occurring in DY potential are
chosen to fit the LJ potential, (ii) when we alter the repulsive parameter of DY
potential and (iii) when we vary the attractive parameter of DY potential) for 2D
and 3D fluids respectively. When λ1 (repulsive part) of DY potential is decreased,
umin decreases, causing slightly increased repulsion. So height of the first peak,
which represents the coordination number, decreases slightly and this is shown
clearly in the insets of figures 4b and 5b for 2D DY and 3D DY fluids respectively.
Also, when λ2 (attractive part) of the DY potential is increased, umin decreases
considerably and repulsive part of potential becomes soft. So height of the first
peak increases slightly which is again clearly shown in the insets of figures 4b and
5b. If we compare figures 4a and 5a, and figures 4b and 5b, we find that the first
peak in 2D is more pronounced in magnitude and narrower in width when compared
to that in 3D. Also the persistence of oscillations up to a larger value of r∗ in 2D
fluids as compared to its 3D counterpart indicates extensive positional order of 2D
fluids, which characterizes it.
We can use the radial distribution function to calculate the energy and pressure.
The potential energy per particle for 2D fluids can be calculated from
Z ∞
U/N = πρ
dr ru(r)g(r)
(5)
0

and for 3D fluids from

Z

U/N = 2πρ

∞

dr r2 u(r)g(r),

(6)

0

where u(r) is the pair potential. Also the pressure for 2D fluids can be calculated
from
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Figure 4. (a) Radial distribution function for the 2D DY system for a particular choice of λ1 and λ2 giving a fit to LJ, and for 2D LJ system. The
parameters chosen for DY potential are (E, λ1 , λ2 ) = (2.0198², 14.735, 2.6793)
and the corresponding triple point is (n∗ , T ∗ ) = (0.76, 0.48) for both DY and
LJ fluids. (b) Radial distribution function for the 2D DY system for three
different sets of parameters: (i) when (E, λ1 , λ2 ) = (2.0198², 14.735, 2.6793)
(ii) when λ1 is varied i.e. when (E, λ1 , λ2 ) = (2.0198², 12.0, 2.6793) and (iii)
when λ2 is varied i.e. when (E, λ1 , λ2 ) = (2.0198², 14.735, 3.0). The corresponding triple points are (n∗ , T ∗ ) = (0.76, 0.48), (0.76, 0.43) and (0.76, 0.42)
respectively. Inset shows the change of height of the first peak for these three
sets.
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Figure 5. (a) Radial distribution function for the 3D DY system for a particular choice of λ1 and λ2 giving a fit to LJ, and for 3D LJ system. The parameters chosen for DY potential are (E, λ1 , λ2 ) = (2.0198², 14.735, 2.6793) and the
corresponding triple point is (n∗ , T ∗ ) = (0.84, 0.72) for both LJ and DY fluids.
(b) Radial distribution function for the 3D DY system for three different sets
of parameters. The parameters chosen are the same as mentioned in the caption of figure 4b. The corresponding triple points are (n∗ , T ∗ ) = (0.84, 0.72),
(0.86, 0.70) and (0.84, 0.70) respectively. Inset shows the change of height of
the first peak for these three sets.

Pramana – J. Phys., Vol. 65, No. 3, September 2005

463

Y Pathania and P K Ahluwalia
1
P = ρT − ρ2 π
3
and for 3D fluids from
2
P = ρT − ρ2 π
3

Z

∞

dr

du(r) 2
r g(r)
dr

(7)

dr

du(r) 3
r g(r).
dr

(8)

0

Z

∞
0

These equations can be used to check the consistency of the energy and pressure calculations and the determination of radial distribution function. In table 1, we have
presented our results for the energy and pressure calculated from direct simulations
and from radial distribution function. The values are in good agreement.
The dynamic correlation functions, we have investigated in this paper, are the
velocity autocorrelation function ψ(t), the mean square displacement h∆r2 (t)i and
diffusion coefficient D. If there were no net force on particle j, its velocity would
remain constant. However, the interactions with other particles in the fluid will
change the particle’s velocity and it is expected that after several collisions, its
velocity will not be strongly correlated with its velocity at an earlier time. The
velocity autocorrelation function (VACF) is defined as
P
h j Vj (0) · Vj (t)i
P
ψ(t) =
,
(9)
h j Vj (0) · Vj (0)i
where Vj (t) is the velocity vector of particle j at time t. ψ(t) is defined such that
ψ(t = 0) = 1. For large time differences, Vj (t) is independent of Vj (0) and hence
ψ(t) → 0 for large t, indicating that there is no correlation between the particle
velocities at large t. When the parameters occurring in DY potential are chosen to
fit LJ potential, the curves agree well as shown in figures 6a and 7a for 2D and 3D
fluids respectively. Figures 6b and 7b show that when we decrease λ1 (repulsive
part) of DY potential, umin decreases causing slightly increased dispersing collisions
and hence ψ(t) goes through a minimum. When we increase λ2 (attractive part)
of DY potential, umin again decreases and repulsive part becomes slightly soft. So
there is very little effect on the minimum of ψ(t). If we compare our 2D and 3D
plots, it is found that negative tail of VACF shows a little more oscillations in 2D
as compared to 3D fluids as shown in the insets of figures 6a, 6b and 7a, 7b. Also,
VACF in 3D falls off faster when compared to 2D system.
Table 1. Energy, temperature and pressure calculated from direct simulations
and radial distribution function (in reduced units) for various systems under
consideration, at their respective triple points.

System under
consideration
2D
2D
3D
3D
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DY
LJ
DY
LJ

From direct
calculations

From g(r)
T
0.481
0.478
0.703
0.732

E
−2.344
−2.334
−6.022
−5.924

P
0.324
0.310
0.272
0.288

T
0.481
0.478
0.703
0.732

E
−2.381
−2.371
−6.026
−5.933

Pramana – J. Phys., Vol. 65, No. 3, September 2005

P
0.338
0.330
0.214
0.249
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Figure 6. (a) Velocity autocorrelation function for the 2D DY system for a
particular choice of λ1 and λ2 giving a fit to LJ, and for 2D LJ system. The
parameters chosen for DY potential are (E, λ1 , λ2 ) = (2.0198², 14.735, 2.6793)
and the corresponding triple point is (n∗ , T ∗ ) = (0.76, 0.48) for both DY
and LJ fluids. Inset shows the oscillations of the negative tail. (b) Velocity autocorrelation function for the 2D DY system for three different sets of
parameters. The parameters and the corresponding triple points chosen for
different sets of parameters are the same as mentioned in the caption of figure
4b. Inset shows the oscillations of the negative tail.
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Figure 7. (a) Velocity autocorrelation function for the 3D DY system for a
particular choice of λ1 and λ2 giving a fit to LJ, and for 3D LJ system. The
parameters chosen for DY potential are (E, λ1 , λ2 ) = (2.0198², 14.735, 2.6793)
and the corresponding triple point is (n∗ , T ∗ ) = (0.84, 0.72) for both DY
and LJ fluids. Inset shows the oscillations of the negative tail. (b) Velocity
autocorrelation function for the 3D DY system for three different sets of parameters. The parameters chosen and the corresponding triple points are the
same as mentioned in the caption of figure 4b and figure 5b respectively. Inset
shows the oscillations of the negative tail.
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Another physical quantity of interest is the mean square displacement h∆r2 (t)i,
which is defined as
*
+
1 X
2
2
h∆r (t)i =
[rj (t) − rj (0)]
(10)
N
j
and show a well-established linear behaviour at long times after the initial quadratic
behaviour. The diffusion coefficient D can be determined from the mean square
displacement
∂h∆r2 (t)i
,
t→∞
∂t

2dD = lim

(11)

where d is the dimensionality of the system.
From VACF, we can also determine D by using Green–Kubo relation
Z ∞
D=
dthv(t)v(0)i.

(12)

0

Table 2 shows the calculated averages of different thermodynamic properties
for 2D and 3D DY fluids. From the table, it is clear that the values of diffusion
coefficient D∗ calculated from mean square displacement as well as from velocity autocorrelation functions are approximately equal. As expected, diffusion coefficient
D∗ decreases on decreasing λ1 or on increasing λ2 , which is better represented by
2D fluids. The calculated averages of different thermodynamic properties for 2D
and 3D LJ fluids are given in table 3. On comparing tables 2 and 3, we find that
the results for LJ potential and DY potential (when E = 2.0198², λ1 = 14.735
and λ2 = 2.6793) agree well. If we compare the diffusion coefficients of 2D and 3D
fluids, then diffusion coefficient of 2D fluids is always found to be more than that
of 3D fluids.
Table 2. Thermodynamic properties calculated in reduced units for simple
monoatomic classical fluid interacting via DY p
potential. P ∗ = P ²/σ 3 for 3D
∗
2
∗
system and P = P ²/σ for 2D system, D = m
/σ.
²
System under
consideration

n∗

T∗

U∗

D∗
(from MSD)

D∗
(from VACF)

0.338
0.214

0.0417
0.0338

0.0419
0.0341

0.371
0.751

0.0382
0.034

0.0386
0.034

0.192
0.598

0.037
0.035

0.037
0.0356

P∗

E = 2.0198², λ1 = 14.735 and λ2 = 2.6793
2D
3D

0.48
0.72

0.76
0.84

−2.381
−6.026

E = 2.0198², λ1 = 12.0 and λ2 = 2.6793
2D
3D

0.43
0.70

0.76
0.86

−2.186
−5.605

E = 2.0198², λ1 = 14.735 and λ2 = 3.0
2D
3D

0.42
0.70

0.76
0.84

−2.187
−5.249
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Table 3. Thermodynamic properties calculated in reduced units for simple
monoatomic classical fluid interacting via LJ potential.
P ∗ = P ²/σ 3 for 3D
pm
∗
2
∗
system and P = P ²/σ for 2D system, D =
/σ.
²
System under
consideration

n∗

T∗

U∗

P∗

D∗
(from MSD)

D∗
(from VACF)

2D
3D

0.48
0.72

0.76
0.84

−2.371
−5.933

0.330
0.249

0.0404
0.0345

0.0405
0.0348

5. Conclusions
We have carried out an extensive molecular dynamics computer simulation of 2D
and 3D systems interacting with DY potential. The behaviour of the correlation
functions studied is similar for LJ and DY potentials (when parameters occurring
in DY potential are chosen to fit LJ potential). When λ1 (repulsive parameter) and
λ2 (attractive parameter) occurring in DY potential are varied, we found distinct
differences in the various static and dynamic correlations of the liquid system. With
the variation in λ1 and λ2 , there is qualitative effect on the height of first peak of
radial distribution function which represents the coordination number and diffusion
coefficient. It will be of interest to seek experimental verification of and comparison
with our results. By comparing 2D and 3D correlation functions, we found that the
understanding of processes in two dimensions leads to a fuller and better insight of
similar processes in three dimensions.
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