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Abstract. Motivated by studies on q-deformed physical systems related to quantum
group structures, and by the elements of Tsallis statistical mechanics, the concept of qdeformed nonlinear maps is introduced. As a specific example, a q-deformation procedure
is applied to the logistic map. Compared to the canonical logistic map, the resulting family
of q-logistic maps is shown to have a wider spectrum of interesting behaviours, including
the co-existence of attractors – a phenomenon rare in one-dimensional maps.
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1. Introduction
q-Deformed physical systems has been the subject of intense research in the recent
past due to the emergence of the so-called quantum group structures in certain
physical problems (see, e.g., [1] and references therein). This has established a
connection with the q-analysis known in mathematics for over a century. The qdeformation of any function essentially involves a modification of that function such
that in the limit q → 1 the original function is recovered. If this condition is the only
guideline, it is natural to expect the q-deformation to be not unique. Hence there
exist several q-deformations of the same function introduced in different physical
and mathematical contexts.
Originally, Heine (1846) deformed a number to a basic number as
[n]q =

1 − qn
1−q

(1)

such that [n]q → n when q → 1. Correspondingly, Jackson (1904) defined a qexponential function as
Eq (x) =

∞
X
xn
[n]q !
n=0

(2)

with
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[n]q ! = [n]q [n − 1]q · · · [2]q [1]q ,

[0]q ! = 1

(3)

such that it becomes the usual exponential function ex in the limit q → 1. The
mathematics of quantum groups necessitated a new deformation of the number as
[n]q =

q n − q −n
q − q −1

(4)

which also has the required property that in the limit q → 1, [n]q → n. The
associated q-exponential function is defined by the same eq. (2) but with [n] q defined
according to (4).
In the non-extensive statistical mechanics of Tsallis [2], a new q-exponential function has been introduced which is given by
exq = (1 + (1 − q)x)1/(1−q)

(5)

with the required limit ex when q → 1. This exq plays a central role in the nonextensive statistical mechanics and replaces ex in certain domains of application; it
should be noted that it is natural to define a generalized exponential function as in
(5) if we consider the relation
ex = lim

N →∞

³

1+

x ´N
,
N

(6)

and regard 1/N as a continuous parameter. The formalism of non-extensive statistical mechanics has found wide ranging physical applications including study of
nonlinear maps at the edge of chaos [2]. Here, our aim is to introduce the general concept of q-deformation of nonlinear maps and experiment with an example
of a particular scheme of q-deformation derived from the mathematical basis of
non-extensive statistical mechanics.
The paper is organized as follows. In §2 we shall recognize a new deformation of
numbers provided by the Tsallis q-exponential function in (5) and propose a general
scheme for q-deformation of any nonlinear map. In §§3 and 4 we shall present a
detailed study of a q-deformed logistic map. In §5 we shall conclude with some
observations.
2. A q-deformation scheme for nonlinear maps
The series expansion of exq has been presented in [3] as
exq = 1 +

∞
X
Qn−1 xn
n!
n=1

(7)

with
Qn = 1(q)(2q − 1)(3q − 2) · · · (nq − (n − 1)),

n = 0, 1, 2, . . . .

We now make the following observation. Let us take
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1−q =²

(9)

and rewrite exq as
τ² (x) = (1 + ²x)1/²

(10)

which goes over to the usual exponential function as ² → 0. From (7) the series
expansion of τ² (x) follows as
τ² (x) =

∞
X
Tn x n
n!
n=0

(11)

1,
for n = 0,
1(1 − ²)(1 − 2²) · · · (1 + (1 − n)²), for n ≥ 1.

(12)

with
Tn =

½

Comparison of (11) with (2) suggests that here we have another deformation of
numbers :
n
[n]² =
(13)
1 + (1 − n)²
such that
lim [n]² = n.

²→0

(14)

Then, we can write
τ² (x) =

∞
X
xn
[n]² !
n=0

(15)

exactly analogous to the expression in (2) for Eq (x). As usual, extending the rule
in (13) to deform any x we shall take
x
[x]² =
.
(16)
1 + ²(1 − x)
Note that [x]² → x when ² → 0. Further, [0]² = 0 and [1]² = 1, as in the case of
other deformations in eqs (1) and (4). Hereafter, we shall denote [x] ² simply as [x]
and take it to be defined by (16) unless stated otherwise.
Now, we introduce the following concept of q-deformation of nonlinear maps. If
xn+1 = f (xn )

(17)

defines a one-dimensional nonlinear map, then its q-deformed version is
xn+1 = f ([xn ]q ),

(18)

where [xn ]q is, in general, any q-deformed value of xn . For example, the q-deformed
logistic map, corresponding to the definition of deformed x as in (16), is
xn+1 = a[xn ](1 − [xn ])
a(1 + ²)xn (1 − xn )
= F (xn ) =
.
(1 + ²(1 − xn ))2

(19)

In the limit ² → 0 this q-logistic map in (19) becomes the usual logistic map. In
the following we shall refer to the map in (19) simply as the q-logistic map.
Pramana – J. Phys., Vol. 64, No. 3, March 2005
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Figure 1. F (x) = a(1+²)x(1−x)
in (19) vs. x for a = 4. The solid curve is
(1+²(1−x))2
for ² = 0 (usual logistic map). The dashed curves skewed increasingly to the
right are for ² = 1, 10, 100. The dashed curves skewed increasingly to the left
are for ² = −0.5, −0.9, −0.99.

3. The q-logistic map
Figure 1 displays the functional form, F (x), in (19) for the case of a = 4. Clearly
as ² moves away from 0 the map gets more skewed. The map is skewed to the right
for positive ². The upper bound for ² is ² → ∞, where x → 0. The map is skewed
to the left for negative ². The lower bound for ² is ² → −1, where x → 0. It is clear
that for −1 < ² < ∞ the deformation x → [x]² is an invertible map from [0, 1] onto
[0, 1]. There is one important qualitative difference between the usual logistic map
and its deformed version (19): the deformed map is concave in parts of x-space,
whereas the usual logistic map is always convex.
Note that the shape of the deformed map is similar to certain maps used to
model population dynamics, such as the Bellows map, f (x) = rx/(1 + x b ), and
the Moran–Ricker exponential map, f (x) = xer(1−x) , where r is the nonlinearity
parameter leading from periodic behaviour to chaos [4].
The fixed points of the map in (19) are given by
x? =

414

a(1 + ²)x? (1 − x? )
.
(1 + ²(1 − x? ))2
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Figure 2. Bifurcation diagram of the map with respect to ² for a = 3.

Figure 3. Bifurcation diagram of the map with respect to ² for a = 3.5.

This has one solution at x? = 0. For x? 6= 0 the above equation becomes
1=

a(1 + ²)(1 − x? )
.
(1 + ²(1 − x? ))2

(21)

Substituting 1 − x? by y in this equation gives
(1 + ²y)2 = a(1 + ²)y

(22)

²2 y 2 + (2² − a(1 + ²))y + 1 = 0.

(23)

or
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Figure 4. Bifurcation diagram of the map with respect to ² for a = 3.6.

Figure 5. Bifurcation diagram of the map with respect to ² for a = 3.7.

So
y=

a(1 + ²) − 2² ±

p
a2 (1 + ²)2 − 4a²(1 + ²)
.
2²2

(24)

Thus, the fixed points {x? } of the q-logistic map are

416

x? = 0,

(25)

p
a(1 + ²) − 2² + a2 (1 + ²)2 − 4a²(1 + ²)
?
x+ = 1 −
,
2²2

(26)
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Figure 6. Bifurcation diagram of the map with respect to ² for a = 3.8.

Figure 7. Bifurcation diagram of the map with respect to ² for a = 4.

x?−

=1−

a(1 + ²) − 2² −

p
a2 (1 + ²)2 − 4a²(1 + ²)
.
2²2

(27)

The numerically obtained fixed points of the map for different values of ² and a
coincide exactly with the analytical expression for x? above.
The bifurcation diagrams for the map with respect to ² are given for different
values of a in figures 2–7. For a = 3, it is clear that the fixed point x?− loses stability
for negative ² (see figure 2). This can be straightforwardly understood from the
magnitude of f 0 (x? ), which crosses the value 1 at ² = 0 when a = 3.
For a = 3.5 the usual logistic map (² = 0) yields a 4-cycle. As ² increases there is
a reverse bifurcation and the 2-cycle gains stability, followed by the fixed point (see
Pramana – J. Phys., Vol. 64, No. 3, March 2005
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figure 3). However, note that the fixed point at x? = 0 also gains stability when ² is
sufficiently high, and we have a co-existence of attractors (namely, the fixed point
at 0 co-exists, first with the 2-cycle and then with the fixed point x?− ).
Similar features, namely reverse bifurcations in ²-space, and the co-existence of
the fixed point x? = 0 with other dynamical behaviour at high ², are observed for
larger values of a as well (see figures 4–7).
So the chaotic logistic map under deformation with positive ² can yield stable
fixed points. For instance:
(i) For a = 3.6 we have chaotic bands for the usual logistic map (² = 0) and
the co-existence of a stable 2-cycle and a fixed point x? = 0 for ² = 4 (see
figure 4).
(ii) For a = 3.8 we have a global chaotic attractor for the usual logistic map
(² = 0), while we have a stable 3-cycle for ² = 0.4 (see figure 6).
(iii) For a = 4 we have a global chaotic attractor extending over the entire interval
for the usual logistic map (² = 0), while we have a global attractor for x? = 0
for ² > 3 (see figure 7).

4. Co-existence of attractors
It is clearly evident from the bifurcation diagrams that this q-deformed logistic map
in (19) offers a rare example of multiple attractors in a one-dimensional discrete
system [5]. The fixed point at x? = 0 co-exists with other kinds of dynamical
behaviour when ² is sufficiently high. Figures 8 and 9 show the basins of attraction
for the fixed point x? = 0 for different values of ² and a. The basin of attraction
for x? = 0, as reflected in the fraction of initial conditions which are attracted to
0, monotonically increases with ², starting with a null basin of attraction for small
values of ² and becoming a global attractor at sufficiently high ². At intermediate
values, for certain ranges of a, multiple attractors exist, and the transition to a
global attractor is not sharp.
The co-existence of attractors for the q-logistic map can be comprehensively
understood as follows. Consider, for example, the case of a = 3.7 and ² = 7 where
a 2-cycle co-exists with the fixed point x? = 0. Figure 10 shows the form of the
dynamical evolution function F (x) in (19) with respect to x for these values of a
and ².
The figure also displays the F (x) = x line and the F (x) = x?+ line. The intersection of the former with the F (x) curve yields the fixed points x? = 0, x?+ and x?− .
The intersection of the latter with the F (x) curve yields the two pre-images for the
fixed point x?+ . One pre-image is simply x?+ (i.e., it is also on the 45◦ line) as it is
a fixed point solution. The other pre-image is given by
p
(2²²0 x?+ + a0 ) + (2²²0 x?+ + a0 )2 − 4(²2 x?+ + a0 )²02 x?+
−1 ?
F (x+ ) =
,
2(²2 x?+ + a0 )
where ²0 = 1 + ² and a0 = a²0 . This marks the beginning of the interval [F −1 (x?+ ), 1]
which maps onto the interval [0, x?+ ] in the consequent iteration. These two intervals
418
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Figure 8. Fraction of initial conditions attracted to the fixed point x? = 0
(namely, the basin size), for varying values of ², with: (i) a = 3, (ii) a = 3.5,
(iii) a = 3.7, (iv) a = 4.

are dynamically connected and all points in it are attracted to the fixed point
x? = 0. Notice however that the interval [x?+ , F −1 (x?+ )] is never mapped onto the
other two. In fact it always maps onto itself. Basically the F (x) in the range
[x?+ , F −1 (x?+ )] will lie in the interval [x?+ , Fmax ], where Fmax is the maximum of the
map F (x). Now, Fmax is the value of F (x) at x = (1 + ²)/(2 + ²) where F 0 (x) = 0,
and it works out to be equal to a/4. So if the condition
³ a´
Fmax =
< F −1 (x?+ )
(28)
4
is satisfied, the middle segment [x?+ , F −1 (x?+ )] will map onto itself. When this
happens the dynamics in this segment will be distinct from that in the other two,
and we will have a co-existence of dynamical attractors. Figures 8 and 9 can be
explained by the condition given in eq (28). A representative example is displayed
in Figure 10, which shows the numerically obtained basin of attraction for the
Pramana – J. Phys., Vol. 64, No. 3, March 2005
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Basin Size

Ε
a
Figure 9. Plot of the fraction of initial conditions attracted to the fixed
point x? = 0 (namely, the basin size), for values of ² varying from −1 to 15,
and values of a varying from 3 to 4. Figures 8i–iv are essentially sections of
this figure, generated by cuts along the ²-axis at different values of a.

Figure 10. The form of the dynamical evolution function F (x) in (19) with
respect to x for a = 3.7 and ² = 7. The dashed lines are: the F (x) = x line
(45◦ line) and the F (x) = x?+ line. The figure also shows the numerically
obtained basin of attraction for the fixed point x? = 0 as a black bar on the
x-axis.

fixed point x? = 0 as a black bar on the x-axis. The numerically obtained basin
coincides exactly with the analytical formula above, namely the intervals [0, x ?+ ] and
[F −1 (x?+ ), 1]. The interval [x?+ , F −1 (x?+ )] which supports the co-existing attractor
distinct from x? = 0, satisfies the condition given in eq. (28).
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5. Conclusions
To summarize, we have introduced the concept of q-deformed nonlinear maps. In
particular, we have considered the deformation inspired by the mathematical basis
of Tsallis statistical mechanics and specifically experimented with the q-deformed
logistic map. We feel that the study of such families of deformed maps should be
useful for mathematical modeling of several phenomena. For instance, it is seen that
the experimentally constructed one-dimensional map for the Belousov–Zhabotinskii
reaction in a stirred chemical reactor [6] has a striking similarity to the q-logistic
map in figure 1 for negative epsilon value. There are many interesting areas for
further exploration. One can study the q-deformations of various other nonlinear
maps (one or higher dimensional). In higher dimensional cases one can also have
different deformation parameters (²) in different directions. One can also study
the q-deformations of these maps by following other deformation schemes (for e.g.,
based on (1) or (4)).
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