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Abstract. A simple scaling law is obtained for asymmetric (e, 2e) process on helium
isoelectronic ions by fast electrons. It is based on treating the targets as having one active
electron moving in the effective Coulomb field of the atomic core with an effective charge
Z 0 = Z − 5/8. This effective charge is also used in the description of the scattered and
ejected electrons. The model has been tested against other available (e, 2e) results on
helium in asymmetric geometry. The scaling law is found to work reasonably well for fast
incident electrons and becomes increasingly accurate as target Z increases.
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1. Introduction
The electron impact ionization of atoms in a fully determined kinematics is one
of the fundamental and interesting process in atomic physics. The study of this
so-called (e, 2e) process got a great fillip since the experiments of Ehrhardt et al
[1] and Amaldi et al [2] in 1969. They pioneered the asymmetric kinematics (in
which the fast scattered electron makes a small scattering angle and the ejected
electron comes out slowly) where the results are very sensitive to the dynamics of
the process. Several studies were carried out thereafter on various neutral atomic
targets to measure and calculate the triple differential cross-sections (TDCS) for
this process. The (e, 2e) experiments with ionic targets are however difficult. There
are problems mainly associated with the preparation of the target, its control and
the beam intensity. This is why only total and single differential cross-sections
have been measured in most experiments with ionic targets [3–12]. Theoretical
studies have however been attempted for hydrogenic [13–18] and helium-like ions
[19–23] and TDCS have been calculated at intermediate and high initial energies
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for coplanar symmetric and asymmetric geometries. A generalization of the BBK
approximation has also been developed [15,17,18]. The comparisons of TDCS to
find common patterns have been done for hydrogen-like [16,17], helium-like [21] and
alkali-like [16] ions. It is found that systems with the same electronic configurations
show invariance of the main features of TDCS when the impact energy is kept a
constant multiple of the ionization threshold. The scaling of TDCS for hydrogenic
targets has also been tried by Berakdar et al [24], Spivack et al [25] and Stia et
al [26]. Ancarani and Hervieux [27] have recently given a scaling law for (e, 2e)
process on hydrogen-like and alkali-like ions for asymmetric coplanar geometry
and intermediate and high incident energies. The scaled behaviour of TDCS for
the ionization of hydrogen by the impact of fast electrons, positrons, protons and
antiprotons has also been recently analysed by Jones and Madison [28]. They have
studied dependence of TDCS on the projectile charge and mass. The scaling laws
offer a very convenient way to study the general behaviour (angular distribution
and magnitude of the cross-section) and to provide further insight into the process.
They are particularly useful for high Z as the cross-sections fall off rapidly with
increasing Z and the measurements are difficult even with singly charged ions. The
problem with hydrogenic ions is relatively simpler. The target ground state wave
function is exactly known and has an explicit Z dependence. An exact scaling
is possible for the first-order Born approximation irrespective of kinematical and
geometric conditions. It is also valid in the Coulomb–Born approximation for high
enough Z and incident energies.
An exact scaling relation as in the case of hydrogenic ions is not possible for
helium isoelectronic targets even in the first-order Born approximation. The target
initial state wave function is not exactly known and those in use do not have an
explicit Z dependence. Therefore, the first step in obtaining a scaling relation is to
suitably model the target wave function. Such a modeling has recently been used for
scaling five-fold differential cross-section of (e, 3e) process on helium-like ions [29].
For single ionization, the simplest description is to assume that helium-like ions have
one active and one passive electron. For small perturbations, the projectile–target
interaction in most cases effectively reduces to just a single interaction between the
projectile and one of the target electrons. It is then a reasonable approximation
to treat one electron as being active and the other one as passive and not playing
any role except providing shielding of the nucleus for the active electron. This
approach has been used by Botero and Macek [30,31] for electron impact ionization
of helium in Coulomb–Born approximation and recently by Fischer et al [32] for
single ionization of helium by ion impact. The helium atom is taken as a oneelectron atom with the electron moving in the effective Coulomb field of the atomic
core with an effective charge Zeff = (2I)1/2 = 1.345 where I = 0.9 a.u. is the
first ionization potential of He. This approach may be used to model an explicit
Z dependence of the target wave function for (e, 2e) process. Consider the oneparameter variational wave function of helium ground state
µ 003 ¶
00
Z
φi (~r1 , ~r2 ) =
e−Z (r1 +r2 )
π
Z = 2,

Z 00 = Z − 5/16.

We modify it as
56

Pramana – J. Phys., Vol. 64, No. 1, January 2005
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Scaling of (e, 2e) cross-sections for helium isoelectronic ions
Table 1.

Target atomic
number Z

Hartree–Fock value
of first ionization
potential (a.u.) [33]

First ionization
potential (a.u.) as per
present choice (eq. (2))

0.91759(+0)
0.27923(+1)
0.95419(+1)
0.43917(+2)
0.18767(+3)
0.43142(+3)
0.62567(+3)

0.94531(+0)
0.28203(+1)
0.95703(+1)
0.43945(+2)
0.18770(+3)
0.43145(+3)
0.62569(+3)

2
3
5
10
20
30
36

φm (~r1 , ~r2 ) = u1 (~r1 )u2 (~r2 ),

(2)

where
¶1/2

u1 (~r ) =

µ

Z3
π

u2 (~r ) =

µ

Z 03
π

Z 0 = Z − 5/8.

e−Zr ,

¶1/2

(3)

0

e−Z r ,
(4)

The orbital u1 corresponds to the passive electron which does not play any role
in the ionization and may as well be dropped in one-electron approximation. Its
contribution to the transition matrix element Tf i (§2) is just one. The description
of the remaining active electron orbital and the first ionization potential of helium
isoelectronic ions given by this model, (Z 02 /2) a.u., improves as the target Z increases (see table 1). This choice corresponds to a total target binding energy which
differs from the value given by (1) by a constant Z-independent amount (∼0.1 a.u.).
The hydrogen-like result is finally multiplied by a factor of two in order to account
for two electrons of the target. Note that here the modeling of the target wave
function is guided by its physical reasonableness for small perturbation and (e, 2e)
process. The calculation has been done in a first-order approximation as higher
order approximations and other more sophisticated methods such as convergent
close-coupling approximation, external complex scaling method, hyperspherical Rmatrix method or intermediate-energy R-matrix technique will not be suitable for
scaling.
In the next section we present the theory and fix up the model for calculating the
cross-section. It is tested against other theoretical results and experimental data
in §3. Section 4 contains the scaling procedure. The results are presented in §5.
2. Theory
The TDCS for the process
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e + (Z + e) → Z + e + e
in which an electron with energy Ei (momentum ~ki ) is scattered with energy Ea
(momentum ~ka ) in a direction ϑa , ϕa by a helium isoelectronic ion of nuclear charge
Z and mass M and a target electron is ejected with energy Eb (momentum ~kb ) in
direction ϑb , ϕb , is given by
d3 σ
4 ka kb
2
= 2 (2π)
|Tf i | .
dEb dΩa dΩb
ki

(5)

The energy conservation requires Ei − I = Ea + Eb . Here I is the first ionization
potential of the target. The scattering matrix element Tf i is given by
(−)

Tf i = hΨf

|Vi | Ψi i,

(6)

where
Ψi (~r0 , ~r1 ) = Fc (~ki , ~r0 ) u2 (~r1 ),

(7)

Fc (~ki , ~r0 ) = (2π)−3/2 exp(−παi /2)Γ(1 + iαi )
× exp(i~ki · ~r0 ) 1 F1 (−iαi , 1, i(ki r0 − ~ki · ~r0 )),

(8)

αi = − (Z − 2) /ki ,

(9)

1
2
− ,
r01
r0

(10)

Vi =

r01 = |~r0 − ~r1 | .
The final state wave function is approximated as
(−)

Ψf

= (2π)−3 exp[i(~ka · ~r0 + kb · ~r1 )]
×C(αa , ka , ~r0 )C(αb , kb , ~r1 )C(αab , kab , ~r01 ),

(11)

where
C(α, ~k, ~r ) = Γ(1 − iα)e−πα/2 1 F 1 (iα, 1, −i(kr + ~k · ~r ))
and the Sommerfeld parameters αa , αb and αab are defined as
· µ
¶
¸
1
2kb
αa = −
Z0 1 +
−1
ka
ka
· µ
¶¸
1
2kb
0
αb = −
Z 1+
kb
ka
αab =
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1
|~ka − ~kb |

.
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Scaling of (e, 2e) cross-sections for helium isoelectronic ions
In the limit kb ¿ ka , the parameters αa and αb are
αa = − (Z 0 − 1) /ka ,
αb = −Z 0 /kb .
Finally the T -matrix element may be written as
Tf i = (2π)−9/2 N

µ

Z 03
π

¶1/2 Z

d~r0 d~r1

× exp[i(~ki · ~r0 − ~ka · ~r0 − ~kb · ~r1 )] 1 F1 (−iαi , 1, i(ki r0 − ~ki · ~r0 ))
× 1 F1 (−iαa , 1, i(ka r0 + ~ka · ~r0 )) 1 F1 (−iαb , 1, i(kb r1 − ~kb · ~r1 ))
µ
¶
0
1
2
~
× 1 F1 (−iαab , 1, i(kab r01 + kab · ~r01 ))
−
(16)
e−Z r1 ,
r01
r0
where
N = Γ(i + iαi )Γ(i + iαa )Γ(i + iαb )Γ(i + iαab )
× exp[−π(αi + αa + αb + αab )].

(17)

3. Testing of the model
In this section we test the model proposed above by calculating TDCS in asymmetric kinematics for ionization by fast electrons. Figures 1 and 2 show TDCS for
helium at (i) Ei = 600 eV, Eb = 10 eV, ϑa = 4◦ and (ii) Ei = 600 eV, Eb = 10 eV,
ϑa = 10◦ respectively. They are plotted against the angle of ejection ϑb . These
calculated values are compared with the absolute experimental results of Jung et al
[34]. Other theoretical results wherever available are also shown. They are in CPB
[35] and Glauber [37] approximations at Ei = 600 eV. It is found that the present
model is capable of giving results which have essentially the same level of agreement
with experimental data as other results. The recoil peak is underestimated but that
is so with all the first-order calculations and the Glauber approximation.
4. Scaling procedure
We now consider the scaling. It is valid when the energies and the nuclear charge
are sufficiently high. Let the initial energy and momentum be scaled as
µ 0 ¶2
Z2
(Z )
(Z )
Ei 2 =
Ei 1
(18)
Z10
µ 0 ¶2
Z2
(Z )
(Z )
ki 2 =
ki 1 .
(19)
Z10
From energy conservation and value of the first ionization potential (I = Z 02 /2)
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Figure 1. Triple differential cross-section for electron impact ionization of
helium at Ei = 600 eV, Eb = 10 eV, ϑa = 4◦ . Present results (—) are compared with experimental data of Jung et al [34] along with other theoretical
results: CPB results of Saxena and Srivastava [35] (– –) with Hartree–Fock
wave function of Byron and Joachain [36] for the helium ground state, Glauber
results of Baliyan and Srivastava [37] with single parameter wave function (. . .)
and Hartree–Fock wave function, [36] (–·–) for the helium ground state.

Figure 2. Same as figure 1, but for Ei = 600 eV, Eb = 10 eV, ϑa = 10◦ .

ki2 − Z 02 = ka2 + kb2 .
We find that ka (Ea ) and kb (Eb ) scale in the same way as ki (Ei ). With these scalings,
the Sommerfeld parameter αi in the entrance channel varies as
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(Z2 )

αi

=−

Z2 − 2
(Z2 )

ki

=−

Z2 − 2 Z10 Z1 − 2
Z2 − 2 Z10 (Z1 )
=
α
.
0
Z1 − 2 Z2 k (Z1 )
Z1 − 2 Z20 i
i

However, at a fixed incident energy, the scaling of αi improves as Z increases, and
(Z2 )

αi

(Z )
∼
= αi 1 .

(20)

Let us now consider variations of αa and αb . The definitions (13) and (14) lead to
αa(Z2 ) ∼
= αa(Z1 )
(Z2 )

αb

(21)

(Z1 )

= αb

(22)

as Z increases. The parameter αab does not scale. However, if kab À 1 (asymmetric
kinematics), αab vanishes and the corresponding hypergeometric function and the
Coulomb phase factor tend to unity. This feature is also true for αi at large enough
ki for all values of Z.
The coordinates ri (i = 0, 1) may be scaled in the following natural way:
µ 0¶
Z1
(Z )
(Z )
ri 2 =
(23)
ri 1 .
Z20
The coordinate r01 transforms in the same way as r0 or r1 . The volume element
shall scale as
µ 0 ¶6
Z1
(d~r0 d~r1 )(Z2 ) =
(d~r0 d~r1 )(Z1 ) .
(24)
Z20
Finally the matrix element Tf i scales as
(Z )
(Z )
(Z )
Tf i 2 (Ei 2 , Eb 2 )

=

µ

Z10
Z20

¶7/2

(Z )
Tf i 1

Ãµ

Z10
Z20

¶2

(Z )
Ei 2 ,

µ

Z10
Z20

¶2

(Z )
Eb 2

!

,

(25)
and the TDCS as
d3 σ (Z2 )
(Z )
(Z )
(E 2 , Eb 2 )
dEb dΩa dΩb i
Ãµ ¶
!
µ 0 ¶6
µ 0 ¶2
2
Z1
d3 σ (Z1 )
Z10
Z1
(Z2 )
(Z2 )
=
Ei ,
Eb
.
Z20
dEb dΩa dΩb
Z20
Z20

(26)

The expression (26) for TDCS is similar to the one obtained by Stia et al [26] for
hydrogenic targets.
In our calculations we have taken the parameter αi to be equal to zero. At
the incident energies considered here, the TDCS are only slightly modified by this
approximation as the influence of the long-range Coulomb interaction in the initial channel is important only at low incident energies [18]. However the electron–
electron interaction in the final channel has been shown to contribute even at high
impact energies and has been considered in the calculation.
Pramana – J. Phys., Vol. 64, No. 1, January 2005
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5. Results
We have calculated TDCS at incident energies Ei0 = Ei /[Z 0 /(11/8)]2 = 600 eV,
1000 eV and 1600 eV, scattering angle ϑa = 4◦ , 10◦ and ejected electron energy
Eb0 = Eb /[Z 0 /(11/8)]2 = 10 eV in the asymmetric geometry. The scaled TDCS
[Z 0 /(11/8)]6

d3 σ
dEb dΩa dΩb

(27)

0
with respect to helium (ZHe
= 11/8) are plotted in figures 3–6 against the angle of
ejection ϑb for Z = 3, 5, 10 and 25 along with the cross-section for helium. They
show the usual pattern of a binary peak and a recoil peak. The scaling is not
perfect. This is expected since the Sommerfeld parameter αab does not scale. The
details regarding variations of the scaled binary and recoil peak heights with initial
energy and target Z are given in table 2. The height of the scaled binary peak at
Ei0 = 600 eV is found to increase by a factor of about 1.6 when Z increases from
2 to 25. This ‘increase’ decreases as the scaled incident energy Ei0 increases and is
about 1.3 at Ei0 = 1600 eV. The variation of the scaled recoil peak height is about
1.8 at Ei0 = 600 eV and about 1.6 at Ei0 = 1600 eV. For a given target Z the binary
to recoil ratio increases with Ei . However, for a given initial energy this ratio is
found to decrease with increase in Z. The binary peak position remains almost
unchanged while the recoil peak appears to move towards the binary peak as Z
increases.
Nath and Sinha [21] have considered scaled TDCS Z 4 σ at several incident energies
in units of respective ionization threshold and scaled ejected electron energy. Their

Table 2. Scaled intensities of binary and recoil peaks at θa = 4◦ and scaled
ejected electron energy Eb0 = 10 eV.
Scaled energy
Ei0 (eV)
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Target Z

Scaled binary
peak height

Scaled recoil
peak height

Binary to
recoil ratio

600

2
3
5
10
25

2.51
3.14
3.57
3.86
4.02

0.492
0.643
0.764
0.856
0.910

5.10
4.88
4.67
4.51
4.42

1000

2
3
5
10
25

1.99
2.35
2.59
2.74
2.83

0.257
0.315
0.367
0.407
0.430

7.74
7.46
7.06
6.73
6.58

1600

2
3
5
10
25

1.52
1.71
1.83
1.91
1.95

0.127
0.152
0.173
0.189
0.198

11.97
11.25
10.58
10.11
9.85
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Figure 3. Scaled TDCS with respect to helium for electron impact ionization for several helium-like targets as a function of the angle of ejection
ϑb at incident energy Ei = [Z 0 /(11/8)]2 ∗ 600 eV, ejected electron energy
Eb = [Z 0 /(11/8)]2 ∗ 10 eV and scattering angle ϑa = 4◦ , momentum transfer
= 0.4987 ∗ [Z 0 /(11/8)] a.u. Results: Z = 2 (—); Z = 3 (– –); Z = 5 (. . . );
Z = 10 (–·–); Z = 25 (–··–).

Figure 4. Same as figure 3, but for Ei = [Z 0 /(11/8)]2 ∗ 600 eV, Eb =
[Z 0 /(11/8)]2 ∗ 10 eV, scattering angle ϑa = 10◦ , momentum transfer =
1.1577 ∗ [Z 0 /(11/8)] a.u.

results in the asymmetric geometry show a variation by a factor of about a thousand
as the target Z changes from 3 to 20 with scaled results for higher Z having lower
values. The binary to recoil peak ratio changes by a factor of about two as the

Pramana – J. Phys., Vol. 64, No. 1, January 2005
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Figure 5. Same as figure 3, but for Ei = [Z 0 /(11/8)]2 ∗ 1000 eV, Eb =
[Z 0 /(11/8)]2 ∗ 10 eV, scattering angle ϑa = 4◦ , momentum transfer =
0.6129 ∗ [Z 0 /(11/8)] a.u.

Figure 6. Same as figure 3, but for Ei = [Z 0 /(11/8)]2 ∗ 1600 eV, Eb =
[Z 0 /(11/8)]2 ∗ 10 eV, scattering angle ϑa = 4◦ , momentum transfer =
0.7626 ∗ [Z 0 /(11/8)] a.u.

incident energy changes from 3 to 10 in units of ionization threshold. For a given
incident energy, the binary to recoil peak ratio in their case increases as the target
Z increases. We however find a slight decrease (by a factor of about 0.8) in this
ratio as Z changes from 2 to 25.
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6. Conclusions
It is found that the scaling proposed here is quite reasonable for fast incident
electrons in the asymmetric geometry where the ejected electron is of low energy.
The scaled TDCS vary by a factor of about 1.6 to 1.3 over a scaled initial energy
range of 600 eV to 1600 eV and target Z range of 2 to 25.
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