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1. Introduction
One of the most important achievements in nonlinear science has been the discovery of
solitons, which are self-localized solutions of certain nonlinear partial differential equations describing the evolution of nonlinear dynamical systems with an infinite number
of degrees of freedom [1,2]. The solitons preserve their shape upon interaction and can
be viewed as ‘nonlinear modes’ of the corresponding physical system. They are usually
attributed to the so called completely integrable models, which are usually obtained as extreme simplifications of complex physical systems. However, solitons or more properly
solitary waves in nonintegrable systems (either Hamiltonian or dissipative ones) can also
be regarded as nonlinear modes, being qualitatively different from their counterparts in
completely integrable systems. Thus, the rather complicated behaviour of the system may
be described in terms of just a few degrees of freedom. It is important to notice that in
nondissipative Hamiltonian systems, the solitary waves form as a result of a balance between diffraction and/or dispersion and nonlinearity, whereas in dissipative systems, gain
and loss must also be balanced. In the former situation, the solitons form continuous families with one (or few) parameter families, whereas in the latter case the additional balance
between gain and loss results in a solitary wave solution having the amplitude and width
fixed by the parameters of the governing equations, i.e., soliton solutions are isolated ones.
The generic equation which describes dissipative physical systems in a vicinity of a subcritical bifurcation is the complex Ginzburg-Landau (GL) equation, or, in other terms, the
nonlinear Schrödinger (NLS) equation perturbed by terms accounting for gain and losses.
It exhibits various kind of solutions such as pulselike and shocklike ones, sources, sinks
1041

Lucian-Cornel Crasovan et al
and pulsating (periodic and quasiperiodic) solutions. The GL equation and its different
modifications describe various effects in laser physics [3], fluid dynamics [4] and nonlinear optics [5]. The cubic GL equation has been analyzed mainly in the context of plasma
physics [6], and its solitary wave solutions are known to be unstable.
Later, the cubic-quintic (CQ) GL equation was put forward, as it admits stable pulselike
solutions [7–12]. An interesting generalization of the stable pulselike solution of the CQ
GL equation in the two-dimensional (2D) case is the possibility of formation of spinning
solitons having the shape of a ring vortex (i.e., with a hole in the middle). We will see that,
in contrast to a recently found azimuthal instability of spinning doughnut-shaped solitons
in the CQ NLS equation, their GL counterparts may be completely stable.
On the other hand, a problem of fundamental interest is the possibility of the formation
of fully three-dimensional (3D) optical spatiotemporal solitons, also referred to as light
bullets (LBs). These are non-diffracting and non-dispersing spatially focused short pulses
propagating in a bulk medium. LBs have been attracting a growing interest in the last
decade, as they are expected to be new fundamental physical objects with a potential for
using them in all-optical processing of information. It is well known that stable optical
spatiotemporal solitons [13–15] may exist in non-Kerr multidimensional nonlinear optical
media. Indeed, while LBs cannot be stable in the Kerr (χ (3) ) medium with the simple cubic
nonlinearity because of the wave collapse [16], stability can be achieved in media with
saturable [17,18], quadratic (χ (2) ) [19–21], or CQ [22,23] nonlinearity. A fully localized
LB in three dimensions (3D) has not yet been observed, but successful experiments with
quasi-two-dimensional (quasi-2D) spatiotemporal solitons in χ (2) bulk materials, such as
LiIO3 and Ba2 BO4 , have been recently reported [24].
In this context, a natural generalization is a spinning LB in the form of a ring vortex or
‘doughnut’. In this case, the stability is the issue, as, unlike their s = 0 counterparts (s is the
spin), the spinning bullets are prone to be unstable against azimuthal perturbations. In 2D
models with χ (2) and saturable nonlinearities, numerical simulations have revealed a strong
azimuthal instability [25], which was later observed experimentally in a χ (2) medium [26].
As a result of this instability, an initial LB with s = 1 splits into three (in the χ (2) medium)
or two (in the saturable one) fragments, each being a moving s = 0 LB, so that the original
‘spin momentum’, which must be conserved, is transformed into the orbital momentum of
the fragments.
The first accurate study of the spinning LBs in the 3D χ (2) medium was performed recently [27], demonstrating a similar instability against azimuthal perturbations. Therefore,
a challenging problem is to find a physically meaningful model in which spinning LBs
would be stable or, at least, whose instability would be weak enough to admit their experimental observation. In this relation, it may be relevant to compare the situation with
that for optical vortices, i.e., dark spinning solitons supported by a finite background. It
is well known that, in χ (2) media, the background is always modulationally unstable [28],
hence the optical vortex cannot be stable either. Nevertheless, it was recently possible to
experimentally observe this object in a setup designed so that the instability did not have
enough room to develop and destroy the vortex [29].
A model which has a chance to feature (quasi) stable spinning LBs is that with the CQ
nonlinearity, which postulates a nonlinear correction to the medium’s refractive index in the
form δ n = n 2 I n4 I 2 , I being the light intensity. Obviously, this correction can be formally

  1
obtained from the expansion of the saturable nonlinearity, with δ n = n 2 I 1 + n4 =n2 I .
However, an important difference is that, while the saturable nonlinearity is always self-

1042

Pramana – J. Phys., Vol. 57, Nos 5 & 6, Nov. & Dec. 2001

Cubic-quintic nonlinear media
focusing, having d (δ n) =dI > 0, the CQ nonlinearity
 changes its character from focusing
into defocusing at a critical intensity I cr = n2 = 2n4 . An experimental measurement of the
nonlinear dielectric response in the so-called PTS optical crystal suggests that just the CQ
nonlinearity (rather than the saturable one) may adequately model this medium [30].
Direct numerical simulations of the dynamics of 2D solitons with s = 1 in the CQ model
were first reported in ref. [31] (the stability of 2D solitons with s = 0 in the same model
was checked by means of direct simulations essentially later [22]). In ref. [31] it has
been concluded that the spinning 2D LB is fairly robust, provided that its energy was
not too small. It was shown to be robust not only against small perturbations, but also
against collisions, which were found to be nearly elastic. Three-dimensional LBs in the
CQ model were recently considered by means of the variational approximation in ref. [23],
and their full numerical simulations have then demonstrated that the spinning solitons,
unlike their s = 0 counterparts, are unstable [32]. However, a difference from the earlier
discovered spinning-LB’s instability in the χ (2) model [27] is that, in the CQ one, the
azimuthal instability may be (depending on values of the parameters) much weaker, giving
a chance to observe spinning LBs in the experiment.
Thus, there appears a natural question, why are the spinning 2D solitons stable in the
CQ model (at least for large soliton energies), as it was stated in ref. [31], while in the 3D
version of the same model they are definitely unstable [32], although the instability may
sometimes be fairly weak? A more accurate direct numerical analysis of the spinning-LB’s
stability in the CQ model in 2D has been performed recently [33]. It has been found that
the spinning LBs turn out to be always unstable against azimuthal perturbations (independently, a similar conclusion was made by Neshev [34]). Nevertheless, similar to what was
found in 3D, the instability may be growing, depending on the LB’s energy, much slower
than in the 2D χ (2) model, and in some cases it is found to be so slow that the spinning soliton becomes virtually stable, from the viewpoint of a possible experiment in a finite-size
sample. In particular, this argument may explain an observation of an effectively stable
spatial vortex soliton in a non-Kerr 3D optical medium reported in a recent experimental
work [35].
In the next section we discuss the properties of both 2D and 3D spinning solitons in
conservative cubic-quintic nonlinear media. In x3 we present the unique features of 2D
spinning solitons in dissipative cubic-quintic media in comparison with those that exist in
the corresponding conservative systems. The conclusions are briefly summarized in the
final section.

2. Spinning solitons in dissipativeless cubic-quintic media
A. Two-dimensional case
We consider propagation of the electromagnetic field envelope A (I = jAj 2 ) in a CQ
isotropic dispersive medium either in a 2D (planar) waveguide, or in a bulk medium in
which the field does not depend on one of the transverse coordinates, the latter case corresponding to conditions of the real experiment [24]. An equation governing the evolution
of the field is a modified NLS equation,
2iκ0 Az + Axx + κ0 DAττ + 2κ02(n2 =n0 )jAj2 A

2κ02(n4 =n0 )jAj4 A = 0;
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where κ0 (ω ) is the carrier’s wave number, which is a function of its frequency ω ,
D = κ000 > 0 is the temporal dispersion coefficient which is assumed anomalous (solitons
cannot exist if the dispersion is normal, with D < 0), x and z are the transverse and propagation coordinates,
and τ  tp κ 00 z is the so-called reduced time. Rescaling thep
variables
p
2
as u  A n4 =n2 , T  τ  n2 2κ0 =Dn0 n4 , Z  z  κ0 n2 =n0 n4 , and X  x  κ0 n2 2=n0 n4 ,
we transform eq. (1) into a normalized form,
iuZ + uXX + uT T + juj2 u

juj4 u = 0

(2)

:

One arrives at exactly the same equation, considering spatial evolution, along the z axis,
of a stationary field in the bulk medium [31]. In this case, the temporal variable X is
replaced by the second transverse coordinate Y . However, the physical interpretation of
the solitons is quite different in this case: they should be realized not as 2D or quasi-2D
spatiotemporal solitons, but rather as cylindrical beams in the 3D space, which are usually
refered to as (2+1)D spatial solitons.
First, we look for stationary solutions to eq. (2) of the form u = U (r) exp(isθ ) exp(iκ Z ),
where r and θ are polar coordinates in the (X ; T ) plane, κ is a wave number shift (relative
to the carrier wave), which is also frequently called a propagation constant, and the integer
s is the above-mentioned spin. The amplitude U can be taken real, and it obeys an equation
U 00 + r 1U 0

κU + U 3

s2 r 2U

U5

= 0:

(3)

The wave number κ parametrizes a family of stationary solutions. In the 2D and
3D cases (the latter one pertains to 3D spinning LBs, and differs by an extra factor
2 in front of the second term in eq. (3)), the existence regions for LBs are [31,23]:
(2D)
(3D)
0 < κ < κoffset
 0:18; 0 < κ < κoffset
 0:15, and in both cases they practically do not
depend on the spin [23]. Note that a soliton solution to the 1D version of eq. (2) is
known in an exact elementary form, the corresponding exact offset wave number being
3=16 = 0:1875, so that the above values are quite close to it (see ref. [23] and references
therein).
The energy (‘number of photons’) of LB is
Z ∞ Z ∞

E2D

=

∞

ju(X T )j2 dXdT
;

∞

(4)

;

which is a conserved quantity (a dynamical invariant of eq. (2)). The other obvious dynamical invariants in the 2D case are the Hamiltonian (which is not called ‘energy’ in this
context),
Z ∞Z ∞ h

H2D =

∞

∞

juX j2 + juT j2

juj4 + (1 3)juj6

(1=2)

=

i

dXdT ;

(5)

momentum (equal to zero for the solution considered), and the z-component of the angular
momentum,
Z ∞ Z ∞

L2D =

∞

∞

(∂ φ =∂ θ )

juj2dXdT

;

(6)

φ being the phase of the complex field u. Using eq. (3), one can readily find that L 2D =
sE2D , and
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H2D =

(2π =3)

Z ∞

rU 6 (r)dr:

(7)

0

We have numerically found one-parameter families of the 2D spinning-LB solutions
which have the form of a ring vortex with a hole in the center [33]. In accordance with
results predicted by means of the semi-analytical variational approximation developed in
ref. [31] (see also ref. [23]), the solutions exist provided that their energy exceeds a certain
threshold value. As a test for the accuracy of numerical computations, we used an exact
relation which can be obtained directly from eq. (3):

κ E2D = π

Z ∞

4

rU (r)dr
0

(2π =3)

Z ∞

rU 6 (r)dr:

(8)

0

To quantify the LB solutions, in figure 1 we show the nonlinear wave number κ and the
Hamiltonian H2D for the s = 0, s = 1, and s = 2 solitons vs. their energy E 2D . In the figure,
continuous and dashed lines correspond to branches that prove to be stable and unstable
in further simlations. Note that κ monotonously increases with E 2D , showing saturation
(2D)
, at large values of E 2D . This dependence
to the above-mentioned limiting value κ offset
was regarded in ref. [31] as an extra evidence in favor of stability of spinning LB for large
energies. We also see that the threshold energy for the LB formation dramatically increases
with s.
By means of direct simulations of eq. (2), we have found that the spinning LBs are always unstable against azimuthal perturbations. Eventually, the instability leads to breakup
of the ring vortex into several s = 0 solitons that fly out in tangential directions. An example for s = 1 is displayed in figure 2. We have found that the splitting process is slowed
down with the increase of κ or, accordingly, with the increase of the soliton’s energy, which
complies with the apparent stability of the high-energy s = 1 solitons in the 2D CQ model
reported in ref. [31].
Thus, spinning LBs with a large energy, having the outer radius much larger than the
size of the inner bubble, may turn out to be effectively stable in experiments with finitesize samples. A necessary condition for this is that LB survives over a distance which is
several times larger than the soliton period, Z 0  π =2κ (this is a characteristic propagation

Figure 1. (a) The propagation constant κ and (b) Hamiltonian H2D of the twodimensional nonspinning and spinning light bullets vs the energy E2D .
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Figure 2. Gray-scale contour plots illustrating the evolution of an unstable twodimensional spinning light bullet with s = 1 and κ = 0:05: (a) Z = 0, (b) Z = 310,
and (c) Z = 330.

length necessary for the formation of the soliton). To estimate whether the propagation
distance over which LB survives is large as compared to Z 0 , we notice that, in the case
s = 1 and κ = 0:05 (figure 2), numerical data show that the splitting actually commences
at Zsplit ' 300, while the corresponding soliton’s period is Z 0  30. Thus, this vortex ring
propagates stably over ' 10 soliton periods. For a larger value of the propagation constant,
κ = 0:14, hence larger soliton energy, we find Z split ' 600 while Z0  10, so that the LB
may be regarded as a virtually stable object. We always observed a trend to the stabilization
of the spinning LBs with the increase of their energy (i.e., increase of κ ). Note that, on the
contrary to the situation with the CQ model, the instability of the spinning solitons in the
2D [25] and 3D [27] χ (2) models, as well as in the 2D saturable one [25], is very strong,
so they cannot exist stably in those models even within one soliton’s period.
We have also performed simulations for s = 2. A general conclusion is that, with the
increase of s, the number N of the fragments produced by the eventual breakup of the
spinning solitons increases, roughly, as N = 2s. Nevertheless, at a fixed value of the spin
different numbers of fragments are possible. For instance, N decreases from 4 to 3 with
the increase of κ at s = 2. This may be construed too as a manifestation of the general
trend to stabilize the spinning LB with the increase of its energy. In connection with this,
we notice that recently a similar effective stability over large propagation distances was
found in simulations of 2D two-component (vector) solitons in a model with a saturable
nonlinearity, in which one component carries vorticity [36].
The investigation of the linearized version of eq. (2) provides for the most revealing information for the understanding of the instability of the spinning LBs. The general scheme
of this procedure is well known: one seeks for a perturbation eigenmode in the form

δ u = exp (γn z + isθ )



U

+(

r) exp (inθ ) + U

(r ) exp (

inθ )



;

(9)

where s is the spin of the unperturbed solution, and n > 0 is an arbitrary integer azimuthal
index (‘quantum number’) of the perturbation; this choice of the perturbation provides
for its closedness, i.e., no new angular harmonic will appear in the linearized equations.
The instability growth rate γ n is to be found as an eigenvalue of the linear boundary-value
problem for the functions U  (r):
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iγn U+ + U+00 + r
iγn U

+

2
1

U0

+


3U 2 U 2

00
+U +r
+

1

1

U0



U

(s + n)
+

+

(s

2

r

U

+


2U U 2
2

1
2

n) r

2U 2 U 2 U+ = 0;

2

2

U

+

U=0

;

2



3U 2 U 2 U
(10)

where the asterisk stands for the complex conjugation, U (r) is the unperturbed real solution, and the boundary conditions are that the functions U  (r) must decay exponentially
at r ! ∞, and must vanish, respectively, as r s+n and r js nj at r ! 0.
For the numerical solution of eqs (10) we used a known procedure which is described,
e.g., in refs [25,37], and [38]. Skipping further technical details, in figure 3 we show the
results for the one-parameter families of the spinning solitons presented in figure 1. In accordance with the direct simulations of eq. (2), the azimuthal number n of the perturbation
eigenmode that exhibits the largest growth rate was found to depend on the value of the
spin, being n = 2 for s = 1, and either n = 3 or n = 4 for s = 2. Thus, for example, if the
perturbation with the azimuthal number n = 4 has the largest growth rate, we may expect
that the axial symmetry of the spinning soliton is broken by the perturbation and reduced
to the four-fold symmetry, at least at early stages of the propagation.
Summarizing many numerical results, we have concluded that the number N of the
emerging fragments, observed in direct numerical simulations of eq. (2), in most cases
coincides with the index n of the largest growth rate γ n , i.e., the fastest growing instability
mode determines the splitting mode. Nevertheless, we have also seen that, in some cases,
N is different from the prediction of the linear stability analysis. For example, at s = 2 and
κ = 0:13, we have seen the splitting of the spinning soliton into four fragments, while the
largest growth rate was found at n = 3 for the same values of the parameters, see figure
3b. However, as it is seen from figure 3, there is a narrow (stability window) for extremely
broad spinning solitons.

Figure 3. The growth rate of perturbation eigenmodes with different azimuthal ‘quantum numbers’ n vs the soliton’s propagation constant κ : (a) s = 1; (b) s = 2. The labels
near the curves indicate the value of n.
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B. Three-dimensional case
In the 3D case, the underlying equation is obtained from eq. (1), replacing the transverse
diffraction operator ∂ 2 =∂ x2 by the Laplacian ∇ 2? acting on the transverse coordinates x and
y. Accordingly, the normalized equation similar to eq. (2) takes, after the same rescalings
as those which led to eq. (2), the form
iuZ + uXX + uYY + uT T + juj2 u

juj4 u = 0

(11)

;

where the new coordinate y is rescaled the same way as x.
We look for stationary solutions to eq. (11) of the form u = U (r; T ) exp(isθ ) exp(iκ Z ),
where r and θ are the polar coordinates in the transverse plane, κ is a propagation constant,
and the integer s is the ‘spin’. The amplitude U can be taken real, and it obeys the equation
(cf. eq. (3) in the 2D case)
s2
U + UT T
r2

1
Urr + Urr
r

κU + U 3

U5

= 0;

(12)

κ parametrizing the family of stationary solutions.
Equation (11) conserves energy, which in the 3D case is (cf. eq. (4))
Z ∞ Z ∞ Z ∞

E3D

=

∞

∞

ju(X Y T )j2 dXdY dT
;

∞

;

(13)

;

The Hamiltonian and angular momentum in the transverse plane, which remain dynamical
invariants in the 3D case, are given by expressions (cf. eqs (5) and (6))
Z ∞Z ∞ Z ∞ h

H3D =

∞

∞

juX j2 + juY j2 + juT j2

∞

juj4 + (1 3)juj6

(1=2)

=

i

dXdY dT ;
(14)

Z ∞ Z ∞ Z ∞

L3D =

∞

∞

∞

(∂ φ =∂ θ )

juj2 dXdY dT

;

(15)

φ again being the phase of the complex field u.
One readily finds from eq. (12) that the values of L 3D and H3D for the stationary spinning
LBs are related to its energy as follows: L 3D = sE3D , and (cf. eq. (7))
H3D = κ E3D

2
3

Z ∞ Z ∞
∞ 0

2π rU 6(r; T )drdT :

(16)

We have numerically found one-parameter families of the 3D spinning solitons which
have the form of a doughnut with a hole in the center [32]. In accordance with the results
predicted by means of the semi-analytical variational approximation developed in ref. [23],
the solutions exist provided that their energy exceeds a certain threshold value. As an
additional test of the accuracy of numerical computations, we have used a relation which
can be obtained directly from eq. (12), cf. eq. (8):

κ E3D = (1=4)
1048
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2π rU 4drdT :
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In order to quantify the 3D LB solutions, similar to the 2D case (see figure 1), we show
in figure 4 the propagation constant κ and the Hamiltonian H 3D of the zero-spin (s = 0) and
spinning LBs, with s = 1 and s = 2, vs. their energy E 3D . It is evident that, in accordance
with ref. [23], the threshold energy strongly increases with the value of the spin. In figure
4, full and dashed lines correspond, respectively, to stable and unstable branches, as per
direct numerical results for the stability presented below. In particular, it will be seen that
only the s = 0 solitons may be fully stable. The s = 0 branch of the solutions in figure 4
is divided into stable and unstable portions on the basis of the known Vakhitov-Kolokolov
criterion [39].
As concerning the radial profile of the 3D solitons, it was found that with the increase
of κ , the amplitude of the solitons attains a maximum at κ max ' 0:113 for s = 0, and at
κmax ' 0:138 for s = 1 and s = 2. For κ > κ max , the soliton’s amplitude decreases and
its shape becomes flatter. It is relevant to mention that the semianalytical approximation
of ref. [23] yields very close results for the characteristics of the stationary solutions. For
instance, it predicted that, for s = 1, the threshold energy was E thr = 750, and this value
was attained at κ = 0:033, cf. figure 4a.
Figures 5 through 7 show some representative gray-scale contour plots of the intensity
ju(X ; Y; T = 0)j2 . They display the most important result: by direct numerical simulations
of eq. (11), we have found that the spinning LBs are always unstable against azimuthal

Figure 4. The propagation constant κ (a) and Hamiltonian H3D (b) of the threedimensional spinning light bullet vs. its energy E3D .

Figure 5. Gray-scale contour plots illustrating the instability of the three-dimensional
spinning light bullet with s = 1 and κ = 0:01: (a) Z = 0, (b) Z = 520, and (c) Z = 600.
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Figure 6. The pre-splitting evolution of a three-dimensional spinning light bullet with
s = 1 and κ = 0:01.
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Figure 7. Grey-scale contour plots illustrating the instability of the three-dimensional
light bullets with spin s = 2 and κ = 0:08: (a) Z = 0, (b) Z = 230, and (c) Z = 260.

perturbations. As well as in the 2D case, the instability eventually leads to a breakup of the
doughnuts into several moving zero-spin solitons.
It is noteworthy that the instability mode seemingly dominating the splitting of the spinning soliton in the case shown in figure 6 may be interpreted as the one related to a spontaneous shift of the soliton’s central ‘bubble’ (note that the corresponding unperturbed LB
is not very broad). In this case, the pre-splitting evolution of the soliton is quite nontrivial: at a moderately long initial stage of the evolution, Z < 430 (the soliton period of the
unperturbed LB is Z 0 = 160 in this case), it demonstrates no instability, next it develops
a three-fold perturbation breaking the azimuthal symmetry, which, however, disappears,
causing an appreciable shrinkage of the soliton at Z = 475, and finally a perturbation that
may indeed be interpreted as a shift of the central bubble sets in, quickly cleaving the
soliton into three moving nonspinning fragments.
The stability of spinning solitons against this bubble-shift mode was recently studied
analytically in ref. [33]. It has been demonstrated that the 2D and 3D spinning solitons
are unstable against this mode in the cases s = 1 and s = 2. Of course, the absence of
the instability of LBs with s  3 against this particular perturbation mode does not mean
that they are stable, as other modes (dipole or multipole ones, as opposed to the monopole
bubble-shift mode considered in ref. [33]) may also give rise to instability. Moreover, it
may easily happen that the higher-order modes generate a stronger instability, which may
explain the fact that the development of the instability through the spontaneous shift of the
central bubble is not seen in other examples displayed above, viz., figures 2, 5, and 7 for
the 2D and 3D spinning LBs, respectively.
Getting back to the description of general features of the spinning-soliton splitting induced by the azimuthal instability, we note that the three fragments emerging in the case
of a smaller initial energy of the spinning LB (smaller κ ) have unequal energies and, accordingly, unequal intensities at their central points (see figure 5). We have also found that,
with the increase of the initial energy, the number of the fragments decreases from three to
two. In the latter case, the two fragments have exactly equal energies.
For LBs with s = 2, we have found that a typical outcome is their splitting into four
fragments with equal energies (see figure 7). Thus, we conclude that, as well as in the 2D
case, the initial internal angular momentum of the spinning LB is converted into the orbital
momentum of the emerging fragments, which fly out tangentially to the circular crest of
the doughnut soliton. Running much more simulations, we have found that the number of
the fragments is, roughly, twice the original spin s.
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Despite the instability of the spinning LBs, they may have a chance to be observed in a
finite-size bulk sample if the instability is developing slowly enough, so that the LB may
survive over the propagation distance several times larger that the corresponding soliton
period Z0 (as well as in the 2D case, Z0  π =2κ ). To compare Z 0 and the propagation
distance over which the LB survives, we notice that, in the case s = 1 and κ = 0:01,
which corresponds to the case displayed in figure 5, numerical data show that the splitting
actually commences at Z split ' 400, while the corresponding soliton’s period is Z 0  160.
Thus, the obtained ratio Z split =Z0  2:5 is at the border of the range in which the LB can
be a physically meaningful object.
However, in the case s = 1 and κ = 0:08, we find Z split ' 550, while Z0  20, so that in
this case LB may be regarded as a virtually stable object. Generally, we observed a clear
trend to the stabilization of the spinning LBs with the increase of their energy (i.e., increase
of κ ), the same as what was concluded above for 2D spinning solitons.
The instability turns out to be much stronger for s = 2: in the case κ = 0:01, we find
Zsplit ' 130, and for κ = 0:08, the result is Z split ' 180. Thus, it would be less feasible, but
not impossible, to experimentally observe LBs with s = 2. Probably, there is no chance to
observe those with s > 2.

3. Spinning solitons in dissipative cubic-quintic nonlinear media
Complex Ginzburg-Landau equations constitute a class of universal models describing pattern formation in a great variety of nonlinear dissipative systems [40]. Among the patterns,
localized pulses are especially interesting. While the theory of pulses in various 1D models of the GL type was well elaborated [40–43], much less is known about 2D localized
patterns (2D pulses).
In order to make the pulses stable, it is first of all necessary to stabilize its zero background (trivial solution to the GL equation), which can be done within the framework of
the CQ GL equation [7–12,41], or a model linearly coupling a cubic GL equation to a linear
dissipative one [10]. Although the CQ GL equation was originally introduced by Sergeev
and Petviashvili [41] in a 2D form, exactly in order to generate 2D localized pulses in the
form of ‘spiral solitons’, much more work has been done to investigate not ‘solitons’ of
this type, but rather spiral waves extending to infinity [44,45]. In particular, the stability of
delocalized spiral vortices in a model of a superflow, and interactions of vortices in a twocomponent GL system have been investigated in refs [46] and [47]. On the other hand,
nonspiraling axisymmetric 2D patterns in the form of localized ‘bubbles’ were recently
studied in other models, e.g., the complex Swift-Hohenberg equation [48].
An analysis of spiral solitons of the complex CQ GL equation, i.e., localized 2D objects
with an internal vorticity, which, as well as the vortex-ring solitons in conservative models,
are characterized by an integer-valued ‘spin’ s, was recentlty performed in ref. [49]. As
well as in the conservative case, a crucially important issue is the soliton’s stability at
different values of s.
Note that, in the dissipationless limit, the GL equation goes over into an equation of
the NLS type. Accordingly, a spiral soliton turns into a 2D spinning soliton of the type
considered above. However, a principal difference is that that the GL equation may only
have a few isolated solitary-pulse solutions (normally, two, if one of them is expected to
be stable, the second pulse playing the role of an unstable separatrix [10]), while its NLS
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counterpart, as it was demsonstrated above, has a continuous family of soliton solutions
which may be parametrized by their energy. In the case when all the dissipative parameters
of the GL model are small, i.e., it may be considered as a perturbation of its NLS counterpart, isolated pulses that survive as solutions to the GL equation are selected from the
continuous family of the NLS solitons by a condition of balance between gain and losses
[10].
One may expect that, on the contrary to the conservative NLS equation, in the GL model
the vortex ring may be stable. Indeed, in the limit when the external size of the ring
diverges, the vortex ring turns into a usual delocalized rotating spiral wave [45]. It is known
that, generally, the latter wave in dissipative systems has a finite (nonzero) stability margin
against the spontaneous off-center shift of its inner bubble. On the other hand, in the same
limit, the vortex ring in the NLS equation turns into a usual delocalized ‘optical vortex’
(2D dark soliton) [50], which is, obviously, only neutrally stable against the spontaneous
shift of the inner bubble. Therefore, the interaction of the inner bubble with the outer rim
of the large-size but finite NLS soliton may destabilize the whole ring, turning the neutral
shift mode into an unstable one, which, as it was explained above, is indeed the case in the
CQ NLS equation [33]; however, the above-mentioned stability margin of the inner bubble
against the shift inside the GL spiral wave may help to stabilize a finite-size spiral soliton
too in the GL equation. Our simulations will show that it is indeed relatively easy to find a
spiral soliton which is fairly stable against all the perturbations, including azimuthal ones
which are fatal for the NLS vortex ring.
We consider the (2+1)-dimensional CQ complex GL equation in a general form,
iAz + iδ  A + (1=2

iβ )(Axx + Ayy ) + (1

iε )jAj2A

iµ )jAj4A = 0:

(ν

(18)
The equation is written in the ‘optical’ notation, assuming evolution along the propagation
coordinate z of a beam with the 2D cross section in the plane (x; y). In fact, bulk (3D)
optical media is the most appropriate system for experimental generation of vortex rings,
see, e.g., ref. [26]. In that case, A (x; y; z) is the local amplitude of the electromagnetic
wave, the diffraction and cubic-self-focusing coefficients are normalized to be 1, ε is the
cubic gain, δ and µ are the linear and quintic loss parameters (as a matter of fact, the
latter one accounts for the nonlinear gain saturation in optical media), and ν is the quintic
self-defocusing coefficient. Lastly, β is an effective diffusion coefficient (in optical media,
diffusion takes place if light creates free charge carriers, which may take place, e.g., in
semiconductor waveguides).
The spiral solitons are axisymmetric solutions to eq. (18) of the form A(x; y; z) =
U (z; r) exp(isθ ), where r and θ are polar coordinates in the (x; y) plane, and s is the abovementioned integer ‘spin’ (topological charge of the vortex). The complex amplitudeU (z; r)
obeys an equation
iUz + iδ  U + (1=2
(ν

iµ )jU j4U

iβ )(Urr + r 1Ur

s2 r 2U ) + (1

iε )jU j2U

= 0;

(19)

which is supplemented by boundary conditions stating that U  r s at r ! 0, and U (r)
decays exponentially at r ! ∞. Note that the localized solution can be interpreted as
a spiral soliton because the function U (r) is complex, U (r)  jU (r)j exp (iΦ(r)), hence
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equal-phase curves sθ + Φ(r) = const are spirals, rather than straight lines sθ = const, as
in the case of the CQ NLS equation, where U (r) is real [31,23].
The first purpose is to find stationary localized solutions to eq. (19) which must be
stable within the framework of this equation, i.e., they must be attractors, similarly to
stable solitons in various forms of the 1D GL equation [8–12]. As the stability of the spiral
solitons against the most dangerous azimuthal perturbations is not comprised by eq. (19),
it will be considered below separately.
In order to find the solutions, we have performed numerical simulations of eq. (19) at
many different values of parameters and using various initial configurations U (r; z = 0).
Typical examples of the formation of spiral solitons with spin s = 1 and s = 2 are shown
in figure 8. In particular, in the case s = 2, this resembles the formation of a ‘composite
pulse’, which was found to be stable in the 1D GL model studied in ref. [12]. However, a
direct analog of the ‘composite pulse’ in the present (2+1)D model has never been found.
The spinning solitons, as well as the nonspinning ones, are found to be strong attractors,
as they can be generated from a large variety of inputs. Another important finding is that
stable solitons with different values of the vorticity considered here, s = 0; 1; 2, coexist in
a large domain of the parameter space, see details below (we will also display a smaller
region of the parameter space, in which stable solitons with s = 1 and s = 2 coexist, while
zero-spin solitons were not found). In other words, each soliton is a strong attractor inside
its own class of pulses, distinguished by the value of the spin, which plays the role of a
topological invariant.
An important characteristic of solitons is their integral power (which is sometimes also
R
called ‘energy’, or ‘intensity’). It is defined in the usual way, as I = 2π 0+∞ jU (r)j2 rdr.
The power has been found to take very different values for the coexisting solitons with
different values of the spin. This is illustrated by figure 9a, where the power is shown as a
function of the nonlinear quintic loss parameter µ .
To proceed from the typical examples displayed above to the presentation of systematic
results, in figure 9b we display the existence domains for both spinning and nonspinning
solitons in the parameter plane (ε ; µ ). In the black region, there exist both spinning and
nonspinning stable solitons, whereas in the lower white strip only spinning solitons have
been found to form. In the gray region, solitons do not form at all. Lastly, in the upper
white region, initial pulses have been found to expand indefinitely, generating an advancing
front similar to a 1D structure investigated in detail in ref. [12].

Figure 8. Formation of two-dimensional spinning solitons from the Gaussian initial
field configurations: (a) s = 1 and (b) s = 2. The parameters are: β = 0:5, δ = 0:5,
ν = 0:1, µ = 1 and ε = 2:5. The initial field distributions are: (a) U (r; z = 0) =
0:2 r exp[ (r=7)2 ], and (b) U (r; z = 0) = 0:02 r2 exp[ (r=12)2 ].
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Figure 9. (a) The integral power I versus quintic loss µ for a fixed cubic gain ε = 2. The
other parameters are β = 0:5, δ = 0:5 and ν = 0:1. The circles, squares, and triangles
correspond to, respectively, nonspinning solitons, spinning solitons with s = 1, and
spinning solitons with s = 2. (b) The existence domain in the parameter plane (ε ; µ )
for both spinning and nonspinning stable solitons. The other parameters are β = 0:5,
δ = 0:5 and ν = 0:1.

In other regions of the parameter space we have found apparently stable nonspinning
and spinning pulsating solutions (breathers), which demonstrate persistent quasiperiodic
internal vibrations, similar to those found in the 1D version of CQ GL equation [11,12].
These robust pulsating solitons are a characteristic feature of dissipative physical systems
and they do not have anything in common with the superposition of zero-velocity solitons of the NLS equation which produces pulsating solutions. We mention also that the
nonspiraling (s = 0) and spiraling (s = 1; 2) breathers coexist with each other at the same
values of the parameters, whereas the stationary (nonvibrating) solitons do not exist at
these parameter values.
As it was explained above, the comparison with the spinning solitons in the CQ NLS
model strongly suggests that the overall stability of the solitons is determined by azimuthal
perturbations breaking the axial symmetry of the solutions. Recall that the above equation
(19) cannot include azimuthal perturbations. Therefore, in order to test this kind of the
stability, we have simulated the full equation (18) directly in the Cartesian coordinates.
Doing this, we have found that both nonspinning and spiral solitons found above from
eq. (19) are remarkably stable against azimuthal perturbations, in accordance with the
qualitative arguments presented before.
Although large-scale simulations of the full underlying equation are quite sufficient to
predict observation of stable solitons in experiments, this does not provide for a mathematically complete evidence of the solitons’ stability. As well as in the case of the solitons
in conservative media, a direct way to prove the true stability is to consider the eigenvalue
problem produced by the linearization of the evolution equation around the corresponding
stationary solutions. We have performed this analysis too, aiming to compute the largest
growth rates (eigenvalues) of the azimuthal perturbation eigenmodes for different values
of the perturbation index n, which is defined in the same way as in eq. (9) for the case of
the spinning solitons in conservative media. In all the cases when the direct simulations
produced apparently stable stationary solitons, we have found that the largest growth rate
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of the perturbation eigenmodes has a negative real part, thus corroborating the stability of
the corresponding stationary solitons.
In order to assess the range in the space of the initial configurations for which the stable
solitons are attractors, we have additionally performed a large number of direct simulations
with initial pulses in the form of Gaussians with intrinsic vorticity. Simulations of this kind
are necessary because, in a real experiment, input pulses normally have the Gaussian shape
(the vorticity can easily be lent to a pulse by passing it through a phase mask [26]). In all
the cases in which the existence of stable spiral solitons was known, the initial Gaussians
rapidly developed into them, keeping the initial value of the spin. To illustrate this, in
figures 10a and 10b we display gray-scale plots representing the amplitude and phase of
the initial Gaussian beam, which was taken as
A(x; y; z = 0) = 1:6 exp



2
2
(x + y )=25



 exp(iθ )

;

whereas in figures 10c and 10d the amplitude and phase of the established doughnut-shaped
soliton are shown at z = 150.
Lastly, we note that the phase plot corresponding to the established soliton displayed
in figure 10d clearly shows a spiral structure, justifying the application of the term ‘spiral
solitons’ to the 2D solitary-wave patterns considered in this work.

Figure 10. Gray-scale plots of the input Gaussian field with the vorticity s = 1: (a)
amplitude and (b) phase. The output field at z = 150: (c) amplitude and (d) phase. The
parameters are β = 0:5, δ = 0:5, ν = 0:1, µ = 1 and ε = 2:5.
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A challenging problem is the interaction between spiral solitons with equal or different
vorticities (interactions between spirals extending to infinity have been already studied in
detail by means of analytical and numerical methods [45]). If the solitons are far separated,
and their vorticities are equal or opposite, the interaction can be described analytically in
terms of an effective potential, using a technique elaborated in ref. [51]. However, in the
most interesting case when the solitons are essentially overlapped and, hence, they interact
strongly, heavy direct simulations are necessary.

4. Conclusions
In this paper, we have presented a survey of recent results concerning the existence and
stability of nonspining and, chiefly, spinning solitons in both nonlinear Schrödinger and
Ginzburg-Landau (i.e., conservative and dissipative) complex equations combining cubic
and quintic nonlinearities. In the former case, both two- and three-dimensional solitons
have been considered. In the latter case, the (two-dimensional) spinning soliton actually
has a form of a localized spiral wave.
The main qualitative inference is that the spinning solitons of relatively low energy in the
conservative model are always subject to an instability breaking their axial symmetry and
leading to splitting of the soliton into several fragments flying out in tangential directions,
each one being a (perfectly stable) zero-spin soliton. Contrary to this, the spiral solitons
in the two-dimensional cubic-quintic Ginzburg-Landau equation may be fully stable, and
they may coexist at different values of the spin. Moreover, the two-dimensional cubicquintic Ginzburg-Landau equation also gives rise to stable nonspinning and spiral pulsating
solitons (breathers), which coexist with each other, but do not coexist with the nonvibrating
solitons.
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