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Abstract. The struggle of Boltzmann with the proper description of the behavior of
classical macroscopic bodies in equilibrium in terms of the properties of the particles out
of which they consist will be sketched. He used both a dynamical and a statistical method.
However, Einstein strongly disagreed with Boltzmann’s statistical method, arguing that
a statistical description of a system should be based on the dynamics of the system. This
opened the way, especially for complex systems, for other than Boltzmann statistics. The
first non-Boltzmann statistics, not based on dynamics though, was proposed by Tsallis.
A generalization of Tsallis’ statistics as a special case of a new class of superstatistics,
based on Einstein’s criticism of Boltzmann, is discussed. It seems that perhaps a combination of dynamics and statistics is necessary to describe systems with complicated
dynamics.
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1. Boltzmann’s struggle
In his second paper in 1866, at the age of 22, Boltzmann wrote an article On the
mechanical meaning of the second law of the theory of heat [1] in which he claimed
to prove the second law of thermodynamics purely from dynamics, i.e., the second
law was just a consequence of Newton’s equations of motion.
At that time he was not even aware of the necessity of introducing probability
concepts in order to prove or at least understand the second law. However, two years
later in 1868 in a paper Studies on the equilibrium of the kinetic energy between
moving material points [2] he follows Maxwell in introducing probability concepts
into his mechanical considerations and discusses a generalization of Maxwell’s equilibrium velocity distribution function for point particles in free space to the very
general case that a number of material points move under the influence of forces
for which a potential function exists, i.e., he derives the Maxwell–Boltzmann equilibrium distribution function. One would think that Boltzmann had now realized
the relevance of probabilistic concepts to understand the second law for a system
in equilibrium which follows from the Maxwell–Boltzmann distribution.
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Yet in 1872 when he derived in his paper: Further studies on thermal equilibrium between gas molecules [3], what we now call the Boltzmann equation, he used,
following Clausius and Maxwell, the so-called Stoszzahl Ansatz (‘assumption of
molecular chaos’), and he does not seem to have realized the statistical, i.e., probabilistic nature of this assumption, i.e., of the assumption of the independence of
the velocities of two molecules which are going to collide. The same probabilistic
assumption affected the H-theorem through which he proved the approach to equilibrium. He says, however: “One has therefore rigorously proved that, whatever the
distribution of the kinetic energy at the initial time might have been, it will, after
a very long time, always necessarily approach that found by Maxwell” [4]. In other
words, like in 1866, he thought he had derived the approach to equilibrium and the
second law purely from dynamics. Only later, forced in particular by Loschmidt’s
reversibility paradox around 1876 [5] and then still later by Zermelo’s recurrence
paradox around 1896 [6], based on Poincaré’s recurrence theorem, did Boltzmann
clearly state the probabilistic nature of the Stoszzahl Ansatz and the H-theorem
in that they only hold for disordered states of the gas, which, to be sure, exceeded
vastly the number of ordered ones. In other words, the Stoszzahl Ansatz might be
a very good approximation for a dilute gas – which Boltzmann always considered –
but nevertheless contained an essential probabilistic element, which prevented a
purely mechanical derivation of the approach to equilibrium and the second law.
The polemics surrounding the H-theorem and its proper interpretation depressed
Boltzmann enormously and in 1877 he proposed a completely new approach, in a
paper: On the relation between the second law of thermodynamics and probability
theory with respect to the laws of thermal equilibrium [7]. This approach contained
no mechanical component at all and led to a relation between the thermodynamic
entropy S and the probability W for the dynamical states of the system at a given
total energy in phase space. This was later codified by Planck in 1906 [8] by the
formula: S = k log W + constant, where Boltzmann’s constant k was first introduced. It seemed to connect the second law with probability alone, the opposite of
what Boltzmann originally thought. While Boltzmann struggled with the proper
roles played by dynamics and statistics, which we will encounter again later in
this lecture, Gibbs in his book of 1902, Elementary principles in statistical mechanics [9], solved the problem ‘by cutting the Gordian knot’ using a ‘hypothesis of equal
a priori probability for equal regions in the phase space of the system’ [10], thus
eliminating all dynamics and postulating the canonical ensemble by a simple probabilistic assumption. This avoided all complications associated with the approach to
equilibrium via the dynamics of the collisions, but restricted his work to equilibrium.
As an aside I might remark that this was anathema to Ehrenfest and no doubt
also to Boltzmann, since for them the crucial question of statistical mechanics was
not the equilibrium state, but the approach to equilibrium, which clearly had to
involve the dynamics of the system. As I will explain, Einstein went a step further
and argued that even in equilibrium, dynamics was essential.
2. Einstein
From 1904, the formula S = k log W was repeatedly criticized by Einstein [11].
Einstein argued that one cannot possibly obtain a priori the probabilities to find
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the dynamical system in a certain region in its phase space since these probabilities,
W , must follow a posteriori from the dynamics of the system. In other words, the
frequency that a phase point visits a region in phase space is determined by its dynamics and cannot be given a priori, without using the equations of motion [11,12].
Boltzmann’s statistical approach S = k log W only applied to equilibrium and
was in fact derived by him only for an ideal gas in µ-space, the phase space of a single
molecule. Einstein never used Boltzmann’s formula S = k log W , but only its inverse, i.e., W = eS/k . This allowed him to determine W from the entropy S, which,
like all physical quantities, is determined by the dynamics of Rthe system [13]. Gibbs
later generalized Boltzmann’s formula in µ-space to S = −k f (Γ) log f (Γ)dΓ [14],
i.e. to Γ-space, the phase space of the entire system but, to the best of my knowledge, this formula is equivalent to Boltzmann’s in equilibrium and its generalization outside equilibrium remains, as far as I know (like Boltzmann’s), an unsolved
problem.
Recently Gallavotti and I [15] argued that the entropy content S of a system can
only be defined in an equilibrium state, but not in a non-equilibrium stationary
state, similar but different from the impossibility to define the heat content of
a system in equilibrium [16]. What can be defined, at least in non-equilibrium
stationary states are, it seems, entropy changes, like the entropy production rate
or the entropy transfer rate but not the entropy content.
Boltzmann’s statistical approach was criticized repeatedly by Einstein [17], from
1904 to 1920, since no one listened to his critique anyway. Nevertheless, Einstein
argued, in my opinion, completely correctly, that one cannot in principle fix the
weights of the various regions in phase space without using the dynamics, i.e.,
the equations of motion of the system. I quote Einstein (1910) in an abbreviated
translation [17]:
“Usually W is set equal to the number of ways (complexions) in which a state,
which is incompletely defined in the sense of a molecular theory (i.e. coarse grained),
can be realized. To compute W one needs a complete theory (something like a
complete molecular-mechanical theory) of the system. For that reason it appears
doubtful whether Boltzmann’s principle alone, i.e. without a complete molecularmechanical theory (elementary theory) has any real meaning. The equation S =
k log W + const. appears (therefore), without an elementary theory – or however
one wants to say it – without content from a phenomenological point of view.”
It should be remarked that earlier (in 1868) [18] Boltzmann also mentioned Einstein’s idea of basing the probabilities W of a system in equilibrium on the dynamics
of the system, by postulating that the probability to find the system in a certain
region in phase space would be proportional to the time spent by the system in that
region, which clearly depends on the equations of motion. However, he never distinguished this from his statistical idea, based on S = k log W of 1877, as Einstein
did. As we will see, Einstein’s remark opened the way to other classical statistics
than that of Boltzmann and Gibbs.
3. Tsallis
The first classical non-Boltzmann statistics of physical systems was proposed by
Tsallis [19]. It contained an unknown real parameter q – a ‘bias parameter’ – which
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for q = 1 (no bias) gave Boltzmann’s statistics. Tsallis derived his statistics based
on a probabilistic entropy, similar but different from the Rényi entropy [19]. Then,
Tsallis maximized this entropy under similar conditions as Boltzmann had done for
his statistics (normalized probabilities for the various energy states of the system in
phase space and a fixed total energy of the system), thus making it a physical rather
than a mathematical entropy. He then obtained a new canonical-like distribution
function, which for q 6= 1 established a power law decay of the system’s energy states
for large energies, while for q = 1, the distribution reduced to that of Maxwell–
Boltzmann, with an exponential decay for large energies. Tsallis’ distribution
showed unusual properties, like non-additivity and non-extensivity of the entropy
and would in general apply to systems with a more complicated dynamics than those
that follow Boltzmann’s statistics, which include systems consisting of particles with
short-range forces. In particular, it would be applicable to non-equilibrium rather
than equilibrium states, where non-extensivity is omnipresent. A great variety of
systems appear to be well-described numerically by Tsallis’ statistics [20,21]. However, a prediction or a physical understanding of this remarkable agreement is still
lacking.
A different, more physical, derivation of Tsallis’ statistics was given by Beck [22]
and can be ‘based’ on what we later proposed together as a ‘superstatistics’. This is
a generalization of Tsallis’ statistics, in the spirit of Einstein and has been applied
in particular to systems in non-equilibrium stationary states, like, e.g., turbulent
systems.
4. Superstatistics [23]
We consider a driven non-equilibrium system, here for simplicity a Brownian particle with a time-dependent friction in a fluid, which is thought to be partitioned in
physically infinitesimal regions (cells or partitions), which exhibit spatio-temporal
fluctuations of an intensive quantity. This could be the temperature or the chemical potential in a cell or, in the case of turbulence, the energy dissipation rate in a
Kolmogorov cascade.
We will discuss mainly the case of fluctuations of the inverse temperature β. We
assume for simplicity that the spatio-temporal fluctuations of β in the fluid can be
described by a probability distribution function f (β) and that local equilibrium in
the cells is established on a much shorter time-scale τ (determined by a characteristic value of the friction in the Langevin equation) than the long time-scale T ,
characteristic of the fluctuations of β. Then, due to the motion of the Brownian
particle through the cells each with a possible different β, a stationary probability distribution will arise for long times (t À T ) as a superposition of local (cell)
equilibrium Maxwell–Boltzmann distribution functions e−βE , weighted according
to the distribution function f (β). If E is the energy of a state associated with each
cell, there will be an effective Boltzmann factor for the non-equilibrium system of
the form:
Z ∞
dβf (β) . e−βE .
B(E) =
0
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Here B(E) can be considered as a superstatistics in the sense that it is ‘a (global)
statistics – induced by f (β) – of a (local) statistics – given by the Boltzmann factor
e−βE ’ – i.e. ‘a statistics of a statistics’.
It appears that the generalized superstatistical Boltzmann factors B(E) are physically relevant for large classes of dynamically complex (such as turbulent) systems,
where they can describe a variety of observed phenomena (e.g. correlation functions) in a rather convincing way.
Coming back to Einstein, although the dynamics of the system should determine
the statistics of the system in phase space i.e. f (β) here, in practice, this is an
impossible task for many particle systems. Therefore, one has tried to describe
the dynamics of the system by guessing a proper statistics, i.e. a normalized f (β),
which would then incorporate the relevant aspects of the system’s full dynamics for
the properties (e.g. the correlation functions) in which one is interested and which
can be measured. Therefore, one hopes that one can convert the dynamics of the
system into a statistics, which will describe, for instance, physical quantities of the
system, which are of interest.
Or, vice versa, how do probability functions, of the type I will discuss later,
represent certain physical features as a result of the dynamics of the system?
Clearly this is not precisely what Einstein had in mind, but for systems consisting
of many particles there seems to be no other way to proceed at present, if one
follows Einstein’s idea. Therefore, it would be extremely useful in this connection to have a physical theory of how dynamics can be converted into probability
functions. For the case of the χ2 - (or Γ-) distribution [23] – a superposition of
squared independent Gaussian random variables, all with mean zero – one could
somehow physically imagine that such a superposition would represent in some
crude sense some aspects of a turbulent fluid motion. For a number of correlation
functions measured in cylindrical Couette flows, this has indeed been successfully
carried out by Beck and others, by choosing appropriate distribution functions
[24, 25].
An interesting consequence of the superstatistical Boltzmann statistics B(E)
appears when one expands it to second order in powers of E. For, then all
mathematical representations for f (β) used to represent the dynamics of all the
systems with complicated dynamics studied so far – such as the χ2 - [23] or Γdistribution, the log-normal distribution [23] or the F distribution [23] – the
small E behavior can be proved to be universal. That is, all can be written in
the form B(E) = e−β0 E [1 + σ 2 E 2 /2 + O(β03 E 3 )]. Here β0 = hβi is the mean
and σ 2 = hβ 2 i − hβ 2 i is the variance of (β). In fact, Beck showed that the
Tsallis and the χ2 statistics for f (β) are identical in general, i.e. to all orders
of E.
Higher order terms in E than E 2 , allow then, in principle, to distinguish
between the various mathematical functions needed for a statistical representation of the relevant features of the dynamics of different systems. As a byproduct of this universal behavior of the superstatistical distribution functions,
one can obtain from them a simple universal expression for the analogue of Tsallis’ bias parameter q from the universal coefficient of the term ∼ E 2 , of the
form: q = hβ 2 i/hβi2 , i.e. the ratio of the average of β 2 to the average of β
squared.
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5. Experiment
1. To make these considerations concrete I will give one experimental example:
the advective motion of a Brownian particle (a polystyrene sphere of 46 µm
in diameter) swept around a highly turbulent circular Couette flow (with
Reynolds number Re ≈ 63,000) between two oppositely moving concentric
cylinders (figure 1). This experiment was carried out by Bodenschatz et al
[24]. The χ2 or perhaps even better the log-normal based superstatistics seem
to be able to describe the fluctuations of a scaled acceleration component a
of the Brownian particle as a function of a very well (figure 2) [21].
2. More details on superstatistical turbulence models can be found in [25]. Some
other superstatistics noted in the literature are: Swinney et al [26, 27] for the
longitudinal velocity difference fluctuations in a highly turbulent Couette flow;
Castaing et al for the turbulent flow in a jet or in a wind tunnel [28]; Sattin and
Salasnick for the electron density fluctuations in fusion plasma physics [29]
and Boghosian for the drift turbulence in a pure magnetized electron plasma
in a cylindrical tube [19, 30].

Figure 1. Trajectory of a 46 µm diameter polystyrene tracer particle at a
Reynolds number of Re ≈ 63.000 in a turbulent fluid between two oppositely
rotating concentric cylinders. The little spheres in the figure represent positions of the particle along its trajectory. The arrow indicates where the particle
was injected in the fluid. The color of the trajectory indicates the magnitude
of the acceleration (indicated by the scale), which can reach ≈ 1600 g in one
of the bends [24] (Courtesy of E Bodenschatz).
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Figure 2. The probability density p(a) of a scaled transverse component a of
the acceleration of the tracer particle of figure 1, as a function of a. The large
dashed lines (lower curve) give the theoretical results of using a log normal
superstatistics for the dynamics, while the small dashed lines (upper curve)
give the results of using a Tsallis distribution for the dynamics of the particle. The + signs represent the experimental data for three Reynolds numbers
(Re = 63,000, 31,700, 26,700), all with variances equal to one [21] (Courtesy
of C Beck).

3. Finally, I want to comment on a difference between this superstatistical approach to turbulence and the conventional one based on the Navier–Stokes
equations. In the latter case one approaches the problem of turbulent motion
‘from the outside in’, by studying the Fourier components of a Fourier analysis of the Navier–Stokes equations in space–time of the entire fluid. In the
former case one approaches the problem of turbulent motion ‘from the inside
out’, by introducing probability functions, which apparently are able to represent certain aspects of the internal dynamics of the turbulent fluid, based
on the dynamical idea of Einstein, but mixed with a good grain of statistics
to make it work in practice. A connection between the two approaches is an
open question.
6. Conclusion
Let me end this very brief survey of some ideas and results on the description of
complex macroscopic systems, obtained dynamically or statistically or by both, in
a historical perspective, by a quote from Boltzmann. This quote is taken from
Boltzmann’s lecture On recent developments of the methods of theoretical physics,
given in 1899 in München, Germany [31]. Here, when he asks about the future of
the physics of his days, he says:
“Will the old (classical) mechanics with the old forces . . . in its essence remain,
or live on, one day, only in history . . . superseded by entirely different notions?
Pramana – J. Phys., Vol. 64, No. 5, May 2005
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Will the essence of the present molecular theory, in spite of all amplifications and
modifications, yet remain, or will one day an atomism totally different from the
present prevail. . . . (Or, I could add, will entropy and statistics continue to play their
present dominant role or will dynamics become more essential for the description
of the properties of macroscopic systems?)” Boltzmann concludes his lecture by:
“Indeed interesting questions! One almost regrets to have to die long before they
are settled.
O! immodest mortal! Your fate is the joy of watching the ever-shifting battle!”
(not to see its outcome).
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