
PRAMANA c
 Indian Academy of Sciences Vol. 60, No. 3
— journal of March 2003

physics pp. 557–561

On unitarity relations and their application to
meson–antimeson mixing

G V DASS
Department of Physics, Indian Institute of Technology, Powai, Mumbai 400 076, India
Email: guruv@phy.iitb.ac.in

MS received 10 June 2002; revised 1 October 2002; accepted 26 November 2002

Abstract. In view of the recent observation of nonexponential decay features for a certain quantum-
mechanical system, we revisit our earlier study of the small-time behaviour of the meson–antimeson
complex wherein the commonly employed Weisskopf–Wigner approximation could be tested, in
principle. We find that the experiments for this testing are difficult because of (i) the smallness of the
times required for this study, (ii) the high accuracy required for probing the nonleading terms (which
distinguish this approximation from the general theory) in the small-time behaviour of the relevant
probabilities and (iii) the crude knowledge of the required ‘flavour-tagging’ procedures, as available
at present.
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1. Introduction

In a previous paper [1] with the above-given title, the small-time behaviour of the struc-
tural amplitudes(a;b; ā; b̄) of the meson–antimeson complex was studied on the basis of
the unitarity of the time-development operator, as arising from the hermiticity of the full
Hamiltonian of the system. The corresponding behaviour obtained in the usually employed
Weisskopf–Wigner approximation (abbreviated henceforth as WWA) was compared with
that of the general theory, thus providing tests of the WWA. One ingredient of the WWA
is the exponential decay law. Recently, nonexponential decay features have been observed
in a quantum-mechanical system [2]. This may encourage a future experimental study of
the small-time behaviour of the meson–antimeson complex. However, we show that the
experiments required for our WWA tests are hard at present; see the three observations I,
II and III in x2. As previously [1], no symmetry assumption is made; CP-, T- and CPT-
noninvariances are allowed. For simplicity, we use the earlier notation in the discussion
below.
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2. The three observations I, II and III

(I) The range of times required for the experimental study is very small: For the meson–
antimeson complex, no departures from the WWA have been observed for the investigated
times which go down to� 10�10 s for neutral kaons and� 10�12 s for f = D0, B0

d;s. The
nonexponential decay features were observed [2] in some system by performing measure-
ments at an accuracy at the microsecond level. To investigate meson systems, one obvi-
ously needs a much higher accuracy. Theoretical estimates of the times where a departure
from the exponential law is expected are even smaller [3].
(II) The required accuracy of the study of the time-dependence is high: The reason is the
need to probe, in this time-dependence, nonleading terms which are the only ones distin-
guishing the WWA from the general theory, as shown below. In ref. [1], the small-time
behaviour of the one-time asymmetriesA1;2 and the two-time asymmetriesA3;4 was given.
In order to see that the WWA differs from the general theory only through nonleading
terms, the behaviour of the denominator (or, equivalently, numerator) occurring in the def-
inition of the asymmetry needs to be considered along with the behaviour of the asymmetry
itself. The behaviour of the denominator also helps one to see how difficult/easy a partic-
ular measurement might be. The behaviour of the denominator was not given (except for
A1) in ref. [1], and the point about nonleading terms being crucial for testing the WWA
was not brought out.

Furthermore, we shall consider eight new asymmetries, for completeness; these are
the remaining [4] one-time asymmetriesB1;2;3;4 and the remaining two-time asymmetries
B5;6;7;8, all defined here. It is worth noting that the consideration of these new asymmetries

Bj ( j = 1 to 8) is important. The reason [4] is that out of the four probabilitiesjaj 2
; jbj2; jb̄j2

andjāj2, one can construct three independent asymmetries. Having already considredA 1;2,
one must consider at least one more (say,B1) in order to check whether the claim of the
WWA being distinguishable only by nonleading terms is based on the full set of (future)
experimental data. Then, the consideration of the remaining three one-time asymmetries
B2;3;4 is not crucial; in fact, the small-time behaviour ofB2;3;4 and their respective numera-
tors and denominators is qualitatively the same as for theB1 case. The same remarks hold
also for the two-time asymmetries constructed out ofN f f ;Nf̄ f̄

, N
f f̄

andN
f̄ f

: it is important
to consider at least one more (say,B5) two-time asymmetry, and not crucial to consider the
remaining three(B6;7;8) for which all the relevant features are qualitatively the same as for
theB5 case.

Our study of the new asymmetriesBj confirms the need to investigate nonleading terms
for the purpose of testing the WWA. For a given asymmetryAi, the WWA is distinguished
from the general theory by the behaviour of the numerator (and the asymmetry), but not
the behaviour of the denominator. ForB j , the distinction arises from the behaviour of
the numerator (and the denominator), but not from the behaviour of the asymmetry. In
all cases, the distinction is provided by nonleading terms in the behaviour of the eight
probabilities out of which theAi and theBj are constructed.

(A) The one-time asymmetries– The small-time behaviour of the amplitudesa;b; ā; b̄ given
in the table in ref. [1] can be conveniently written as

a(t) = 1+ i(γ1+α1)t +(γ2+α2)t
2+O(t3)

ā(t) = 1+ i(γ1�α1)t +(γ2�α2)t
2+O(t3)
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b(t) = (iδ1+β1)t +(δ2+ iβ2)t
2+O(t3)

b̄(t) = (iδ1�β1)t +(δ2� iβ2)t
2+O(t3) (1)

wheret is the proper time, andα1;2;β1;2;γ1;2;δ1;2 are real constants. This leads to the

small-t behaviour of(jbj2� jb̄j2), (jbj2+ jb̄j2), (jaj2� jāj2) and(jaj2+ jāj2) ast3, t2, t2

and 1 respectively in the general theory, andt 2, t2, t and 1 respectively in the WWA. The
WWA result easily follows from the expressions fora; ā;b andb̄ given [1] in eqs (36)–(39).
Thus only the CP-odd differences(jbj2�jb̄j2) and(jaj2�jāj2) distinguish the WWA. To
leading order, the behaviour ofja2j is the same in the WWA and the general theory; that
holds also forjb2j, for jb̄j2, and forjāj2. The above, of course directly concernsA1;2.

We now come to the new [4] four asymmetriesB1;2;3;4 formed out ofjaj2, jbj2; jb̄j2 and

jāj2 as

B1 =
jaj2�jbj2

jaj2+ jbj2
; B2 =

jāj2�jbj2

jāj2+ jbj2
; B3 =

jaj2�jb̄j2

jaj2+ jb̄j2
; B4 =

jāj2�jb̄j2

jāj2+ jb̄j2

(2)

which, in contrast toA1;2; do not have a definite behaviour under CP. One can see that in
the general theory, the numerators and denominators ofB1;2;3;4 and the asymmetriesB1;2;3;4

themselves go as[1+O(t2)]. However, in the WWA, the numerators and denominators go
as[1+ (a term linear int) + O(t2)], while the asymmetries themselves go as[1+O(t 2)].
Thus these asymmetries do not distinguish the WWA from the general theory, but the
denominators (and numerators) have the distinctive feature of the nonleading linear term
being present in only the WWA.

(B) The two-time asymmetries– First, the old [1] asymmetriesA3;4. The small-time

behaviour of the denominator occurring in the two-time asymmetryA 3 is (t1� t2)
2 for

ε = �1. It is some time-independent constant forA4 for ε = �1. These statements hold
for both the general theory and the WWA. Using the behaviours ofA3;4 given earlier [1],
one sees that only the CP-odd differences occurring as numerators (and not the CP-even
sums occurring as denominators) ofA3;4 distinguish the WWA from the general theory.

We now come to the new four asymmetriesB5;6;7;8 formed out ofNf f ;Nf̄ f̄
;N

f f̄
andN

f̄ f
as

B5 =
N

f f̄
�Nf f

N
f f̄
+Nf f

; B6 =
N

f f̄
�N

f̄ f̄

N
f f̄
+N

f̄ f̄

;

B7 =
N

f̄ f
�Nf f

N
f̄ f
+Nf f

; B8 =
N

f̄ f
�N

f̄ f̄

N
f̄ f
+N

f̄ f̄

: (3)

These, in contrast toA3;4, do not have a definite behaviour under CP. One can see that in the
general theory, the numerators and denominators ofB5;6;7;8 and the asymmetriesB5;6;7;8

themelves go as[1+Q(t2)] whereQ(t2) means terms of the type(t2
1) or (t2

2) or (t1t2).
However, in the WWA, the numerators and denominators go as[1+(a term linear int 1)+

(a term linear int2)+Q(t2)], while the asymmetries themselves go as[1+Q(t 2)]. Thus the
asymmetries do not distinguish the WWA from the general theory, but the denominators
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(and numerators) have the distinctive feature of the nonleading linear terms (varying ast 1
andt2) being present in only the WWA. The above statements hold forε =�1 both. The
behaviour ofB5;6;7;8 is thus analogous to that of the one-time-asymmetriesB1;2;3;4.

In summary, therefore, only the differences (and not the sums) of the pair of probabilities
occurring in any of the four previously considered asymmetriesAi (i = 1 to 4) distinguish
the WWA from the general theory. Since the predominant behaviour (indicated by the
sums) is the same in the WWA and the general theory, testing the WWA for small times
would mean looking for nonleading terms in the time-dependence of all the eight proba-
bilities entering the asymmetriesAi ; that calls for rather accurate measurements. Our con-
sideration of the new asymmetriesBj and their numerators and denominators also shows
that the WWA is distinguished from the general theory only by nonleading terms.

(III) The available flavour-tagging techniques are quite approximate– The amplitudes
a, b, ā, and b̄ are probability amplitudes. Therefore, the asymmetriesAi andBj are be-
tween probabilities. For an experimental measurement of these asymmetries, one needs
‘flavour-tagging’ of f and f̄ in the final state forA3;4 andB5;6;7;8 and, additionally, in
the initial state forA1;2 andB1;2;3;4. Unfortunately, this is likely to make the experiments
difficult for the following reason. Because of the importance of testing the WWA, one
should make flavour-tagging as model-independent as possible; in particular, it should not
be done through a WWA-based analysis. Since weak interaction decay amplitudes usually
necessitate further assumptions (see, e.g., refs [4–6] for the case of the CPLEAR experi-
ment corresponding toA1 for the presently investigated times), it is better to utilize strong
interactions having the property of flavour conservation for the purpose of tagging. We
shall restrict our comments to only the flavour-tagging procedures already known. For
the case ofA1;2 andB1;2;3;4, reactions (16) and (17) used by CPLEAR [6] provide the

initial-state flavour-tagging forf = K 0; the final-state tagging could be provided (also
for A3;4 andB5;6;7;8) through [7] the reactions̄K0p! π+Λ andK0p! K+n, as already
mentioned [1]. Unfortunately, the experimental knowledge of the cross-sections of these
two-body reaction is not [7] accurate, thus making the tagging procedure difficult; even at
the (much larger) times presently investigated, one avoided such strong-interaction tagging
and utilised [6] tagging by weak decays of the neutral kaon; see ref. [8] for some similar
(not accurate, again) possibilities. ForA3;4; for f = B0

d;s, one could use the empirical ‘jet-
charge’ method wherein, briefly speaking, one decides the flavour of the parent-flavoured
quark (antiquark) by estimating (the sign of) its charge. This estimation is done by perform-
ing suitable weighted averages over the charges of the particle tracks in the jet produced by
the flavoured quark (antiquark); here, efficiencies typically of the order of 70% are quoted
for different versions of the jet-charge method; this is quite approximate; see ref. [9] for a
review.

3. Conclusion

Thus the experiments required for testing the small-time behaviour of the WWA are dif-
ficult because they need very accurate measurements for quite small times, using flavour-
tagging techniques which are crude at present.
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