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Abstract. In recent years, it is observed that the third-order explicit autonomous differential equation, named as jerk equation, represents an interesting sub-class of dynamical systems that can exhibit many major features of the regular and chaotic motion.
In
... this paper, we investigate the global dynamics of a special family of jerk systems
x = −Aẍ − ẋ + G(x), where G(x) is a non-linear function, which are known to exhibit
chaotic behaviour at some parameter values. We particularly identify the regions of parameter space with different asymptotic dynamics using some analytical methods as well
as extensive Lyapunov spectra calculation in complete parameter space. We also investigate the effect of weakening as well as strengthening of the non-linearity in the G(x)
function on the global dynamics of these jerk dynamical systems. As a result, we reach
to an important conclusion for these jerk dynamical systems that a certain amount of
non-linearity is sufficient for exhibiting chaotic behaviour but increasing the non-linearity
does not lead to larger regions of parameter space exhibiting chaos.
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1. Introduction
Chaos has been a subject of active research in the fields of physics, mathematics and
in many other fields of science [1–8]. Despite the extensive work on chaos during the
last four–five decades, there are still many unresolved issues. One of them is: What
are the necessary and sufficient requirements in a time-continuous, autonomous
dynamical system to exhibit chaos? The necessary requirements are well-known.
By virtue of the Poincaré–Bandixson (PB) theorem [9], chaotic behaviour in a
time-continuous, autonomous dynamical system requires at least three-dimensional
phase-space and at least one non-linearity as chaos is a typical non-linear phenomenon. However, it is not definitely known even for the simplest case of threedimensional dynamical systems as to what degree of non-linearity is sufficient for
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the existence of chaos. Hence the minimal functional form of three-dimensional
chaotic vector fields is not known and opens a largely unexplored field.
In recent years, a number of workers [10–22] have attempted to find threedimensional systems which are functionally as simple as possible but nevertheless
chaotic. Using extensive computer search, Sprott [10] found 19 distinct chaotic
models (one of them is conservative and the remaining are dissipative, referred as
models A to S) with three-dimensional vector fields that consist of five terms including two non-linearities or of six terms with one quadratic non-linearity. With
these 19 chaotic systems, Sprott further concluded that out of 19 possible chaotic
systems, some of the cases may not be distinct. Since it requires a tedious calculation to test the algebraic equivalence and further study is required for investigating
the algebraic simplicity of these systems. Subsequently, Hoover [11] pointed out
that the only conservative system (model A) found by Sprott is an already known
special case of Nose–Hoover thermostat dynamical system, which exhibits time
reversible Hamiltonian chaos [12]. Except this the other models B to S were apparently unknown. On the other hand, in 1996, Gottlieb [13] reported that Sprott’s
...
model A can be recast into an explicit third-order form x = J(x, ẋ, ẍ), which he
called ‘jerk function’. Because it involves a third derivative of x, which in a mechanical system is a rate of change of acceleration, it is called jerk [14]. Since it is
known that any explicit ordinary differential equation can be recast in the form of
a system of coupled first-order differential equations, the converse does not hold in
general. Even if one may reduce the dynamical system to a jerk form for each of the
phase space variables, the resulting differential equation may look quite different
i.e. there may be different possible jerk forms of a single dynamical system. With
this, Gottlieb [13] asked a provocative question ‘What is the simplest jerk function
that gives chaos?’ By following the study of Gottlieb, Linz [15] reported that the
original Rössler model, Lorenz model and the Sprott’s model R can be reduced to
a jerk form and further showed that the jerk form of Rössler and Lorenz models are
rather complicated and are not suitable candidates for the Gottlieb’s simplest jerk
function. However, the jerk form of Sprott’s model R demonstrates the existence
of a much simpler form of jerk function that exhibits chaos. Getting inspired with
the Linz’s response to Gottlieb’s question, Sprott [16,17] again employed an extensive search but this time for the jerk function (not for the three-dimensional vector
fields) containing minimum number of terms and at most a quadratic function of
ẍ, ẋ and x. As a result, Sprott found a variety of cases including two having a total
of three terms with two quadratic non-linearity and a particular case having three
...
terms with a single quadratic non-linearity ( x = −Aẍ ∓ ẋ2 + x for A = 2.017).
Sprott also showed that the dynamical system representation of the above system
is simpler than any previous work. Sprott also reported that all the systems discovered by him share a common route to chaos i.e. period-doubling route to chaos.
By following Linz’s study [15], Eichhorn et al [18] used the method of Görbner
bases and showed that fifteen of Sprott’s chaotic flows [10] can be recast into a jerk
form. They also showed that these fifteen models, the Rössler toroidal model [4]
and Sprott’s minimal chaotic flow [16] can be arranged into seven classes (referred
as JD1 to JD7) of jerky dynamics as a hierarchy of quadratic jerk equations with
increasingly many terms. Such a classification provides simple means to compare
the functional complexity of different systems and also demonstrate the equivalence
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of cases not otherwise apparent (which was left unresolved by Sprott [10]). In a
subsequent study, Eichhorn et al [19] examined the simple cases of JD1 and JD2 in
more detail and identified the regions of parameter space over which they exhibit
chaos.
Besides the work on jerk functions including the polynomial non-linearities, some
authors [20–22] have considered the jerk function having piecewise non-linearities.
In such a study, Linz and Sprott [20] have made an extensive search for the algebraically simplest dissipative chaotic flow with absolute-value non-linearity and
...
discovered the case x = −Aẍ − ẋ + |x| − 1 for A = 0.6, which shows chaotic behaviour. It is also shown that this system exhibits period doubling route to chaos
and resembles the quadratic jerk function [20]. In a subsequent experimental elec...
tronic study, Sprott [21,22] considered the general case x = −Aẍ − ẋ + G(x),
where G(x) is an elementary piecewise function. He studied a number of piecewise
linear functions experimentally and listed the parameters corresponding to chaotic
behaviour. Apart from the studies of a number of workers on dynamics of jerk dynamical system [10–22], very recently, Patidar et al [23] and Patidar and Sud [24]
respectively, have attempted the problems of controlling chaos and synchronization
of chaos in jerk dynamical systems.
It is evident from the discussion given above that the jerk dynamics is an interesting subclass of dynamical systems that can exhibit many major features of the
regular and chaotic behaviours, hence the jerk dynamical systems can be considered
as a powerful example to demonstrate a variety of dynamical behaviors in simple
dynamical systems.
In this paper, we investigate the global dynamics of some of the members of
a special family of jerk dynamical systems. The jerk dynamical systems under
consideration can be put in the general form:
...
x + Aẍ + ẋ = G(x),

(1)

where A is a system parameter, G(x) is a non-linear function containing one nonlinearity, one system parameter and a constant term. We are mainly interested in
the global picture of the dynamics of these systems rather than the local stability
analysis at specific values of parameters. Particularly, we wish to detect the distinct regions of the parameter space with different types of asymptotic dynamics
i.e., where the dynamics approaches a fixed point, a limit cycle, a chaotic strange
attractor or diverges. However, some regions in the parameter space with chaotic
dynamics are already known. Our basic aim of the present study is two-fold. The
first aim is to investigate the global picture of a special jerk dynamical system,
which is the member of the aforesaid jerky family
...
x + Aẍ + ẋ = B(x2 − 1).

(2)

It is known at present that this system exhibits chaotic behaviour at some values
of parameters A and B [22]. The second aim of the present study is to observe the
effect of weakening as well as strengthening of the non-linearity that exists in G(x)
on the global picture of the dynamics of the jerk dynamical system (eq. (2)). In
the next section we briefly discuss the analytical and numerical tools that we use
for investigating the dynamics of jerk dynamical systems.
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2. Theoretical and computational tools
For investigating the dynamics of the jerk dynamical systems, we use two types of
tools. First, we use some analytical tools to find the regions in the parameter space
where interesting dynamics can occur i.e. where it is bounded. These analytical
tools include – stability analysis of the fixed points, the Hopf bifurcation analysis
and the evolution of phase space volume. Secondly, we do extensive numerical calculation of the Lyapunov exponents to detect the distinct regions in the parameter
space where the dynamics approaches different types of attractors such as fixed
point, limit cycle and chaotic attractors. Further, we extend the Lyapunov spectra
calculation to estimate the Lyapunov dimension also. In the following paragraphs
we discuss these tools in brief one by one.
The third-order explicit autonomous differential equation (eq. (1)) can be recast into a general three-dimensional dynamical system Ẋ = F (X), where X =
(x, y, z)T and F (X) = (f1 (X), f2 (X), f3 (X))T as
ẋ = f1 (x, y, z) = y,
ẏ = f2 (x, y, z) = z,
ż = f3 (x, y, z) = −Az − y + G(x).

(3)

It has fixed points at (xs , 0, 0), where G(xs ) = 0. Now we imagine a small perturbation from the fixed point x(t) = xs + ∆x. After linearizing the jerk dynamical
system (eq. (3)) around the fixed point and using ∆x ≈ eλt , we obtain the following
characteristic equation:
λ3 + Aλ2 + λ − G0 (xs ) = 0.

(4)

Here G0 (xs ) is the derivative of the non-linear function at the fixed points (xs , 0, 0).
Now from Routh–Hurwitz criterion [25] we may conclude that the real parts of all
the roots (λ) of eq. (4) are negative if and only if the conditions A > 0, G0 (xs ) < 0
and A + G0 (xs ) > 0 are fulfilled. In other words, we can say that the fixed points
(xs , 0, 0) are stable if and only if A > 0, G0 (xs ) < 0 and A + G0 (xs ) > 0. Now we
λ3 + Aλ2 + λ + A = 0
consider the case when A + G0 (xs ) = 0. Equation (4) becomes
√
i.e., it has the roots λ = −A and λ = ±i (here i = −1). It is clear that at
the points A = −G0 (xs ) in the parameter space (for all positive values of A) two
eigenvalues form an imaginary pair and the real part of the third eigenvalue is negative. If we also analyse eq. (4) forA < −G0 (xs ) (provided A > 0, G0 (xs ) < 0)
then we find that for this case the real part of the complex pair becomes positive.
In other words, we can say that at points A = −G0 (xs ) in the parameter space
eigenvalues are changing in character from complex pair with negative real part
to a complex pair with positive real part, which corresponds to the Hopf bifurcation [26]. More explicitly, for A > 0, G0 (xs ) < 0 and A + G0 (xs ) > 0 the fixed
points (xs , 0, 0) are stable, at points A = −G0 (xs ) (provided A > 0, G0 (xs ) < 0)
these fixed points become unstable via Hopf bifurcation and a stable limit cycle
emerges.
The volume contraction rate of a dynamical system described by Ẋ = F (X),
where X = (x, y, z)T and F (X) = (f1 (X), f2 (X), f3 (X))T is given by
78
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Λ = ∇ · F (X) =

∂f1
∂f2
∂f3
+
+
.
∂x
∂y
∂z

(5)

If Λ is a constant, then the time evolution of volume in phase space is determined by
V (t) = V0 eΛt . Here V0 = V (t = 0). If Λ is negative, then the volume in phase space
shrinks exponentially fast, the dynamical system is dissipative and can have stable
attractors. For Λ = 0, phase space volume is conserved and the dynamical system
is conservative. If Λ is positive the volume in phase space expands and hence there
exist only unstable fixed points or limit cycles or possibly chaotic repellors i.e., the
dynamics diverges for t → ∞ if the initial conditions do not lie exactly on one of
the fixed points or stationary states.
The Lyapunov exponents of a dynamical system are the quantitative measure
for the separation of initially nearby trajectories in phase space. For detailed definition and properties, we refer the readers to refs [27,28]. It is not only possible to characterize chaos using the concept of Lyapunov exponents, but also to
characterize different types of non-chaotic asymptotic dynamics. It is sufficient to
take into account only the signs of all the Lyapunov exponents for such a characterization. This is due to the fact that the signs of the Lyapunov exponents
describe the qualitative behaviour of nearby trajectories, whereas the numerical
values only indicate the time-scale of this behaviour. For a phase space dimension three, an attracting fixed point possesses the Lyapunov spectrum {−, −, −},
an attracting limit-cycle {0, −, −}, an attracting 2-torus {0, 0, −} and a chaotic
attractor {+, 0, −} [28], where +, − and 0 respectively, denote positive, negative
and zero Lyapunov exponents. Therefore to determine the type of asymptotic
behaviour of a dynamical system, we will have to numerically compute the set
of all Lyapunov exponents. For this purpose we use the algorithm proposed by
Benettin et al [29].
Another important quantitative concept for the characterization of different dynamical long-time behaviour, including (dissipative) chaos, is the dimension of an
attractor [27,30]. This concept is based on the metric properties of an attractor
e.g. the Hausdroff dimension or on its invariant measure, leading to the information
dimension [30]. Based on their dimensions, a simple classification of attractor is
possible. For instance, a fixed point has dimension zero, a stable limit cycle has
dimension one, a two-dimensional torus has dimension two, while the dimension
of (dissipative) chaotic attractors take on values that are non-integers. Lyapunov
exponents can also be used to define a dimension-like quantity of an attractor called
Lyapunov dimension [27,30,31], which is defined as
Pm
λi
DL = m + i=1 ,
(6)
|λm+1 |
Pm
where m ≤ n is the largest index such that i=1 λi ≥ 0 is valid.
In the next section, we present the results of our investigation of the global
dynamics of jerk dynamical systems (eq. (2)) for a number of different non-linear
functions G(x).
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3. Results and discussion
3.1 Dynamics for the non-linear function G(x) = B(x2 − 1)
As we have stated in §1, our main aim is to investigate the global dynamics of the
jerk dynamical system having quadratic non-linearity (eq. (2)).
...
x + Aẍ + ẋ = B(x2 − 1).
(7)
It is clear that eq. (7) possess two fixed points (±1, 0, 0). By following the discussion
of eq. (4) (see §2), we may conclude that in the parameter space (A, B), for A > 0,
B < 0 and A > −2B the fixed point (1, 0, 0) is stable, at points A = −2B (provided
B < 0) this fixed point becomes unstable via Hopf bifurcation and a stable limit
cycle emerges. Similarly, for A > 0, B > 0 and A > 2B the fixed point (−1, 0, 0)
is stable, at points A = 2B (provided B > 0), this fixed point becomes unstable
via Hopf bifurcation and a stable limit cycle emerges. By following eqs (3) and (5),
the volume contraction rate for eq. (7) is −A i.e., for all positive values of A, the
jerk dynamical system is globally dissipative and can have stable attractors while
for all negative values of A, the dynamics diverges (if the initial conditions do not
exactly lie on one of the fixed points) and no stable attractors exist.
We can conclude the analytical discussion for the non-linear function G(x) =
B(x2 − 1) with the remark that the most interesting regions in the parameter space
(A, B), where different types of stable attractors (periodic limit cycles, chaotic
strange attractors etc.) may exist, are: (i) the region between lines A = 0 and
A = 2B for B > 0 and, (ii) the region between lines A = 0 and A = −2B for
B < 0.
Besides the local stability and Hopf bifurcation analysis of eq. (7), we have also
computed the set of all Lyapunov exponents for different values of parameters A
and B. The calculations have been performed using fourth-order Runge-Kutta
integrator with step size 0.01 (by considering 1,20,000 steps and avoiding the first
40,000 transient steps) by following the algorithm of Benettin et al [29]. For all
the calculations initial values have been chosen as x(t = 0) = 0, y(t = 0) = 0
and z(t = 0) = 0. From the calculated results of all the Lyapunov exponents
for different values of parameters A and B, we have characterized the regions of
parameter space which corresponds to different types of asymptotic behaviour i.e.,
fixed points, limit cycles, chaotic strange attractor, diverging solution etc. For
the characterization, we use the scheme based on the signs of all three Lyapunov
exponents as described in §2. An overflow in the calculation has been considered as
the occurrence of diverging solution (unbounded solution) at that particular values
of parameters A and B since the initial values do not exactly lie on any of the fixed
points.
The results of the Lyapunov calculations for the region −2 ≤ A ≤ 2 and −1 ≤
B ≤ 1 with step sizes ∆A = 0.01 and ∆B = 0.01 have been shown in figure 1.
The meaning of different shades of colours are as follows: white colour in the frame
shows the diverging solution i.e. non-existence of any stable attractor, dark grey and
light grey colours respectively represent the attracting fixed point and limit cycle
solutions whereas black colour represents the existence of chaotic strange attractor.
From figure 1, it is clear that in the region A < 0 only diverging solutions occur.
80
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Figure 1. Characterization of the regions of parameter space for the jerk dynamical system having quadratic non-linearity (eq. (7)) based on the calculation of Lyapunov exponents with the initial conditions x(0) = y(0) = z(0) = 0.
The different shades correspond to different types of long time dynamical behaviour – white: unbounded solution, black: chaotic strange solutions, light
grey: limit cycle solutions, and dark grey: fixed point solutions.

The regions B > 0 and B < 0 are mirror images of one another i.e., same type
of dynamics occur at the points (x, y) and (x, −y) in the parameter space (A, B).
Very big regions (dark grey shades) in the parameter space (A, B) defined by A > 0,
B > 0 and A > 2B and A > 0, B < 0 and A > −2B support the attracting fixedpoint solutions. These results are in total agreement with the analytical results
obtained using the local stability and Hopf bifurcation analysis as well as by using
the criterion of volume contraction rate. We also observe from figure 1 that the fixed
point regions are in immediate neighbourhood of the comparatively small regions
(light grey shades) of the attracting limit cycles. However, small islands of chaotic
regions (black shades) (some islands of limit cycles within chaotic islands also exist
called periodic windows) exist which are surrounded by limit cycle regions (light
grey shades) and unbounded solution regions (white shades).
From all the analytical as well as numerical discussion a broad picture about the
dynamics of eq. (7) emerges. According to that for any fixed value of B, if we
decrease the value of A from a large value, we observe that for regions A > 2B
(if B > 0) and A > −2B (if B < 0) stable fixed points ((−1, 0, 0) and (1, 0, 0)
respectively for B > 0 and B < 0) exist. At the points A = 2B (if B > 0) and
A = −2B (if B < 0) these stable points become unstable via Hopf bifurcations and
stable limit cycles emerge. If we further decrease the value of A beyond A = 2B
(for B > 0) or A = −2B (for B < 0), for some ranges of A limit cycle solutions exist
and then suddenly limit cycle solutions are changed into chaotic solutions. Now
a question arises: How do these limit cycle solutions get converted into chaotic
strange solutions as we change the parameter A? In other words, what type of
Pramana – J. Phys., Vol. 64, No. 1, January 2005
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route to chaos exists for the jerk dynamical system having quadratic non-linearity
(i.e., eq. (7))?
In figure 2, a typical strange chaotic behaviour of the jerk dynamical system
having quadratic non-linearity (eq. (7)) corresponding to A = 0.57 and B = 0.56
is shown. In figures 2a and 2b two different projections in the phase plane of
the chaotic attractor are shown while in figure 2c the corresponding Poincaré map
defined by y = 0, z < 0 and in figure 2d the one-dimensional Poincaré map or return
map are shown. The most important feature we observe here is the appearance
of the parabola-like maxima in 1D Poincaré map. Such maps with parabola-like
maxima are well-known for the generation of the chaotic solution through period
doubling route [32–34] and it gives us a clue about the route to chaos in jerk
dynamical systems under consideration. The aperiodic behaviour shown in figure
2 is termed as strange attractor [29] as the trajectories originating from the points
which lie off this surface are attracted on to it, but do not settle to any normal
periodic orbits. In fact this attractor is more than a surface, i.e. it is more than twodimensional and also it must have dimension lower than the phase space dimension
(three) as the flow is contracting. Hence, this strange attractor has a non-integer
dimension between two and three, i.e. it is a fractal object.

Figure 2. Strange attractor of the jerk dynamical system having quadratic
non-linearity (eq. (7)) for A = 0.57 and B = 0.56. Two different projections
of the strange attractor are shown in (a) and (b). The Poincaré surface of
the section defined by y = 0, z < 0 and corresponding to the one-dimensional
Poincaré map or return map are shown in (c) and (d).
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Figure 3. Behaviour of the jerk dynamical system having quadratic
non-linearity (eq. (7)) for a fixed value of parameter B = 0.56. (a) The
bifurcation diagram showing period doubling route to chaos, (b) the two Lyapunov exponents (except the one which is always zero) and (c) the Lyapunov
dimension of the attractor.

In figure 3, we have summarized the period doubling route to chaotic behaviour
of the jerk dynamical system having quadratic non-linearity (eq. (7)) for the fixed
value of parameter B = 0.56. Particularly in figure 3a, we have shown the bifurcation diagram, which is the plot of successive maxima of the long time evolution
of x(t) as a function of system parameter A for fixed value of parameter B = 0.56.
In figure 3b the two Lyapunov exponents (except the one which is zero always) as
a function of parameter A is for the same range as that of the bifurcation plot in
figure 3a, and in figure 3c, the Lyapunov dimension is for the same range of A as in
Pramana – J. Phys., Vol. 64, No. 1, January 2005
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Figure 4. Three-dimensional view of the largest Lyapunov exponent (a)
and Lyapunov dimension (b) for the jerk dynamical system having quadratic
non-linearity (eq. (7)) in the part of the parameter space defined by A ≤ 2B.

figures 3a and 3b. It can be clearly seen that all the three frames have one-to-one
correspondence with each other, i.e. we observe that for the values of parameter A,
where bifurcation plot shows the limit cycle solutions, the largest Lyapunov exponent is negative as well as the dimension of the attractor is two. However, for the
values of the parameter A, where the bifurcation plot shows the existence of aperiodic behaviour (chaotic), the largest Lyapunov exponent is positive as well as the
dimension of the attractor is a non-integer between two and three. Finally, in figure
4, we have shown the quantitative results of the largest Lyapunov exponent and
Lyapunov dimension for the jerk dynamical system having quadratic non-linearity
for the interesting region of the parameter space defined by A ≤ 2B and B > 0.
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3.2 Effect of constant term present in G(x)
In all the analysis presented above, we have chosen the constant term in the function
G(x) equals to −1. In this subsection, we particularly investigate the effect of
constant term on the dynamics of jerk dynamical system. To see the effect of
constant term in the function G(x), we integrate eq. (7) with respect to time as
Z t
B((x(t))2 − 1)dt.
(8)
ẍ + Aẋ + x =
0

It is in the form of a non-local oscillator. Mechanically, the above equation can be
interpreted in the following way: a one-dimensional Newtonian dynamics ẍ = F
of a particle of unit mass, where the force F is an additive combination of (i)
an instantaneous force that combines a frictional force
−Aẋ and the motion in
R
a quadratic potential, (ii) a non-local force Fnl = B((x(t))2 − 1)dt or memory
term that integrates over the positional history of the motion. Therefore the above
equation represents a simple example of Newtonian jerky dynamics [15,17,35]. Now
if we set the constant term equal to zero in eq. (8) then
Z t
B(x(t))2 dt.
(9)
ẍ + Aẋ + x =
0

In this case the integrand of the memory term in eq. (9) is monotonically increasing
in magnitude with time and hence no bounded dynamics can appear and as in
the long time limit, the evolution of x(t) will eventually escape to infinity. Same
argument also holds when
(i) B is positive and with the positive sign in front of the constant term,
(ii) B is negative and with the positive sign in front of the constant term.
So the only interesting cases are with the non-zero constant term having negative
sign irrespective of the sign of parameter B. Now the question arises: what happens when we change the magnitude of the constant term by keeping it negative?
We have investigated this point numerically and observed that with the change of
magnitude of the constant term no qualitative change in the dynamics of jerk dynamical system appears. It only affects the size of the corresponding attractor. In
fact the numerical values of the three Lyapunov exponents also remain unchanged.
3.3 Dynamics for the non-linear function G(x) = B(|x| − 1)
For understanding the effect of weakening the non-linearity on the global dynamics
of jerk dynamical system, we replace the non-linear term x2 by |x| in eq. (7) and
consider the following jerk dynamical system
...
x + Aẍ + ẋ = B(|x| − 1).
(10)
It is clear that the jerk dynamical system having absolute non-linearity (eq. (10))
possess two fixed points (±1, 0, 0). By following the discussion of eq. (4) (see §2), we
Pramana – J. Phys., Vol. 64, No. 1, January 2005
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Figure 5. Characterization of the regions of parameter space for the jerk dynamical system having absolute non-linearity (eq. (10)) based on the calculation of Lyapunov exponents with the initial conditions x(0) = y(0) = z(0) = 0.
The different shades correspond to different types of long time dynamical behaviour – white: unbounded solution, black: chaotic strange solutions, light
grey: limit cycle solutions and dark grey: fixed point solutions.

may conclude that in the parameter space (A, B), for A > 0, B < 0 and A > −B the
fixed point (1, 0, 0) is stable. At points A = −B (provided B < 0) this fixed point
becomes unstable via Hopf bifurcation and a stable limit cycle emerges. Similarly,
for A > 0, B > 0 and A > B the fixed point (−1, 0, 0) is stable at points A = 2B
(provided B > 0). This fixed point becomes unstable via Hopf bifurcation and a
stable limit cycle emerges. By following eqs (3) and (5), the volume contraction
rate for eq. (10) is −A, i.e., for all positive values of A, the jerk dynamical system
is globally dissipative and can have stable attractors while for all negative values
of A, the dynamics diverge (if the initial conditions do not exactly lie on one of the
fixed points) and no stable attractors exist.
Now we are able to conclude the analytical discussion for the non-linear function
G(x) = B(|x|−1) with the remark that the most interesting regions in the parameter
space (A, B), where different types of stable attractors (periodic limit cycles, chaotic
strange attractors etc.) may exist, are: (i) the region between lines A = 0 and
A = B for B > 0 and, (ii) the region between lines A = 0 and A = −B for B < 0.
We did similar numerical simulations for this case on the same lines as that of
the jerk dynamical system having quadratic non-linearity (see §3.1) and present
our results in figures 5 to 8. We are not discussing all the results in detail here as
these figures are self-explanatory and can be understood by following the discussion given in §3.1. We observe that by replacing the non-linear term x2 with |x|
(i.e., on weakening the non-linearity), no qualitative change in the global dynamics
of jerk dynamical system appears i.e. the jerk dynamical system having absolute
86
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Figure 6. Strange attractor of the jerk dynamical system having absolute
non-linearity (eq. (10)) for A = 0.50 and B = 0.92. Two different projections
of the strange attractor are shown in (a) and (b). The Poincaré surface of
the section defined by y = 0, z < 0 and the corresponding one-dimensional
Poincaré map or return map are shown in (c) and (d).

non-linearity also supports Hopf bifurcation followed by period-doubling route to
chaos, although the results are quantitatively different. For the jerk dynamical
system having absolute non-linearity, the effect of constant term present in G(x)
is similar to the one observed for the jerk dynamical system having quadratic nonlinearity and is discussed in detail in §3.2.
3.4 Jerk dynamical systems with higher order non-linearity
For understanding the effect of strengthening the non-linearity on the global dynamics of the jerk dynamical system, we replace the non-linear term x2 by x3 , x4
and x5 in eq. (7) by considering the following jerk dynamical systems one by one
i.e.,
...
x + Aẍ + ẋ = B(x3 − 1),
(11)
...
x + Aẍ + ẋ = B(x4 − 1)
(12)
and
...
x + Aẍ + ẋ = B(x5 − 1).
Pramana – J. Phys., Vol. 64, No. 1, January 2005
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Figure 7. Behaviour of the jerk dynamical system having absolute non- linearity (eq. (10)) for a fixed value of parameter B = 0.92. (a) The bifurcation
diagram showing period doubling route to chaos, (b) the two Lyapunov exponents (except the one which is always zero) and (c) the Lyapunov dimension
of the attractor.

In table 1, we have given all the analytical results for the above jerk dynamical systems having cubic (eq. (11)), quartic (eq. (12)) and quintic (eq. (13)) non-linearities
by using the analytical tools discussed in §2. We have also performed extensive
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Interesting
regions where
different stable
attractors
may exist
The region between
A = 0 and A = −3B for
B<0

For all A > 0, the system is dissipative and
can have stable attractors

Volume
contraction
rate

(1, 0, 0) is stable for the
region defined by A > 0,
B < 0 and A > −5B

Pramana – J. Phys., Vol. 64, No. 1, January 2005

(ii) The region between
A = 0 and A = −4B for
B<0

The region between
A = 0 and A = −5B for
B<0

For all A < 0, system dynamics diverges
and no stable attractor exists

(i) The region between
A = 0 and A = 4B for
B>0

−A

(ii) (−1, 0, 0) is stable for the
region defined by A > 0,
B > 0 and A > 4B

(i) (1, 0, 0) is stable for the
region defined by A > 0,
B < 0 and A > −4B

(1, 0, 0) is stable for the
region defined by A > 0,
B < 0 and A > −3B

Stability of fixed
points

(1, 0, 0)
(−0.809... ± i0.587..., 0, 0)
(0.309... ± i0.951..., 0, 0)

(±1, 0, 0)
(±i, 0, 0)

(1, 0, 0)
√
3
, 0, 0)
( −1±i
2

Fixed points

B(x5 − 1)

B(x4 − 1)

B(x3 − 1)

G(x)

...
x = −Aẍ − ẋ + G(x)

Table 1. Analytical properties of the jerk dynamical systems having cubic, quartic and quintic non-linearities.
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Figure 8. Three dimensional view of the largest Lyapunov exponent (a)
and Lyapunov dimension (b) for the jerk dynamical system having absolute
non-linearity (eq. (10)) in the part of the parameter space defined by A ≤ B.

numerical calculation for the set of all Lyapunov exponents for different values
of parameters A and B for the jerk dynamical systems having cubic (eq. (11)),
quartic (eq. (12)) and quintic (eq. (13)) non-linearities. From the calculated results
of all the Lyapunov exponents for different values of parameters A and B, we have
characterized the regions of parameter space which corresponds to different types
of asymptotic dynamics i.e., fixed points, limit cycles, chaotic strange attractor,
diverging solution etc. The parameters for the numerical calculation (i.e. stepsize, number of steps, initial conditions and algorithm) and the scheme for the
characterization are the same as used for the earlier two cases of quadratic and
absolute non-linearities. In figure 9, we have depicted the results of characterization
of parameter space using the Lyapunov spectra calculation. Particularly in figures
9a–c we have shown the results for jerk dynamical systems having cubic (eq. (11)),
quartic (eq. (12)) and quintic (eq. (13)) non-linearities respectively. The meanings
90

Pramana – J. Phys., Vol. 64, No. 1, January 2005

Bifurcation and chaos in simple jerk dynamical systems

Figure 9. Characterization of the regions of parameter space for the jerk
dynamical systems having cubic (a), quartic (b) and quintic (c) non-linearities
based on the calculation of the Lyapunov exponents with the initial conditions
x(0) = y(0) = z(0) = 0. The different shades correspond to different types of
long time dynamical behaviour – white: unbounded solution, light grey: limit
cycle solutions and dark grey: fixed point solutions.
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of different shades of colours are similar to the one defined for the earlier cases
of quadratic and absolute non-linearities. One important point we note from the
Lyapunov spectra calculation for the jerk system having cubic, quartic and quintic
non-linearities is the absence of any region of the chaotic solutions in the parameter
space. However, in these systems more non-linearity exist than the earlier cases of
quadratic and absolute non-linearities. This contradicts the conventional hypothesis
which says: more non-linearity in a system tends to make it more complex. This
gives an indication that for the jerk dynamical systems considered here a certain
amount of non-linearity is sufficient for exhibiting chaos but increasing the nonlinearity does not necessarily lead to more chaos. Finally, we would also like to
mention here that for the jerk dynamical systems having cubic, quartic and quintic
non-linearities, the effect of a constant term present in G(x) is similar to the one
observed for the earlier cases of quadratic and absolute non-linearities.
4. Conclusions
In this paper, we have investigated the global dynamics of a special family of jerk
dynamical systems, which are known to exhibit chaotic behaviour at some values
of system parameters. We recognized the regions of parameter space with different
types of asymptotic dynamics by using some analytical methods as well as extensive
Lyapunov calculations in complete parameter space. As a result, we found that a
large part of the parameter space supports the diverging solutions. Moreover, there
are considerably big regions (but comparatively smaller than diverging solution
regions) of parameter space, where fixed point and limit cycle solutions exist. We
also observed that for the jerk dynamical systems having quadratic and absolute
non-linearities, there are sufficiently wide islands of parameter space, where chaotic
solutions exist and the route to chaos in both systems is recognized as perioddoubling route to chaos. However for the jerk dynamical systems having cubic,
quartic and quintic non-linearities no chaotic solution has been observed which
leads us to conclude that for the jerk dynamical systems considered here a certain
amount of non-linearity is sufficient for exhibiting chaos but increasing the nonlinearity does not necessarily lead to more chaos.
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