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Abstract. The angular distribution of the five-fold differential cross section for the electron impact
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1. Introduction
It is well known that the angular distribution of the five-fold differential cross section
(FDCS) for the double ionization of atoms by electrons contains information about correlation between the two ejected electrons. Measurement of FDCS was first carried out
about ten years ago on argon [1] and krypton [2]. The interpretation of the results and
extraction of the correlation information was found to be quite difficult because besides
the problems associated with double ionization mechanisms (shake-off and two-step) and
proper accounting of electron–electron correlation in the final state, there are complications due to the multi-electron structure of the target and the residual ion. The position
with multi-electron targets has not changed much since then [3,4]. However, recent experiments [5–7] on He have provided a fresh impetus to (e; 3e) studies. Helium is the simplest
two-electron atom as the residual He 2+ ion is a bare nucleus with no relevant internal structure. The details of the angular distribution of FDCS have been analysed in the coplanar
geometry with symmetric and asymmetric energy sharing between the ejected electrons
and in Bethe ridge kinematics [7–17]. The origin of dips and peaks in the angular distribution of the cross section has been studied [5]. The dipolar limit has been investigated
and the relationship with photo-double ionization with additional non-dipolar contributions has also been noted [5,6]. The calculations have been done at large incident energy
E0  5 keV, very small scattering angle and low ejected electron energies corresponding to
the measurements by Lahmam–Bennani and coworkers on He ground state.
In this paper we study (e; 3e) process on metastable para-helium He (2 1 S) and orthohelium He (23 S) and analyse manifestation of (i) the difference in the space symmetry
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of the target wave function (symmetric in He (2 1 S) and antisymmetric in He (2 3 S)) and
(ii) the difference in binding energy of the two target electrons on the angular distribution
of FDCS. We have considered both the mechanisms: the shake-off and the two-step. In
the shake-off (SO) mechanism the projectile is assumed to interact only once with one of
the target electrons and ejects it. The ejection of the second electron occurs subsequently
through relaxation of the residual ion after the first ejection. In the symmetry breaking
two-step (TS2) mechanism the incident particle interacts successively with the two target
electrons ejecting them one by one and is thus a second order process in the projectile–
target interaction.

2. Theory and calculations
We consider events in which electrons having energy E 0 are incident on He and are scattered inelastically into the solid angle dΩ a in the direction of (θ a ; Φa ) and eject both the
target electrons with energies E b and Ec into the solid angle dΩ b and dΩc in the direction
of (θb ; Φb ) and (θc ; Φc ) respectively (figure 1). The FDCS for this process is given by
d5 σ
dΩa dΩb dΩc dEa dEb

=

ka kb kc 2
jF j ;
k0

(1)

where ~k0 ;~ka ;~kb and ~kc are the momenta of incident, scattered and ejected electrons respectively and F is the ionization amplitude. The energy and momentum conservation leads
to
E0 = Ea + Eb + Ec + I

(2)

and
~

k0 =~ka +~kb +~kc +~kr ;

(3)

where I and ~kr are double ionization threshold energy of the target and recoil momentum
of the residual ion, respectively.
We limit ourselves to double ionization by high impact energy and the events in which
the scattered electron takes away most of the energy. This enables us to describe the incident and scattered electrons by plane waves. The ionization amplitude for the shake-off
and the two-step processes may be written as
F

= f SO + fTS2 :

(4)

Figure 2 shows these processes schematically. The amplitudes f SO and f TS2 are given by
[16]
fSO =

fTS2 =

40

1
2π

p1 4 ∑
4 2π n



φ f (~r1 ;~r2 )e
Z
k02

i~ka ~r0

2
r0

d~q0
kb2 q02 + 2In

1
+
r01



e

i~ka ~r0

1
~
+
φ (~r ;~r )eik0 ~r0
r02 0 1 2



(5)

;



ΨC; k (Zc ;~r2 )
(

)

c

1 i~q 0 ~r
e 0 φn (~r2 )
r02

Pramana – J. Phys., Vol. 58, No. 1, January 2002

Angular distribution of five-fold differential cross section


i~q 0 ~r0



1 i~k ~r
 e ΨC; kb (Zb ;~r1 )φn (~r2 )
+
e 0 0 φ0 (~r1 ;~r2 )
r02


Z
1
d~q0
1 i~q 0 ~r
i~ka ~r0 ( )
p ∑ k2 k2 q02 + 2I e ΨC; kb (Zb ;~r1 ) r e 0 φn (~r1 )
4 2π 4 n
n
c
01
0


 ei~q 0 ~r0 ΨC( ; k)c (Zc;~r2 )φn (~r1 ) r2 + r1 + r1 ei~k0 ~r0 φ0 (~r1 ;~r2 ) ;
(6)
0
01
02
(

2
r0

)

where

φ f (~r1 ;~r2 ) =

p1

2

n

1
+
r01

o

ΨC( ; k) (Zb ;~r1 ) ΨC( ; k) (Zc ;~r2 )  ΨC( ; k) (Zb ;~r2 )ΨC( ; k) (Zc ;~r1 )
b

c

b

c

(7)
with + sign for double ionization of He (1 1 S) and He (21 S) and
ΨC( ; k) (Z ;~r ) represents the Coulomb wave function given by

sign for He (2 3 S).

Figure 1. Schematic diagram for electron impact double ionization for an incident
electron momentum~k0 , scattered electron momentum~ka and ejected electron momenta
~
kb and ~kc . In coplanar geometry Φa , Φb and Φc are such that all the electrons lie in the
same plane.
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Figure 2. Schematic representation of the SO and TS2 mechanisms for the double
ionization of He. The wavy line indicates an electron, dashed line the virtual photon
and full line the fixed nucleus He++ . Crosses represent electrons in the Coulomb field
of He++ ion.

ΨC( ; k) (Z ;~r ) =

1
~
eik~r eπ Z =2k Γ(1 + iZ =k) 1 F1 ( iZ =k; l ; i(kr +~k ~r);
3
=2
(2π )

(8)

where Γ(1 + iZ =k) and 1 F1 ( iZ =k; 1; i(kr +~k ~r)) are respectively gamma and confluent
hypergeometric functions. φ n (~r2 ) is the target intermediate state wave function and I n =
ε0 εn ; ε0 and εn are the energies of ground state and intermediate state. φ 0 (~r1 ;~r2 ) is the
target initial state wave function and ~r 0 ;~r1 and ~r2 are the position vectors of incident and
bound electrons with respect to the nucleus and r 01 = j~r0 ~r1 j; r02 = j~r0 ~r2 j. The wave
functions φ0 (~r1 ;~r2 ) for He in 11 S, 21 S and 23 S states have been taken to be of the following
forms [18–20]
11 S
2

φ0 (~r1 ;~r2 ) = ∑ γi e

α i r1

i=1

γ1 = 0:73485;

2

∑ γ je

α j r2

;

α1 = 1:41;

α2 = 2:61;

j =1

γ 2 = 0:587:

(9)

21 S


φ0 (~r1 ;~r2 ) = N1 e µ1 r1 (e ν1 r2 + C1 r2 e η1 r2 ) + e µ1r2 (e ν1 r1 + C1 r1 e η1 r1 ) ;
µ1 = 2; ν1 = 0:865; η1 = 0:522; N1 = 0:9165961; C1 = 0:4327:

(10)

23 S


φ0 (~r1 ;~r2 ) = N2 e µ2 r1 (e ν2 r2 + C2 r2 e η2 r2 ) e µ2 r2 (e ν2 r1 + C2 r1 e η2 r1 ) ;
µ2 = 2; ν2 = 1:57; η2 = 0:61; N2 = 1:0489=π ; C2 = 0:34:

(11)

These wave functions have also been used earlier in inelastic scattering studies on He
[21–24].
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Assuming that the ejected electron completely shields the charge of the nucleus seen by
the other electron, the effective charge of the nucleus seen by the two ejected electrons is
chosen to be unity. It is not a bad choice as the two electrons are very slow and ejected
with the same energy and are therefore in quite close proximity to the nucleus during the
process. Other momentum-dependent choices [6,7,14] have not been used, as our aim in
the present paper is to compare the He (2 3 S) and He (21 S) results with those for the ground
state. The term f TS2 is evaluated using the method of Byron and Joachain [25] by replacing
In by the average excitation energy and then using closure property of target states. The
final state wave function is multiplied by the repulsive Gamow factor N ee ,
Nee = e

π =2kbc

Γ(1

i=kbc)

(12)

to approximate the BBK wave function [26]. This approximation to the BBK wave function has been used earlier [27–29] and is found to lead to essentially identical relative
magnitude and angular distribution.
3. Results and discussion
We have carried out calculations in the coplanar geometry (~k0 ;~ka ;~kb and ~kc are in the
same plane) at an incident energy E 0 = 5:6 keV and scattering angle θ a = 0:45Æ , which
correspond to the recent measurements of Lahmam-Bennani et al [5,6], for a variety of
kinematical conditions. These are:
(A) The two ejected electrons share equal energy, E b = Ec , and one of them is ejected
along the momentum transfer direction, θ b = θq . The angle θc is varied.
(B) The two electrons share equal energy and one of them is ejected in a direction perpendicular to that of momentum transfer, θ b = θq 90Æ. The angle θc is varied.
(C) For both the above kinematical arrangements as well as for θ b = θq 180Æ, we have
also considered separately the direct ejection of one of the electrons, say b from
n = 1 or n = 2 orbital of He, along a fixed direction while the other one, say c, is
ejected through shake-off.
(D) The angle θ bc = θb θc between the two ejected electrons is kept fixed with E b = Ec
and θc is varied.
(E) Symmetrical variation of the direction of ejection of both the secondary electrons
with respect to the momentum transfer direction, i.e., θ bq = θcq and jΦbq Φcq j = π ,
where θbq ; Φbq ; θcq and Φcq are the angles of the ejected electrons measured from the
momentum transfer direction.
(F) Bethe ridge kinematics with fixed E b + Ec . The angle θbc is varied.
(G) Bethe ridge kinematics with E b = Ec ; θbq = θcq and jΦbq Φcq j = π for a fixed value
of q. The angle θ a is varied.
Kinematics A
Figure 3 shows FDCS for θb = θq ; Eb = Ec = 10 eV as a function of θ c . The momentum transfer direction θ q is 319Æ for the He ground state (GS) and  312 Æ for the singlet
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Figure 3. Coplanar FDCS (in a.u.) for the double ionization of He at E0 = 5:6 keV,
θa = 0:45Æ plotted against θc . The azimuthal angle Φc is fixed as zero. The ejected
electrons are detected with equal energies Eb = Ec = 10 eV. One of the electrons b is
fixed in the direction of momentum transfer q̂, i.e. θb = θq . The solid and the dashed
lines are the results for He (11 S) with TS2 and without TS2 respectively. The dashed
lines with filled circles, empty circles, triangles and squares represent results for He
(21 S) with TS2, He (21 S) without TS2, He (23 S) with TS2 and He (23 S) without TS2,
respectively.

21 S (SES) and triplet 2 3 S (TES) excited states. The cross section naturally vanishes in all
cases when the two ejected electrons are emitted along the same direction. For TES, the
FDCS shows only one lobe with maximum along θ c = θq + 180Æ. On the other hand, for
GS and SES the FDCS shows a two equal sized lobe structure with maxima at about 90 Æ
and minimum along θ c = θq + 180Æ. This difference is due to different space symmetry of
the singlet and triplet wave functions. The SES and TES peak cross sections are found to
be much larger compared to GS. This is a reflection of smaller ionization potential in SES
and TES cases. The contribution of the TS2 process is found to be quite high (about 50%
of SO) in the case of GS and SES, whereas it is negligible in the case of TES.
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Figure 4. Same as figure 3, but for θb = θq

90Æ .

Kinematics B
The angular variation in this kinematics (θ b = θq 90Æ ) has similar qualitative behavior
for all the three cases GS, SES and TES (figure 4). The symmetry of the wave function
produces no qualitative change in the angular variation. It shows two maxima and two
minima. The minima are at θ c = θb and θb + 180Æ and the maximum closer to the direction
of ~q is of larger magnitude compared to the other one. The cross section peak is lowest for
TES, while it is maximum for SES. Here again TS2 contributes very little in the TES case.
Kinematics C
Here we consider results for direct ejection of an electron, say b, from either n = 1 or n = 2
orbital with the other electron being ejected by SO for SES and TES. The direction of ejection θb is kept fixed at θq (figure 5a), θ q 90Æ (figure 5b) and θ q 180Æ (figure 5c) and the
results are studied as a function of θ c for TES. Figures 6a–c similarly display results for
SES. It is found that n = 1 and n = 2 results in the TES case are qualitatively similar and
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Figure 5a.

Figure 5b.
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Figure 5. Coplanar FDCS (in a.u.) plotted against θc for He (23 S). E0 = 5:6 keV,
θa = 0:45Æ , Eb = Ec = 10 eV, the dashed line represents the results when electron b is
directly ejected from n = 1 and the other electron is ejected by shake-off and the solid
line when electron b is directly ejected from n = 2 and the other electron c is ejected
by shake-off. The direction of ejection of directly ejected electron θb is fixed at (a) θq ,
(b) θq 90Æ and (c) θq 180Æ .

it does not matter whether the direct ejection is from n = 1 or n = 2 orbital. The cross
section peak for direct emission from n = 2 orbital is about four times the value for direct
emission from n = 1. However, in the SES case (figures 6a–c), the situation is different.
The angular variation depends on whether the direct ejection is from n = 1 or n = 2 orbital. Direct emission from n = 1 leads to a one-lobe structure in all the three kinematical
conditions. In the case of direct emission from n = 2 orbital, there are two maxima (figure
6b) or three maxima (figure 6c) in the angular distribution. Another difference is that this
peak value for n = 2 is not necessarily greater than the one for n = 1. This difference in
the angular variation is a reflection of the difference in space-symmetry of the target wave
function in the two cases.

Kinematics D
Figures 7a–c show the variation of FDCS for fixed θ bc = 60Æ ; 120Æ and 180Æ respectively.
The cross section shows a maximum whenever the two electrons are ejected symmetrically
with respect to the momentum transfer direction in the case of GS and SES. This happens
when both θb and θc make angles of 30Æ and 150Æ with q̂ (figure 7a) and 60 Æ and 120Æ
Pramana – J. Phys., Vol. 58, No. 1, January 2002
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Figure 6a.

Figure 6b.
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Figure 6. Same as figure 5, but for He (21 S).

with q̂ (figure 7b). The result is a two-lobe structure. In the TES case, symmetric ejection
with respect to q̂ corresponds to minima. Here maximum in FDCS occurs when ~kb and
~
kc make supplementary angles with q̂. The minima occur at θ c = 20Æ(θb = 80Æ ) and 200Æ
(θb = 260Æ ) (figure 7a). Both these values correspond to (θ b + θc )=2 = 90Æ with respect
to q̂. When θbc = 180Æ (figure 7c), symmetrical ejection lead to a four-lobe structure with
maxima at θc = 0Æ ; 90Æ ; 180Æ and 270Æ with respect to q̂. Those at 90 Æ and 270Æ are smaller
and vanish in the dipole limit.

Kinematics E
Figure 8 shows results for symmetrical ejection with respect to the momentum transfer
direction. TES does not contribute to this case. This is an interesting display of the space
antisymmetric nature of the TES wave function. The GS and SES results are qualitatively
similar and show a two-lobe structure with zero cross section for θ b = θc = 0Æ ; θb = θc =
180Æ (identical directions) and maxima for θ b = θc = 100Æ and 240Æ. SES cross sections
are larger as before. The TS2 contribution is quite high. It is about 46% and 34% at the
peaks of GS and SES results.
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Figure 7a.

Figure 7b.
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Figure 7. Same as figure 3, but the angle θc is varied keeping the angle between the
two ejected electrons θbc = θb θc fixed at (a) 60Æ , (b) 120Æ and (c) 180Æ .

Kinematics F
The Bethe ridge kinematics corresponds to the case when no momentum is transferred to
the residual ion (~kr = 0). The energy–momentum conservation equations are now
E0
~

k0

I

E a = Eb + Ec ;

~

ka = ~q =~kb +~kc :

(13)
(14)

At a given incident energy E 0 and fixed energy E a of the scattered electron (fixed E b + Ec )
and fixed scattering angle θ a (or momentum transfer ~q), the above equations can be solved
for Eb and Ec These values naturally depend on the angle θ bc . These equations may be
solved under several conditions. If one of the electrons is assumed to be ejected with low
energy along the momentum transfer direction, and the other with still lower energy along
the opposite direction, the values of E b and Ec for a given E b + Ec may be obtained. Now
as the angle θbc is varied from 180Æ to lower values, E b ; Ec ; θb and θc may be obtained
up to some minimum value of θ bc (tables 1 and 2). The FDCS for (e; 3e) on He (1 1 S)
for this kinematics have been studied by Srivastava et al [14]. Figures 9a and b shows
our results for E b + Ec = 4 eV and 10 eV. The TES results show a peak at θ bc = 180Æ as
in kinematics A and decrease monotonically with decrease in θ bc . TS2 contribution is
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Figure 8. Angular distribution of FDCS when the angle between the two ejected electrons is varied symmetrically with respect to the momentum transfer direction. E0 = 5:6
keV, θa = 0:45Æ , Eb = Ec = 10 eV, θbq = θcq , jΦbq Φcq j = π . Description of the lines
is same as in figure 3.

Table 1. Values of Eb and θbq in Bethe ridge condition (~kr = 0) for fixed incident energy
E0 = 5:6 keV and θa = 0:45Æ , for a fixed value of Eb + Ec = 4 eV and at different values
of θbc (θbc = θbq θcq ; jΦbq Φcq j = π ).
For He (11 S)

For He (21 S)

For He (23 S)

θbc (Æ )

Eb (eV)

θbq (Æ )

Eb (eV)

θbq (Æ )

Eb (eV)

θbq (Æ )

180
175
170
165
160
155
150

3.095
3.085
3.054
2.999
2.909
2.768
2.514

0
5.92
12.06
18.70
26.24
35.50
48.98

2.984
2.972
2.935
2.866
2.753
2.557
–

0
7.05
14.41
22.50
32.04
44.87
–

2.987
2.975
2.938
2.870
2.757
2.561
–

0
7.03
14.37
22.43
31.92
44.64
–

small as in other kinematical arrangements and vanishes at θ bc = 180Æ . The SES results are
lower as expected and peak at smaller θ bc . The GS results are lowest and show an almost
flat variation over the possible range of θ bc .
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Figure 9. Coplanar FDCS (in a.u.) plotted against θbc . E0 = 5:6 keV, θa = 0:45Æ , Eb ,
Ec , θb and θc are such that Bethe ridge condition (~kr = 0) is satisfied at all values of
θbc . Eb + Ec is fixed at (a) 4 eV and (b) 10 eV. Description of the lines is same as in
figure 3.
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Table 2. Values of Eb and θbq in Bethe ridge condition (~kr = 0) for fixed incident
energy E0 = 5:6 keV and θa = 0:45Æ , for a fixed value of Eb + Ec = 10 eV and at
different values of θbc (θbc = θbq θcq ; jΦbq Φcq j = π ).
For He (11 S)

For He (21 S)

For He (23 S)

θbc (Æ )

Eb (eV)

θbq (Æ )

Eb (eV)

θbq (Æ )

Eb (eV)

θbq (Æ )

180
175
170
165
160

6.836
6.791
6.643
6.349
5.712

0
10.76
22.36
36.26
57.89

6.639
6.586
6.412
6.041
–

0
12.51
26.26
43.85
–

6.645
6.593
6.419
6.052
–

0
12.44
26.12
43.55
–

Table 3. Values of Eb , Ec , θbq

=

θcq

jΦbq

(

Φcq j = π ) in Bethe ridge condition

(~kr =

0) for fixed incident energy E0 = 5 keV and fixed magnitude of momentum
transfer q = 0:4313 a.u. at different values of θa .
For He (11 S)

For He (21 S)

For He (23 S)

θa (Æ )

Eb = Ec (eV)

θbq = θcq (Æ )

Eb = Ec (eV)

θbq = θcq (Æ )

Eb = Ec (eV)

θbq = θcq (Æ )

0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1

68.76
66.40
63.28
59.33
54.42
48.39
40.98
31.71
19.69

84.50
84.40
84.26
84.07
83.81
83.44
82.86
81.88
79.68

79.07
76.71
73.59
69.63
64.72
58.70
51.28
42.02
30.00

84.87
84.79
84.68
84.53
84.33
84.04
83.62
82.95
81.65

78.67
76.31
73.19
69.24
64.33
58.30
50.89
41.62
29.60

84.86
84.78
84.67
84.52
84.31
84.02
83.60
82.92
81.60

Kinematics G
In this arrangement a symmetric solution (E b = Ec ; θbq = θcq ; jΦbq Φcq j = π ) of eqs (13)
and (14) is obtained for fixed ~q. The scattering angle θ a naturally varies. Table 3 gives the
values of Eb and θb for different θ a . Figure 10 shows variation of FDCS. The GS results
are found to be larger than SES ones. Both increase with increasing θ a . This is because of
smaller values of E b (= Ec ) in the case of GS. This being a symmetric kinematics, FDCS
for TES vanishes.

4. Conclusions
We have compared FDCS for the (e; 3e) process on He (1 1 S), He (21 S) and He (23 S) at
an incident energy of 5.6 keV and scattering angle of 0.45 Æ in the coplanar geometry in
a variety of kinematical situations. It has been assumed that most of the energy is carried away by the scattered electron. The process is nearly dipolar. Equal energy sharing
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Figure 10. Coplanar FDCS (in a.u.) plotted against θa . E0 = 5 keV, Eb = Ec , θbq = θcq
and jΦbq Φcq j = π are such that Bethe ridge conditions are satisfied at all values of
θa for a fixed value of momentum transfer q. Description of the lines is same as in
figure 3.

between the two ejected electrons has been considered except in Bethe ridge kinematics
where Eb + Ec is held constant.
It is found that the angular distribution of FDCS depends, besides the target wave function and the e–e correlation therein, mainly on the mutual repulsion between the two
ejected electrons in the final state (approximately incorporated by the Gamow factor) and
the symmetry of the target wave function. The Gamow factor leads to a peak in the cross
2
section at θbc = π . The angular distribution near the peak is given by e πα =8k where
α is the deviation from the peak. The symmetry of the target wave function leads to a
dependence
[(~kb + (

1)(S

kc )  ~q]2

1)=2~

or
[cos(θb

θq ) + ( 1)(S

1)=2

cos(θc

θq )]2

(15)

for fixed kb ; kc and q near the dipole limit. S is the multiplicity of the wave function. The
condition
(θb;c

θq ) = π =2
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leads to minimum both for the singlet and as well as triplet cases (kinematics B). For the
singlet wave function this reduces to [7]
[cos(θb

θq ) + cos(θc

θq )]2 :

(17)

Equation (17) leads to a minimum in the cross section at [6]
~

kb = ~kc ;
(~kb +~kc )

(18)

?q

~:

(19)

For the triplet wave function eq. (15) leads to a minimum at
kb  ~q =~kc  ~q;

~

(20)

i.e. symmetrical ejection with respect to the momentum transfer direction. Kinematics E
corresponds to this case. Opposite directions of ejection (~kb = ~kc ) lead to a maximum
in the triplet case whereas in the singlet case they lead to a minimum. This minimum will
naturally be shallower if E b 6= Ec .
The study and analysis of kinematics C results show that the shake-off proceeds in two
ways. The other ejected electron feels the effect of the direct ejection in the close vicinity
and the overall effect of relaxation of the system after the direct ejection. The former effect
is much weaker in the TES case leading to qualitatively similar behavior in the two cases
(direct emission from n = 1 or 2) and larger peak cross section in the case of direct emission
from n = 2 orbital because of smaller ionization potential.
The contribution from the two-step process in all kinematical arrangements considered
here is found to be very little in the triplet case. When the projectile ejects one of the
electron, there is very small probability in this case for the scattered electron in the intermediate state to find the other electron in the close vicinity because of the antisymmetry of
the target wave function, so that it could be able to eject it.
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