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Abstract. Localized magnetic polaritons are investigated in the systems consisting of
two magnetic superlattices, coupled by a ferromagnetic contact layer. The general dispersion relation for localized magnetic polaritons are derived in the framework of the
electromagnetic wave theory in the Voigt geometry by the ‘transfer’ matrix method. The
numerical calculations were carried out for different parameters of the superlattices and
contact layer and then discussed.
Keywords. Magnetic polariton; magnetic superlattice; dispersion relation.
PACS Nos 75.30.Fv; 75.30.Ds; 75.70.Ak

1. Introduction
The investigation of the collective excitations in magnetic superlattices has been a
subject of increasing interest. Collective excitations (spin waves and magnetostatic
waves) in different ferrromagnetic superlattices, including their study by experimental techniques such as light scattering and spin wave resonance were investigated
in [1–10]. More recently, some attention has been given to antiferromagnetic-based
superlattices. These superlattices were investigated in [11,12].
Magnetic polaritons as a coupled magnon-photon mixed states although discussed
by many authors in different ferro and antiferromagnetic arrangements, are a topic
of continuing interest [13–17]. Bulk and surface magnetic polaritons in magnetic
films and superlattices have been studied in refs [18–21]. Applying the transfermatrix formalism, the general dispersion equations for bulk and surface waves are
derived by Barnas [22,23]. The theory of electromagnetic modes of magnetic superlattices in a tranverse magnetic field is given in effective-medium approximation
in [24]. This approximation was applied to antiferromagnetic superlattices in dif-
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ferent cases by Almeida and others [25–27]. Magnetic polaritons propagating in
finite ferromagnetic/non-magnetic superlattice were considered in [28]. The theory
of the elementary excitations (including magnetic polaritons) in multilayered structures with constituents arranged in a quasi-periodic fashion are presented in [29].
Spectrum of the magnetic polaritons localized at the junction between magnetic
superlattice and magnetic material were discussed in [30,31].
Here we study the new superstructure, consisting of two magnetic superlattices.
This system has a more rich spectrum of the excitations, than the simple superlattices. In addition to bulk modes, in similar systems we have the excitations,
which are localized at the contact layer and damped into the superlattices. The
modern technology has opened up the possibility of fabricating new superstructures
with controllable magnetic and electromagnetic properties, which can be used in
various magneto-optic devices. Exchange-spin and magnetostatic waves localized
at the junction of two magnetic superlattices formed by alternating layers of two
simple-cubic Heisenberg ferromagnets were considered in [32,33].
In this paper we derive the general dispersion relation for magnetic polaritons,
which appear in the junction of the two superlattices composed of alternating ferromagnetic and non-magnetic layers. The problem is solved within the framework
of a macroscopic theory in the Voigt configuration in the presence of an external
magnetic field.
The paper is organized as follows. In §2 we derive the general equation by
transfer-matrix method. Numerical results are presented in §3 and §4 presents the
conclusion.
2. Basic equations
The geometry of the system under consideration is presented in figure 1. We suppose
that the films are magnetized in the film plane and parallel to the z-axis of the
~ 0 is applied. The axis x
coordinate system, along which a static magnetic field H
of the system is assumed to be normal to the films. Here we neglect the dielectric
properties of the magnetic material and ignore the exchange interaction.
To derive the dispersion equation for localized magnetic polaritons we use the
Maxwell’s field theory. According to this theory the dynamic magnetic field ~h(r, t)
fulfills the following equation:
2
~ ∇
~ ~h) − 1 ∂ ( ~h + 4π m)
∇2~h − ∇(
~ = 0,
c2 ∂t2

(1)

where c is the velocity of light in vacuum. Here we consider only the transverse
~ has a non-trivial component only in the z direction.
electric (TE) mode in which E
Here ~h and m
~ are the dynamical components of the magnetic field and the magnetization, respectively and can be written in the form ~h, m
~ ∼ exp(i~kk~rk ), where
2
2
2
kk = ky + kz – two-dimensional wavevector. In this paper the magnetic polaritons
are analysed in the Voigt configuration in which kz = 0 and kk = ky = k.
The general solution of eq. (1) can be written in the form:
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0

(1)

0

−
+
(n)eβj x1 + Bi,j
(n)e−βj x1 )ei(ky−ωt) ;
hi,j (r, t) = (Bi,j

i = x, y,

j = 1, 2,

(2)

where x01 = x − nL1 for SL1 (L1 = d1 + d2 ) and
0

(2)

0

+
−
(n)eαε x2 + Di,ε
(n)e−αε x2 )ei(ky−ωt) ,
hi,ε (r, t) = (Di,ε

i = x, y,
where

x02

ε = 3, 4,

(3)

= x − nL2 for SL2 (L2 = d3 + d4 ) and in the contact layer
(0)

hi (r, t) = (Ci+ eβ0 x + Ci− (n)e−β0 x )ei(ky−ωt) ,

i = x, y.
(j)

(4)
(j)

The parameters βj (and αε ) are defined as βj2 = k 2 − ω 2 /c2 µv , where µv

(j)
µ⊥

=

(j)2
(j)
(µx /µ⊥ )

−
is the effective magnetic permeability of the jth ferromagnetic
(j)
medium in the Voigt geometry (we assume µv = 1 for non-magnetic material and
µ⊥ and µx are non-vanishing components of the frequency-dependent magnetic
permeability tensors).
Applying the boundary continuity condition for tangential component ~h and the
normal component ~b = ~h + 4π m
~ to the left (x = 0) and right (x = d) boundaries of
the contact layer, we obtain the following relations between the amplitudes:

Figure 1. Sample geometry considered in the present paper. Superlattice
one (SL1) consists of alternating ferromagnetic films of thickness d1 and they
are separated by non-magnetic film of thickness d2 . Second superlattice has
the elementary unit consisting of two sublayers with thicknesses d3 and d4 ,
respectively. The contact layer, coupling the superlattices, has the thickness d.
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By,1
−
By,1

#

= R̂2

"

Cy+
Cy−

#

= R̂2 R̂1

"

+
Dy,3
−
Dy,3

#

= T̂

s

"

+
Dy,3
−
Dy,3

#

.

(5)

s

where T̂ = R̂2 R̂1 is the transfer-matrix across the contact layer and given by the
following expression:
µ
·
µ
¶¸
γ1 (3)
(0)
(1)
(3)
s
(1)
T11(12) = exp(−β1 d) ch(β0 d) µ⊥ β0 µx k + µ⊥ β1 − (µx k ∓ µ⊥ α3 )
γ3
µ
µ
¶
γ1 (3)
(0) (0)
(1)
(3)
(0)
(1)
+sh(β0 d) µ⊥ µv γ1 + µx k µx k + µ⊥ β1 +
(µ k ∓ µ⊥ α3 )
γ3 x
¶¶Á
γ0
(1)
(3)
(1)
(0)
− (µ(1)
k + µ⊥ β1 )(µ(3)
2µ⊥ β1 µ⊥ β0 ,
(6)
x k ∓ µ ⊥ α3 )
γ3 x
µ
·
µ
¶¸
γ1 (3)
(0)
(1)
(3)
s
= − exp(β1 d) ch(β0 d) µ⊥ β0 µ(1)
k
−
µ
β
−
T21(22)
α
)
(µ
k
∓
µ
1
3
x
⊥
⊥
γ3 x
µ
µ
¶
γ1 (3)
(1)
(0)
(3)
(0)
(1)
+sh(β0 d) µ⊥ µ(0)
k
µ
k
−
µ
β
+
γ
+
µ
(µ
k
∓
µ
α
)
1
1
3
v
x
x
⊥
⊥
γ3 x
¶¶Á
γ0
(1)
(3)
(1)
(0)
− (µ(1)
k − µ⊥ β1 )(µ(3)
2µ⊥ β1 µ⊥ β0 ,
(7)
x k ∓ µ ⊥ α3 )
γ3 x
2

(j)

where the parameters γj = k 2 − ωc2 µ⊥ .
From the condition of solvability of eq. (5) we can obtain the following expression:
s
s
s
s
W2 − T21
= 0,
W1 (T11
+ T12
W2 ) − T22

(8)

−
+
−
+
where we introduce the functions W1 = By,1
/By,1
and W2 = Dy,1
/Dy,1
.
Applying the boundary conditions for ~h and ~b to the interface between the layers
1 and 2 of the nth elementary unit of SLi (i = 1, 2) and by using the Bloch’s
theorem, we derive the expression for the functions W1 and W2 in the following
general form:

W1 =

exp(−Q1 L1 ) − T11 (L1 )
,
T12 (L1 )

W2 =

−1
(L2 )
exp(−Q2 L2 ) − T11
,
−1
T12 (L2 )

(9)
(10)

where matrix T̂(Li ) is the transfer-matrix with det T = 1 (index i distinguishes the
two different superlattices) and T̂−1 is the inverse of matrix T . The parameter Qi
(i = 1, 2) is the decay parameter of the magnetic polaritons in the ith superlattice
describing the waves damping along the axis of SL (Q1 for x → +∞ and Q2 for
x → −∞). Here (Re Qi )−1 > 0 is the penetration depth of the magnetic polaritons
into the ith superlattice. One can define the decay parameter from the dispersion
equation for the damping magnetic polaritons in ideal superlattice (see [22,23]).
Equation (8) is the general dispersion relation for localized magnetic polaritons.
By solving eq. (8) together with (9) and (10) one can find the relation between the
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frequencies of the localized magnetic polaritons and the wavevector. Only those
solutions of eq. (8) for which the conditions Q1 > 0 and Q2 > 0 are fulfilled,
describe physical localized magnetic polaritons. In the magnetostatic limit c → ∞,
eq. (19) reduces to the dispersion equation for localized magnetostatic waves [33].
3. Numerical results and discussion
For numerical calculation we have introduced the following dimensionless para∗
Fe
∗
Fe
∗
Fe
meters: Ω∗0 = Ω0 /ΩFe
m ; ω = ω/Ωm ; k = ck/Ωm ; d = Ωm d/c. Here Ω0 = γH0
and Ωm = γ4πM0 .
We now discuss our results in more details for the specific cases. Here we use
the physical parameters of Fe (µ0 M0Fe = 2.16T , g = 2.15; here g denotes the Lande
factor and µ0 is the magnetic permeability of vacuum) and Co(µ0 M0Co = 1.79T ,
g Co = 2.17) for SL(1) and SL(2) respectively. The following parameters have been
used: Ω∗0 = 2, d∗1 = d∗2 = d∗3 = d∗4 = 0.1.
In figures 2 and 3 are plotted the dispersion curves of the surface/guided modes for
two directions of the wavevector for two cases when the contact layer is Ni (µ 0 M0Ni =
0.6084T , g Ni = 2.187) and Gd (µ0 M0Gd = 7.12T , g Gd = 2.17), respectively. Here
the surface/guided mode frequencies ω ∗ = ω/ΩFe
m are shown as a function of the
.
As
it
is
seen,
there are an infinite number of
reduced wavevector k ∗ = ck/ΩFe
m
spectral branches ω = ωn (k).
(Ni)
(Ni)
(Ni)
(Ni)
∗(Ni)
In the frequency region ω < ω⊥ = [Ω0 (Ω0 + Ωm )]1/2 (ω⊥
= 2.17)
there are two types of magnetic polariton branches for k > 0 direction. The first
branch of the localized magnetic polaritons degenerates at the photon line with the
group velocity Vg = dω/dk → c under the lower branch of the bulk modes. This
branch is the pure surface mode curve and with increasing value of the wavevector
the frequency tends to the asymptotic frequency ω ∗ = 1.9565. Also we see the
branches of the magnetic polaritons, which lie in the intersection between the light
line and the lower bulk branch and their majority start in the range where the
parameter β0 (k) is imaginary and α(k) is real (and positive). These modes result
from the guided modes of separate contact layer (in this case Ni). As one can
see, there are two types of the guided modes with different group velocities: one
∗(Ni)
and merge into the lower bulk branch
which lies under the limit frequency ω⊥
∗
as k → ∞ (with very small group velocity) and other one, which exists in the
restricted frequency region with Vg = dω/dk → c. There is a gap between the
lower and upper guided branches and with increasing n the gap approaches zero.
(i)
(i)
Ω(i)
In the frequency region ω > ωsNi , where ωs = Ω0 + 2m is the Damon–Eshbach
wave frequency (ωs∗Ni = 2.1776), there exist two surface-mode curves (see the inset).
For k ∗ < 0 SM branch splits into two parts, between them lies a forbidden gap.
The gap also exists between guided mode branches, which lie in the frequency range
ω < ωsNi . It is easy to see that the guided mode branches appear also in the highfrequency region between photon line and upper bulk branch for both directions of
the wavevector.
The spectra of the localized magnetic polaritons in figure 3 (the contact layer
is Gd) are now different from the previous case, although keeping some of their
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Figure 2. The dispersion curves for the surface/guided modes of the magnetic polaritons, propagating at the junction of SL (Fe/non-magnet) and
SL (Co/non-magnet) for k > 0 and k < 0 directions. Here the con(Fe)
(Fe)
tact layer is Ni. We use the parameters: ω ∗ = ω/Ωm ; k ∗ = ck/Ωm ;
d∗1 = d∗2 = d∗3 = d∗4 = 0.1 and d∗ = 0.5. The broken lines denote the dispersion
curves of bulk polaritons in Ni and photon lines.
∗(Gd)

properties. Here we also have two types of modes under the frequency ω⊥
=
3.285: a group of guided mode curves and one branch, which starts at the photon
line in the region, which corresponds to the guided modes. With increasing k ∗ this
guided mode transforms to the surface mode, although the asymptotic frequency
does not change (ω ∗ = 1.9565).
It is essential, that in this case surface modes do not appear in the frequency
region ω < ωsGd = 3.6 for k ∗ < 0, while these modes (SM) exist in the highfrequency range ω ∗ > ωs∗Gd for both directions of k ∗ and tend to the upper bulk
branch as |k ∗ | → ∞. As it is seen, the spectrum of the localized magnetic polaritons
is non-reciprocal with respect to propagation direction, i.e. ω(−k) 6= ω(k).
For completeness, we have also shown in figure 4 the surface/guided magnetic polaritons, which propagate at the junction of SL (Ni/non-magnet) and SL (Co/nonmagnet). Here the contact layer is Fe. Compared with figures 2 and 3, we see that
for k ∗ > 0 and k ∗ < 0 directions the behavior of the surface/guided modes is similar
to those found for previous cases with an important difference: for k < 0 direction
638
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Figure 3. Same as in figure 2, but now for the contact layer Gd with d∗ = 0.5.

we distinguish two type of modes of the surface waves: one wave appears under the
(Fe)
∗(Fe)
and then come
frequency ω⊥ and the waves, starting at the frequency ω ∗ > ωs
into the upper branch curve of the bulk mode of the polaritons in an infinite Fe layer
√
∗(Fe)
ω ∗ = |k ∗ |/ µv . For k > 0 in the frequency region ω ∗ > ωs
= 2.5, there exist an
upper surface-mode branch which consists of two parts and lie under the upper bulk
branch. In this case the lower branch has an asymptotic frequency ω ∗ = 2.02116.
The non-reciprocal nature of the localized polaritons is clearly evident.
4. Conclusion
In this paper we have derived a general dispersion equation for localized magnetic
polaritons at the junction of two magnetic superlattices, coupled by the ferromagnetic layer, when the static magnetic field is applied parallel to magnetization and
perpendicular to the surface. In this kind of system the contact region, connecting two neighboring superlattices, works as a waveguide. Our numerical results
illustrate two types of localized modes in the system under consideration: surface
modes and guided modes. In the general case the surface magnetic polaritons can
(i)
∗(i)
exist both in the frequency region ω < ω⊥ and in the upper range ω ∗ > ωs (here
index i distinguishes the different contact material). We have shown that varying
Pramana – J. Phys., Vol. 63, No. 3, September 2004
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Figure 4. The dispersion curves for the surface/guided modes of the magnetic polaritons propagating at the junction of SL (Ni/non-magnet) and SL
(Co/non-magnet). Here the contact layer is Fe with d∗ = 0.5.

of the magnetic component of SL leads to the varying of the limiting frequency of
the lower branch of the surface magnetic polaritons. The frequency region of the
existence of the guided mode branches of the localized magnetic polaritons can be
changed by varying of the contact layer material. From the numerical calculations,
it is observed that the asymptotic frequency for guided upper branches increases
by increasing the spontaneous magnetization of the contact layer. In all the cases
the spectrum of the localized magnetic polaritons is non-reciprocal with respect to
propagation direction, i.e. ω(−k) 6= ω(k).
The most appropriate experimental technique to probe the magnetic polariton
modes is the inelastic light scattering spectroscopy of Raman and Brillouin type. We
hope that our theoretical prediction can be tested throughout these experimental
measurements.
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