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Abstract. The nonlinear interactions of parametrically excited surface waves have been
shown to yield a rich family of nonlinear states. When the system is driven by two commensurate frequencies, a variety of interesting superlattice type states are generated via a
number of different 3-wave resonant interactions. These states occur either as symmetrybreaking bifurcations of hexagonal patterns composed of a single unstable mode or via
nonlinear interactions between the two different unstable modes generated by the two forcing frequencies. Near the system’s bicritical point, a well-defined region of phase space
exists in which a highly disordered state, both in space and time, is observed. We first
show that this state results from the competition between two distinct nonlinear superlattice states, each with different characteristic temporal and spatial symmetries. After
characterizing the type of spatio-temporal disorder that is embodied in this disordered
state, we will demonstrate that it can be controlled. Control to either of its neighboring
nonlinear states is achieved by the application of a small-amplitude excitation at a third
frequency, where the spatial symmetry of the selected pattern is determined by the temporal symmetry of the third frequency used. This technique can also excite rapid switching
between different nonlinear states.
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1. Introduction
The dynamics of nonlinear pattern-forming systems have been studied intensively over the last two decades. In general, a driven nonlinear system can have
numerous possible solutions, which we define as nonlinear states. Ordered nonlinear states, such as patterns, have been observed in many different types of
driven non-equilibrium systems. These systems include hydrodynamic systems
(e.g. Rayleigh–Benard convection or shear-driven flows), nonlinear optics, plasmas, superconducting media, and forced granular media. Many ordered nonlinear
states in weakly nonlinear systems can now be understood in the very general
framework of model equations (e.g. Ginzburg–Landau equations), which describe
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the weakly nonlinear behavior of the dominant linearly unstable modes of a system. In this sense, both spatial and temporal symmetries of the underlying system
are utilized to provide a universal description of many pattern-forming ordered
states.
While much has been learned about the behavior of these simple systems, our
knowledge of the dynamics of nonlinear systems, when driven to disorder, is far
from complete. Among these unanswered questions are the following fundamental
issues.
• The basic characterization of intrinsically disordered nonlinear states.
• The degree of universality of disordered nonlinear states.
• The universality of the underlying mechanisms which guide the transition
from order to disorder in driven nonlinear systems.
• Once a spatially extended nonlinear state is disordered (e.g. in a state of
spatio-temporal chaos), by what means can this state be stabilized (or ‘controlled’)?
In the work described here we will present the results of an experimental study of
the behavior of a specific driven nonlinear system, nonlinear waves on the surface
of a fluid which are parametrically excited by two commensurate frequencies. We
will first briefly describe both the nonlinear states that are observed in this system
and the system’s phase diagram. We will then go on to describe and characterize a
highly disordered nonlinear phase in this system where the disorder is both in the
spatial and temporal domains. Both the characteristics of this state as well as the
nature of the transition from neighboring ordered phases to this disordered one will
be described. Finally, by means of the application of an external perturbation to the
system, we will demonstrate that this state can be both stabilized and manipulated
so as to ‘lock’ onto any one of a number of neighboring nonlinear states.
The results from this experiment will shed light on the more general questions
that have been noted above. In this specific nonlinear system we will provide
a detailed characterization of the nature of this spatio-temporal disorder. We
will show that this disorder is embodied in the competition between two qualitatively different families of stable nonlinear states which exist in this system.
These two families of nonlinear states are differentiated by both their temporal
and spatial symmetries. Our belief is that the nature of these results is sufficiently general so as to be relevant to a much broader class of driven nonequilibrium
systems.
2. Experimental system
The experimental system used is schematically presented in figure 1. We consider
a thin layer of Newtonian fluid of depth h and kinematic viscosity ν, which is
supported on an electromagnetic mechanical shaker. Waves are excited on the
fluid’s surface by imposing a spatially uniform, temporally periodic vibration of the
layer having the form:
aH · cos(2ne ω0 t) + aSH · cos(2no ω0 t + φ),
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Figure 1. (a) A schematic diagram of the experimental system. (b) The
imaging system consists of a cylindrical screen, concentric with the experimental cell, which was illuminated by 12 halogen lamps arranged in a circle.
This provides a continuously decreasing intensity as a function of the height
above the fluid. The local slope of each point along the fluid surface acts as
a mirror. Since the lighting provides a unique intensity at each height along
the cylinder, the intensity reflected by each point into the camera is uniquely
mapped to the projection of the fluid surface’s slope in the direction of the
cylinder axis.

where no and ne are mutually prime, odd and even integers [1]. We performed
our experiments using a 150 mm diameter cell with 20 cS silicon oil maintained at
30.5 ± 0.05◦ C as our working fluid. In the experiments described below we used
ω0 = 12 Hz and h = 0.11 cm and the bulk of our quantitative measurements were
taken at the frequency ratio ne /no = 54 and φ = 0, although the same qualitative
behavior occurred for frequency ratios 32 , 76 , 98 , 56 , 78 . Details of the experimental
system can be found in [2,3].
2.1 Linear stability
The linear stability diagram of this system consists of a discrete number of ‘tongues’
in the wave number space, where each tongue describes a band of wave numbers [4] centered around a wave number that is roughly determined by the system’s dispersion relation. The temporal response of each tongue is described
by an infinite series of temporal Fourier modes, where each of the modes corresponds to only odd or even multiples of the common frequency, ω0 . Thus, the
parity of no and ne (i.e. whether a driving frequency is an odd or even multiple
of the highest common frequency, ω0 ) is important in determining the temporal
character of the state. As we will see, the temporal parity of each wave number is also important in determining its allowed nonlinear couplings with other
modes [5].
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2.2 Notation
We will then denote the temporal response of the system’s linearly unstable modes
as either even (‘harmonic’) or odd (‘subharmonic’) multiples of ω0 [1,4]. We denote
aH and aSH , respectively, as the driving amplitudes of the harmonic and subharmonic frequencies. The values of the dominant wave numbers, kH and kSH , of the
harmonic and subharmonic modes are determined by the dispersion relation and
the respective dominant response frequencies of ωH = ne ω0 and ωSH = no ω0 . For
any set of system parameters, a critical mixing angle, χc (χ ≡ atan(aSH /aH )) exists
where both kH and kSH simultaneously lose stability.
3. The phase diagram and excited nonlinear states
Although only the linearly unstable modes ~kSH and ~kH are directly excited by the
driving frequencies ωSH and ωH , the allowed nonlinear couplings to linearly stable
‘slaved’ modes plays a critical role in the determination of the selected nonlinear
state of the system. As recently shown by symmetry considerations [5], whether
quadratic nonlinear couplings between the different modes are allowed or forbidden
is determined by the temporal parity of these modes. For example, a quadratic
coupling of two different harmonic modes (i.e. modes with even parity) to a subharmonic (odd parity) mode is forbidden, although a pair of subharmonic modes
is allowed to quadratically couple to a harmonic mode. These restrictions are true
regardless of whether the modes of interest are linearly unstable or stable. These
symmetry considerations explain the pronounced qualitative differences between
the nonlinear states that are found on either side of χc when the two forcing frequencies have different parities.
This ‘asymmetry’ around χc is seen in the typical phase space presented in
figure 2. In the vicinity of χc , four different nonlinear states are observed: 2-mode
superlattices (‘2MS’), subharmonic superlattice states (‘SSS’) [2], hexagonal states,
and the highly disordered ‘unlocked’ state. Each of these states is formed by a
different spatial resonance between modes which are either directly excited by the
forcing used (kSH and kH ) or additional ‘slaved’ linearly stable modes. The 2MS
states [2] are formed by the resonant triads ~kSH − ~kH = ~kdiff where ~kdiff is the
slaved wave number corresponding to the difference frequency ωdiff = ωSH − ωH .
The hexagonal states are composed of only kH modes. The SSS states are superlattices composed of only ~kH and slaved modes corresponding to their spatial
subharmonics, ~kH /2. On either side of χc the temporal parity of the dominant linear mode needed to construct a given state is well-defined. The 2MS states to the
left of χc have a subharmonic time dependence and both the SSS and hexagonal
states to the right of χc are dominated by harmonically excited kH .
The ‘unlocked’ state is a nonlinear state with a high degree of disorder in both
space and time. This state exhibits exponentially decaying correlations in both
space and time [6] as well as rapidly decaying correlations as a function of angular
orientation [2,6]. All the wave numbers ~kSH , ~kH and ~kdiff appear in this state’s
spatial Fourier spectra, but with no correlated orientation. In contrast with many

906

Pramana – J. Phys., Vol. 64, No. 6, June 2005

Control and characterization of spatio-temporal disorder

Figure 2. (a) Phase diagram obtained for 54 forcing. (b) A typical sequence
of images denoting the characteristic disorder in both space and time of the
unlocked state. Time progresses from left to right and the interval between
images is 4ω0−1 . (c) Typical images of the different nonlinear states in the
vicinity of the system’s codimension-two points at χc = 55.8◦ .

other types of spatio-temporally disordered states, the unlocked phase appears immediately at the threshold to instability of the flat featureless state of the system
in the close vicinity of χc . The bifurcation from the featureless to unlocked state
is, to within about 2%, continuous. In a sense, the nature of this state is similar to
the spatio-temporal chaos observed in rotating thermal convection [7], in which the
transition of disorder (the Kuppers–Lortz instability) also occurs directly from the
featureless conduction state by means of a continuous bifurcation. These spatially
and temporally disordered states have been called ‘domain chaos’ since they consist
of continually evolving irregular domains of patterns with differing spatial orientations. The mechanisms giving rise to domain chaos are still not understood, nor is
a precise characterization of these states yet available. We will demonstrate that, in
our system, the unlocked phase results from continuous competition between different families of nonlinear states. We will show that, essentially, our characterization
of this state stems from our ability to control it.
4. The transition from ordered states to the unlocked phase
Our first indication of the nature of the unlocked phase can be gleaned from
the study of the transition from the neighboring ordered states to the unlocked
state.
We first wish to quantify the degree of orientational order within a given state. It
is of interest to examine both the degree of order and dominant symmetry of wave
Pramana – J. Phys., Vol. 64, No. 6, June 2005
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vectors having a given wave number k. To this end, we use the angular correlation
function [2,8], Ck (θ), which is defined as:
X
X
Ck (θ) =
[(fk (θ) − f¯k )(fk (θ + α) − f¯k )]/
[(fk (α) − f¯k )2 ],
α

α

where fk (θ) is the 2D spatial Fourier transform of the state at specific values of k
and the angle θ. f¯k is the mean value of fk (θ), averaged over θ. Ck (θ) is normalized
to yield a value of 1 for maximal correlations. It has been shown in [2] that the
unlocked state has negligible angular correlations at all wave numbers, whereas the
neighboring nonlinear states are characterized by a high degree of correlation at all
excited values of k.
A look at the transition from the ordered 2MS state to the unlocked state gives
a hint about the nature of the unlocked state. As presented in figure 3, we see
that the time series of the angular correlation functions reveal momentary losses
of angular correlation that occur intermittently in time. As the phase boundary
between the unlocked and 2MS states is approached we see that the frequency of
these correlation losses increases. In addition, the mean value of the correlations
decreases continuously [6] until, at the phase boundary, the angular correlations
for every value of k are, effectively, zero. The rapid decrease in correlations can be
seen both directly from the time series of the correlation functions (figure 3a) as
well as in the continuous broadening of the distributions of CkSH (90) (figure 3b) as
the mean values of CkSH (90) near zero as the phase boundary is approached.

Figure 3. The approach from the ordered 2MS phase to the unlocked phase
for a fixed value aSH = 3.4g within the phase diagram shown in figure 2a.
(a) The instantaneous values of the angular correlation function, CkSH (θ),
as a function of time for decreasing values of ² ≡ (aH − aHc )/aHc from the
2MS unlocked phase boundary at the transition value aHc . (b) Histograms of
CkSH (90) taken from the respective data in (a). The values of ² from top to
bottom are −0.07, −0.03, −0.01 and 0.0.
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Figure 4. Momentary losses of correlations of CkSH (90) in the 2MS state
are accompanied by momentary correlation increases of CkH (60). Left: The
instantaneous values of simultaneous measurements of the angular correlation
function, CkSH (θ) (top) and CkH (θ) (bottom) as a function of time. Right: Respective plots of CkSH (90) (upper line) and CkH (60) (lower line) demonstrate
that momentary losses of coherence of the 2MS state (where the dominant
kSH wave vectors are arranged in a square symmetry) are accompanied by
momentary increases of coherence of the kH wave vectors arranged in a hexagonal symmetry. The data were obtained under the conditions of figure 3 for
² = −0.01. The dashed lines superimposed on the correlation functions on the
left indicate the data plotted on the right.

Let us now consider the mechanism driving the momentary losses of correlations
in evidence in figure 3. Looking at figure 4 we see that momentary losses of correlation of kSH wave vectors arranged in a square symmetry (characteristic of the 2MS
state for these parameters) are accompanied by momentary increases in correlations
of the kH wave vectors arranged in the hexagonal symmetry which characterizes
both the neighboring hexagonal and SSS phases in the phase diagram. These fluctuations are indeed anti-correlated [6] with the degree of anti-correlation increasing
with the proximity to the 2MS-unlocked phase boundary. These data suggest that
the mechanism driving the spatio-temporal disorder embodied within the unlocked
state is a continuous competition between at least two different nonlinear states.
As we will demonstrate in the next section, the different temporal symmetries that
characterize the dominant modes, kSH and kH , will enable us to ‘disentangle’ the
different competing nonlinear states, thereby stabilizing the unlocked state and,
effectively, controlling the disordered state.
5. Control of spatio-temporal disorder
Over the past decade a large amount of work has been invested in the ‘taming’
and control of chaotic systems. The control schemes proposed can roughly be
divided into two general classes: closed- and open-loop control. Closed-loop control
of unstable states is achieved by continuous feedback that is applied near either
hyperbolic fixed points [9] or selected ‘pinning sites’ [10] within a system. As a
desired (targeted) state diverges along its unstable direction in phase space, control
in the opposite direction is exerted, thereby continuously stabilizing the system.

Pramana – J. Phys., Vol. 64, No. 6, June 2005

909

T Epstein and J Fineberg
Closed-loop control necessitates detailed knowledge of the phase space of a given
system, constant feedback and the technical ability to apply the desired control.
Open-loop control [11] is performed by perturbation with an external forcing
frequency. This type of control has the advantage that no feedback to the system is
required and, therefore, no detailed knowledge of the phase space is needed. Openloop control has been successfully demonstrated in a number of temporal systems
[12] as well as in model systems described by PDEs [11], but, to our knowledge,
the results described here [6] are the first experimental examples of the successful
open-loop control of a spatially extended disordered system.
We will now apply open-loop control to the unlocked phase, by means of adding
a third driving frequency aΩ · cos(2Ωt). The temporal parity of this spatially ‘control’ uniform signal will be specifically selected to ‘boost’ a desired state. Thus the
frequency, Ω, of this perturbation is chosen to be either an odd or even multiple
of ω0 . Since the allowed (triad) nonlinear interactions conserve parity [5,13], the
parity of Ω should ‘boost’ only selected linear modes. As the complexity of the
unlocked phase stems from continuous competition between the different surrounding nonlinear states, we expect that by enhancing selected dominant modes we will
favor different nonlinear interactions. Thus, by selectively ‘tilting the playing field’
we will be able to choose a desired nonlinear state. Roughly, choosing Ω to be an
odd (even) multiple of ω0 should induce the selection of a subharmonic (harmonic)
state.
In figure 5 we demonstrate that successful control and stabilization of the unlocked regime can indeed be achieved. The values of the perturbation amplitude,
aΩ , needed to achieve control vary with the location in phase space, as shown in
figure 5c for Ω = 1ω0 and in figure 5d for Ω = 2ω0 . In addition, as we anticipated
above, the parity of the control frequency indeed allows us to select the type of state
to be stabilized from within the unlocked phase. Even parity-control frequencies
lead to either SSS or hexagonal states (according to the magnitude of the applied
perturbation) whereas applying a control frequency with odd parity stabilizes the
2MS state. Although the data presented in figure 5 were obtained using the lowest
control frequencies, we have also successfully applied control with higher multiples
of ω0 (3ω0 and 5ω0 for odd-parity control and 4ω0 and 6ω0 for even-parity control)
with the same qualitative results.
Details of the stabilization of the 2MS state within the unlocked phase are shown
in figure 5b. We see that the correlation amplitudes Ck increase continuously with
aΩ until a plateau is reached. At this plateau the desired state is stabilized in the
sense that the correlation amplitudes reach the level of those in the stable phase.
We define aΩlock as the perturbation amplitude needed to bring the correlation
amplitude Ck of a desired state to this plateau.
Let us now consider the size of the perturbation necessary to impose control
of the system. A convenient scale with which to scale aΩlock is the critical amplitude, aΩcrit , at which the flat state loses stability when the system is forced
at the single frequency of cos(2Ωt). Thus, the ratio aΩlock /aΩcrit provides a dimensionless measure of the size of the perturbations needed to stabilize a given
state.
As evident from figures 5c and 5d, the values of aΩlock /aΩcrit are significantly less
than unity, and therefore can be considered as small perturbations. In general, the
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Figure 5. (a) An enlarged view of the phase space surrounding χc , with
ωSH = 5ω0 , ωH = 4ω0 , h = 0.11 cm and ν = 20 cSt. (b) Control of the
unlocked state (at aSH = 3.4g, aH = 2g) to the 2MS state is achieved at a
perturbation amplitude of aΩlock = 0.16aΩcrit with Ω = ω0 . Values of aΩlock
needed to stabilize the (c) 2MS state (Ω = ω0 ) and (d) the SSS state (¥) and
hexagonal state (•) (where Ω = 2ω0 ) as aSH is fixed at 3.4g and aH is varied
across four different phases. In both (c) and (d) stabilization of the odd (even)
parity state is achieved to well within the stable even (odd) parity regime.

ratios aΩlock /aΩcrit for the stabilization of the 2MS states appear to be smaller
(aΩlock < 0.3aΩcrit ) than those necessary for the stabilization of the hexagonal
states (aΩlock < 0.6aΩcrit ). This may be due to the fact that more than a single kH -dominated nonlinear state exists (both the SSS and hexagonal states are
kH -dominated) and the additional competition between these different nonlinear
states requires a larger perturbation to remove the degeneracy between them. Successful control of a given state can be extended outside the unlocked phase, to
neighboring phases. For example, by applying a sufficiently large control amplitude (figure 5c) one can stabilize the 2MS state to well within the regions of phase
space where hexagonal and SSS states are normally stable. Thus the application of
control can also enable us to rapidly switch [6] between different stable nonlinear
states.
When control is applied to the unlocked state, on average, the speed of stabilization is a decreasing function of aΩ /aΩlock . This is demonstrated for two typical cases in figure 6a. The stabilization time for a given instance, however, is
highly dependent on initial conditions and the variance around the mean stabilization time is large. Although initial stabilization to a finite number of domain
formation is rapid (within ∼ ω0−1 ), the time needed for high (CkSH (90◦ ) > 0.6)
spatial correlation throughout the entire system is highly dependent on the initial configuration of the system at the time of control application, and the subsequent dynamics of domain coalescence. Such domain formation is demonstrated in
figure 6b.

Pramana – J. Phys., Vol. 64, No. 6, June 2005

911

T Epstein and J Fineberg

(a)

0.8

Locking threshold

Ck(90o)

0.6

0.4

0.2

0.0

0

50

(b)

100

Time (1/w0)

150

Time
Figure 6. The time to stabilize the unlocked state is a decreasing function
of aΩ /aΩlock . (a) Typical examples of the temporal evolution of Ck (90◦ ) for
Ω = ω0 and aΩ = aΩlock (¥) and aΩ = 2aΩlock (•) where both experiments were
initiated at aΩ = 0 from the same unlocked state. (b) The dynamics of the
transition from the unlocked to a kSH -dominated 2MS state for Ω = ω0 as, at
t = 0, control is applied at a level aΩ = 1.67aΩlock . Images of the state, located
at aH = 1.99g, aSH = 3.4g, are shown at times 0, 10, 50, 85 and 105ω0−1 . Time
progresses from left to right.

6. Summary
We have demonstrated:
• The highly disordered state in this system is the result of competition between
a number of different nonlinear states; each with different spatial and temporal
symmetries.
• Open-loop control was successfully applied to stabilize this disordered state.
Stabilization was achieved by the addition of a small-amplitude third frequency.
• Selection of a desired nonlinear state was achieved by utilizing the temporal
symmetries of the different states. The spatial symmetry of the stabilized
state was governed by the temporal symmetry of this third frequency.
• Rapid switching between the different stabilized states was achieved by changing the temporal parity of the control frequency. Switching between nonlinear
states occurred immediately (within 1–3 excitation periods) although the final
state was determined by long-time dynamics governed by domain coarsening.
This method could be used to stabilize disordered states in other parametrically
excited systems (e.g. [14]). These results may be representing an extended family
of nonlinear systems in which disorder occurs as the result of competing nonlinear
states in the near vicinity of both the onset of instability and phase boundaries.
912
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An example of such systems may be those exhibiting ‘domain chaos’. This type
of control may also be successful in unfolding such nonlinear competition in cases
where no prior knowledge of the surrounding phases exists.
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