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One-soliton solutions from Laplace’s seed
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Abstract. One-soliton solutions of axially symmetric vacuum Einstein field equations are pre-
sented in this paper. Two sets of Laplace’s solutions are used as seed and it is shown that the derived
solutions reduce to some already known solutions when the constants are properly adjusted. An
analysis of the solutions in terms of the Ernst potential is also presented. Itis found that the solutions
do not reduce to the Euclidean form at spatial infinity. However, in the static limit, Weyl solutions
are obtained for half integral-values.
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1. Introduction

The field equations in general relativity are highly nonlinear in nature and only simple
solutions are obtained by direct method. Different transformation techniques are thus de-
veloped by assuming certain symmetry properties of space-time, which give new solutions
from the old ones. The inverse scattering method (ISM) developed by Belinskii and Za-
kharov [1-3] is a useful technique of obtaining the solutions of nonlinear field equations
in general relativity. For some nonlinear differential equations it is possible to construct a
linear eigenvalue problem; the unknown functions of the original nonlinear equations are
included as the potential terms in the linear equations and integrability conditions of the
linear equations lead to the nonlinear equations [4].

Two important characteristics of the soliton technique are the ‘pole trajectories’ and the
background metric, called the ‘seed’ [5]. The solutions are identified by the number of
poles they contain. For examphé= 1 is a simple pole (i.e. one-soliton solutions)= 2
is a double pole (i.e. two-soliton solutions) and so on. The background metric is chosen
suitably and one can get thesoliton solutions from the given seed.

In §2, the inverse scattering method of Belinskii and Zakharov [1-3] is described in brief.
In §3, two sets of one-soliton solutions are presented which are obtained from two differ-
ent Laplace’s seed. It is known that in ISM, the determinatioQ dthe eigenfunction)
is not easy for a general seed metric. Verdaguer [6] obtained one-soliton solutions from a
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Euclidean seed and solved for eigenfunctinrin this paper, we have taken two different
Laplace’s solutions as seed in the general static axially symmetric metric and obtained two
different sets of one-soliton solutions in the Verdaguer form. It is noted that the inclusion
of Laplace’s solutiony in the general seed metric is reflected just as an additive term in
the Verdaguer result, obtained from Euclidean seed. Verdaguer's result is thus generalized
to include a general static metric as seed. When certain restrictions are imposed on the
constants, the derived solutions reduce to the one-soliton solutions of Letelier [7] and un-
der a complex coordinate transformations these solutions correspond to the Van Stockum
metric [8]. An analysis of the solutions in terms of the Ernst potential is givéa.irOur
conclusion follows irg5.

2. Inverse scattering method
The general stationary axially symmetric metric can be represented by
ds® = g, X + f(dr? + d2), (1)

where the indicea andb take the values 1, 2 atdp = x*,x2. Theg,, andf are functions
of r andzonly. The Einstein equations for the metric (1) is obtained, in matrix form, as [2]

Ur+V,=0, (2

(In(rf)]r = (4r) 1Tr(U? - Vv?), (3)

[In(rf)]z = (2r)~Tr(uv), 4)
where

U=rgg?t V=rgg™t (5)

The subscripts andz denote partial differentiations.

The idea behind ISM is that if we give the data of the analytic structure we can determine
the functional form of the potential which in turn gives rise to nonlinear terms of the field
equations. The steps followed in the method of solutions are:

(i) construct a linear eigenvalue equation where nonlinear terms are included in the
potential function,
(ii) solve the direct scattering problem with initial conditions,
(iii) from a known solution of the eigenvalue, reconstruct the potential function.

The integrability condition of egs (3), (4) is eq. (2). Therefore, omée known, the
other metric coefficienf can be calculated from (3), (4). So the main problemis to find a
solution of (2) related to an eigenvalue — eigenfunction problem for some linear differential
operators. Such a system will depend on a complex parametey, §de solutions of the
matricesg,U andV will then be determined by the possible types of analytic structure of
the eigenvalues in th&-plane. However, there does not exist any general algorithm for
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obtaining solutions of such a system. For stationary axially symmetric problems, Belinskii
and Zakharov introduced two differential operatorsandD,, in the form [1,2]:

2Ar

Dl - ar + AZ—_'_rzd)\, (6a)
222

D2 - (92— /\2—-{—|’20A’ (Gb)

whered with a subscript denotes partial differentiation. The operdior&ndD,, satisfy
the commutation relation
[D,,D,]=0.

The next step of ISM is to look for a potential functiéh also called eigenfunction,
which depends onz and the complex paramet&r BZ showed that the eigenfunctiéh
satisfy the following eigenvalue equations [1,2]:

U +Av

PiO= e @ (72)
v —Aau

DR =S o

The eigenfunctior) is a two-dimensional matrix which reducesd(r,z) when the
spectral parameter is set equal to zero i.e.,

Q(r,Z,/\)h:O:g(r,Z). (8)

For a known seed,,U andV can be calculated from eq. (5) and the eigenfuncaflon
is evaluated from egs (7), (8). On€eis known, physically realistiggg can be calculated
and thus new metric coefficients are determined. ForNdaliton solutions, in order to
preserve the physically viable signature of space-time, one has to choose a non-physical
seed, because the odd soliton solutions produce a change of signature of space-time.

The results leading to the new solutions are summarized as follows:

For physically acceptable solutions we have the supplementary condition

detgy = 12, (9)

whereg, is a 2x 2 matrix associated tg,.
The constructed stationary metric coefficietg are obtained from the following rela-

tions [2,6]:
N
Oab = <| -3 §> Oor (10)

&1 My

wherel is a unit matrix and
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(Rdap="na'm}, (11)

mg() — rng(k) LQal(”k’ r, Z)Jca, (12)

m2® = arbitrary constants,

1
M 'ng) = u_km((:k) (do)cas (13)

ro— mgk) (go)camg)
kl — '

14
e Hy + r2 14)

The polegy, are defined by
He= 02 (=27 + 172, (15)

wherew, are arbitrary constants, may be called the origin of solitons and either of the plus
or minus sign before the square bracket in eq. (15) is allowed. MNeisethe number of
solitons i.e. the number of poles that appears in the scattering matrix.

The derived metrig, given in (10) is a solution of eq. (12) but in general, it does not
satisfy eq. (9). Physically acceptalgg: are defined by [2]

9bp = —r(—detgly,) g, (16)
where
detg,, = (—1)Nr 2N (lﬂl i2> detg,. (17)
k=1 Mk

The other metric coefficiert is calculated from the relation [6]:

N N1/ -1
f=Cf,rN/2 (e — )2 | detr (18)
0 krll“k [ (= 1y K>

k=1
k>1

whereC is an arbitrary constant arfg is the f-function of the static metric. For one-soliton
-1
solutions (i.eN = 1) the term(l‘l’;'_Il (U—H)?) ineq. (18) becomes unity.
k>I
The problem of using inverse scattering method concentrates on the determination of
Q, the eigenfunction, which is not easy for a general static axially symmetric metric used
as seed. However, as one requires the value afong the pole trajectoriek = i, the

problem of findingQ is somewhat simplified [7]. We have taken advantage of that.
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3. One-soliton solutions (diagonal seed)

Verdaguer [6] obtained one-soliton solutions starting from Euclidean seed metric. It is

then natural to examine the case when one chooses a static axisymmetric metric instead of

Euclidean metric as seed. In this section, we have taken two different static axisymmetric

metrics as seed and shown that it just introduces an extra additive term in the final ex-

pression for the derived metrics as given by Verdaguer. It is also shown that our solutions

correspond to some already known solutions. These will be mentioned in proper places.
We choose the diagonal seed solution of the metric (1) as

g, = diag (rlfbe“’, rl+be*“’) : (19)

whereb is a constant angy = y(r,2) is a solution of Laplace’s equation

Wrr + Yzzt+ % =0 (20)

Subscripts andz denote partial differentiations. Witly = 0 andb = 1, the seed solution
becomes Euclidean.

Since the seed solution is diagonal, one might expect the corresponding eigenfunction
to be diagonal as well. The eigenfunction is then given in the following form

0= diag[(rz —oAzZ— A 2)(lfb)/2eF7 (r2 —2Az— A 2)(l+b)/2efF , (1)

whereF is a function ofr, z, A and
F(rnzA)l,_o = w(r,2). (22)

Equation (22) together with (21) satisfies (8).
With the help of egs (10)—(21), the one-soliton solution of metric (1) is obtained as

rb?/2

_ 1
ds? = (-2)*1c, 72 cosh{x— Ebn+D} (dr? +dZ%)

(r°+2)
1
+ 1
cosh[x — 3bn + D]

[—rl‘be“’sinh{x— %(b— 1Hn +D}dt2

+rl+be4’sinh{x— %(b+ Hn+ D} dg? + (=1)°2r COSh(%’]) dtd(p} , (23)
where

X=2F—y, (24)

is a function of ¢, z, A); C, andD are new arbitrary constants, while the functipns
defined by

& = (/) (25)
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It is evident that the solution presented in (23) corresponds to the one-soliton solution of
Letelier [7] forb = 1. On substitutingy = 0 and introducing two parametegs andg, in
the manner

1 1
our solution (23) reduces to that of Verdaguer [6]. It is interesting to note that the inclusion
of the termy, a solution of Laplace’s equation, in the seed mejgchas been reflected in
the Verdaguer’s result as an additive term in the hyperbolic function.

The static limit of solution (23) correspondsiio— c. On substitutingy =0 andb=1,
our solution in the static limit, reduces to the Weyl solution [9] witk= 1/2.

With ¢ = 0 and redefining the parametemaccording to (26), the solution (23) cor-
responds to the one-soliton cosmological type solution obtained from the Kasner seed.
However, foryy = 0 andb = 1, one obtains the solutions for an Euclidean seed metric.

It is observed thab = 0, ¢ = 0 andb = 1, the derived metric (23), under the complex
coordinate transformations— i and@ — it, corresponds to the Van Stockum metric [8]

ds? = Cyr~Y2(dr? + d2) + 2r dtdg — 2(z— w)di?. (27)

It appears from (23) and (24) that if the Laplace’s solutipmnd the functiorF are
known, the stationary metric (23) is then completely given for a static metric as Beed.
satisfies the relations [7]

(rd —Ad;+ 210, )F =ryr, (28)

(ré;+A0)F =rys. (29)

Since the solutions are required at the pble u; F depends on the value af We take

the plus sign before the square bracket in eq. (15) and consider real pole trajectories.
Prolate spheroidal coordinatesy) are used in the following analysis as we have taken

the Laplace’s solutiony in that coordinate system. Prolate spheroidal coordinates are

defined by

r2=K2¢-1)(1-y),
z=2, +Kxy, (30)

whereK andz, are constants. The arbitrary constagtin eq. (15) can be replaced by
shifting the origin along the-axis by means of

W =2 +K. (32)
For one-soliton solutions, it is found that
p=Kx+1)(1-y). (32)
The relations satisfied by are

_ (1+y)
Fx = 2%—y) [(x=D) s+ (1-y)y], (33)
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B (x—1)
Y= 2y)

[(T+y)dy = (x+1)y. (34)

The subscriptg andy denote partial differentiations. Here we have taken the values of the
eigenfunctiorQ and hencé on the pole trajectories only.
In the following, an application of the above simplified but general technique is given
and two sets of one-soliton solutions are constructed.
Setl: We take the Laplace’s solution in prolate spheroidal coordinates as
Y= ag(x+y) (35)

whereaq, is a constant.
From egs (33), (34) one gets

F=2(1+y)(x+y) (36)
and from (24),
X = agy(x+y) . (37)

The metric coefficiengl;‘i'l1 is thus found to be

ph_ . 1b ap 1 sinh[agy(x+y)~t—3(b—1)n+D]
g =—-r"exp xty) coshfogy(x+y) L~ 3on +D] (38)
where
o [ XD -y)
= [(x—‘1><1+y>] | (39)

Itis observed that with = 1, the solution (38) is not well behaved at spatial infinity, i.e,
it does not reduce to the Euclidean form. With- 1, whenx — o« andD — o, eq. (38)
takes the form

1-y 1/2
ph__ (= —Y
911 <1+y> : (40)

With the symmetry of Ernst equation [10], one may interpret (40) as Wey! solution [8] for
half integer value ob.

Set2: In this case let the Laplace’s solution be
W = apXy. (41)
Itis found that
F = 20(x+xy-), (42)
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X =0o(X=Y), (43)
and

sinh[ag(x—y) — 3(b—1)n + D]

_rl—beoroxy
cosh[ag(x—y) — 3bn + D]

; (44)

ph _
g11 -

wheren is defined by (39). Now fob = 1 this solution also does not reduce to the Eu-
clidean form at spatial infinity.

4. Ernst potential of the solutions

In this section an analysis of the solutions presented in eq. (23) is given in terms of the
Ernst potential by proper adjustment of the constants.
For an axially symmetric stationary metric

ds? = A7He¥ (dr? + dZ) + r’d¢?] — A(dt — Bdg)?, (45)
the Ernst potential is given by [10,11]

E=A+io, (46)
where® is known as the twist potential and it can be derived from the relations [12]:

o, =r~A%B,, (47)

®, = —r'A%B;, (48)

where the subscriptsandz denote partial differentiations.
From egs (1), (45) and (23) one obtains

rl7bewsinh[x —3(b-1)n+D]

A=
cosh[x — 1bn + D]

; (49)

cosh(3n)
sinh[x —3(b—1)n+D]’

B=(—1)*Prbe ¥ (50)

Due to the presence of the superposing figlid eqs (49) and (50), the evaluation®f
becomes a complicated task. The real part of Ernst potential is obtained as

ReE = ur=e¥(1— p’r=?p)(1+p) 7, (51)

_(H¥ —2(x+D)
P ( ; ) e . (52)

In the static limitD — o, one obtains the Ernst potential of the metric (23) as
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E = ure¥. (53)

With vanishing superposing field i.e. withy = 0 and substituting = 1— 2q,, the solution
(53) reduces to that of Verdaguer equation (2.19) of ref. [6]. Further, \When~ and
ay = 0, if one substituteb = —d, the solution presented in (51) corresponds to the one-
soliton solution(s = 1,h, = 1) of Carot and Verdaguer for real pole trajectories (eq. (9) of
ref. [13]). The parameterd s, andh, are defined in ref. [13].

For Euclidean seed i.e., for= 1 anda, = 0, the Ernst potential of the solution (23) is
obtained as

E = [ur*(1-p?r~%g) +in(1- pr~?)](1+09) 4 (54)

where

0= (£)e =

andnis a constant given by

n~!=ePcothD.
In the static limiti.e. aD — o, the solution presented in (54) takes the form

E=pur L (56)

Now changing the coordinatész) to (p, 6) in the following manner:

r=psinB, z—w=pcosy, (57)
one obtains
1-cosd\ 2
E=|—— .
<1+ cosG) (58)
Substitutingy = cos6.
1—y 1/2
E=|—= . 59
() )

Since the Ernst potential is symmetriciandy, one can construct a new solution

N 12
E=i <—X 1) ,
Xx+1

and it is only a trivial task to verify the static solution

x—1 1/2

The solution (60) is not the Schwarzschild solution but it represents an asymptotically flat
Wey! solution with deformation parametér= % If the above solution is generalized for
N-odd soliton solutions, Das [14] has shown tRabkes the form
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x—1 N/2

This is the Weyl solution witld? = N/2. The deformation parametéris a measure of the
deviation from Schwarzschild space-times. A series of Weyl solutions can be obtained for
different values ob. The deformation parametdrcan take any positive value in the Weyl
metric but it is restricted only to the integer values for Tomimatsu—Sato metrics [15].

Verdaguer [6] obtained a solution fdr= 1/2. Das extended the solution fér= N/2,
whereN is an odd integer. Both of them used flat metrics as seed. We, in this paper,
have used a general static axisymmetric metric as seed and constructed a stationary metric
which can be reduced to their metrics when proper adjustmentis made among the constants
appearing in the solutions.

The asymptotic expansion Efin eq. (60) is obtained as

1 1
E=1 x+2x2+ . (62)

In Boyer—Lindquist coordinateéR ©), which coincide with the spherical coordinates
(p,0) for largeR,

Kx=R-m, y=cosf, m= constant (63)
eg. (62) assumes the form
K K(K-2m)
2R?

The solution is thus asymptotically flat.
The real part of Ernst potential for the solution presented in Set 1, takes the asymptotic
form, withb=1 as

E=1 (64)

(1= NW\YPL (Atay) 1 1

(65)
The solution is not spatially well-behaved at infinity. The derived solution (65) is singular

on the symmetry axi§/ = +1) which represents a line source along the axis.
However, fory = 0, one obtains from (65),

1+, oy(ag+1)+1

( o)+{ old+1)+ }+___‘
X 2x2

The solution (66) is asymptotically flat and contains monopole, dipole and other higher

mass multipole terms with monopole mass t€fim- a,)/2. The constantr, may be
interpreted as a measure of the strength of the superposing field.

ReE =1+

(66)

5. Conclusions

We have presented in this paper the one-soliton solutions for two different Laplace seed
in the general axisymmetric metric. It is found that the derived metrics (egs (38) and
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(44)) do not, in general, reduce to Euclidean form at spatial infinity. However, when one
truncates the solutions for static limit, Weyl solutions are obtained for half intégral
values. Further, on imposing some restrictions on the constants appearing in the solutions,
our stationary solution (23) corresponds to the solutions of Verdaguer [6] and to the one-
soliton solutions of Letelier [7]. The inclusion of Laplace’s solutipin the general seed
metric is reflected just as an additive term in the Verdaguer’s result. The generated solution
after some readjustment of the parameters reduces to the one-soliton solution of Carot and
Verdaguer [13] for real pole trajectories.

The solution presented in Set 1, is singular on the symmetry(sxist1), thereafter
representing a line source along the axis. This solution becomes asymptotically flat for
b =1 andy = 0 and contains the mass multipole terms.
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