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Abstract. We present a random matrix ensemble where real, positive semi-definite matrix elements, x, are log-normal distributed, exp[ log2 (x)]. We show that the level density varies with
energy, E , as 2=(1 + E ) for large E , in the unitary family, consistent with the expectation for disordered conductors. The two-level correlation function is studied for the unitary family and found
to be largely of the universal form despite the fact that the level density has a non-compact support.
The results are based on the method of orthogonal polynomials (the Stieltjes–Wigert polynomials
here). An interesting random walk problem associated with the joint probability distribution of the
ensuing ensemble is discussed and its connection with level dynamics is brought out. It is further
proved that Dyson’s Coulomb gas analogy breaks down whenever the confining potential is given by
a transcendental function for which there exist orthogonal polynomials.
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1. Introduction
Matrix models are being successfully employed in a variety of domains of physics including studies on heavy nuclei [1], mesoscopic disordered conductors [2,3], two-dimensional
quantum gravity [4], and chaotic quantum systems [5]. Universal conductance fluctuations
in metals [6] and spectral fluctuations in chaotic quantum systems [7] find an excellent
description in terms of random matrices when eigenvalues are in the scaling limit.
In this paper, our study is inspired by the problem of quantum electronic transport in
disordered conductors. In terms of multiplicative transfer matrices, a random matrix formulation shows that [8] there can be true metallic systems only in dimensions greater than
two, consistent with the one-parameter scaling theory of localization [9].
In the interpretation of transport properties of mesoscopic systems, the multichannel
Landauer formula has been very useful. This formula expresses the dimensionless conductance g in terms of quantum-mechanical transmission amplitudes through a mesoscopic
device. Landauer proposed that the conductance of a one-dimensional conductor between
two phase-randomizing reservoirs is given by

g=

e2 T
;
hR

(1)
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where T and R are the transmission and reflection coefficients of the conductor treated as
a single scattering centre, and where only one spin direction is included [10].
In the context of disorder-induced Anderson transition from a metal to an insulator, it
becomes important to incorporate universal conductance fluctuations into the description.
Conductance can be related to N non-degenerate eigenvalues (for N channels)  n  0 of
the matrix  = 1=4[T yT + (T y T ) 1 2]:

g=2

N
X

1 ;
1
+
i
i=1

(2)

in units of e2 =h. One defines the random matrix model with N eigenvalues 0   n 
1; n = 1; 2; :::; N , whose distribution according to the maximum entropy hypothesis can
be written as
N
N
Y
Y
P f1 ; 2 ; :::; N g /
jm n j
exp[ V (k )];
(3)
m;n
k=1
where

is the symmetry parameter. For simplicity, we restrict ourselves to the case of

= 2 only.

The distribution (3) is inspired by an excellent agreement between two-point eigenvalue
correlation function evaluated by random matrix model and by using the tight-binding Anderson model (ref. [12]). Since the conductance in one dimension is known to have a
log-normal distribution [11], it is clear that the confining potential for large eigenvalues
which describes the insulating regime must also behave as a square of its logarithm. It
is this situation on which we shall concentrate in this paper. The distribution that naturally arises in the study of metal–insulator transitions in mesoscopic disordered conductors
[12,13] is the one where the matrix elements are log-normal distributed.
It was noted by Dyson [14] that (3) is related to the partition function of a Coulomb gas
of fermionic particles in two dimensions. This also forms the cornerstone of the theory of
level dynamics which has been used to arrive at the probability distributions for random
matrices [15,16]. In x2, we use the continuum approximation and starting from an average
level density, we find the nature of the confining potential that binds (although weakly) the
eigenvalues. This equation is approximate and its appearance simultaneously presents the
question: is the nature of the confining potential always consistent with the logarithmic
potential energy of a two-dimensional Coulomb gas? We show that the answer is negative.
In fact, if the confining potential is given by any transcendental function, the Coulomb
gas analogy fails almost always. Let us briefly understand the importance of this result.
In the Coulomb gas analogy, the eigenvalues are taken as fictitious particles with twobody interaction in two dimensions. The fictitious particles are confined together in a
potential well. To our knowledge, we have never found in published literature a condition
or restriction on the form of the confining potential such that its presence does not alter the
Coulomb interaction. In x2, we present this result with a simple proof.
Having obtained the confining potential corresponding to the level density, 2=(1+E ), we
present the random matrix ensemble in x3. Since the conductance fluctuations are known
to be universal, and the average level density is modelled in the random matrix framework,
our work here completes the modelling. Since it is shown in x2 that the Coulomb gas
analogy fails, it is important to study the spectral fluctuations. In x4, we study the twolevel correlation function.
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Although the Coulomb gas analogy breaks down for any transcendental confinement,
due to the diffusion analogy it is still possible to use part of the Dyson analogy, this subtle
and interesting result is presented elsewhere [17]. Finally, in x5, we present a discussion
summarizing our conclusions.

2. Confining potential and breakdown of Coulomb gas analogy
If a physical system is described by an N  N matrix H with eigenvalues, E i (a 
Ei  b; i = 1; 2; :::; N ), within maximum entropy ansatz, the joint probability distribution
function (jpdf) for the eigenvalues for an ensemble of random matrices, consistent with
symmetries and the constraint of average level density, is

P (E1 ; E2 ; :::; EN ) = CN

N
Y
m<n

jEm En j

N
Y
k=1

exp[

V (Ek )];

(4)

where we are concentrating in this paper at = 2, the (special) unitary case.
We are physically motivated, as discussed in the Introduction in detail, by the systems
with average level density approximated by 2=(1 + E ) if a large number of levels are
considered. From this, we need to obtain the confining potential, V (E ). To do this, let
us observe that (4) can also be interpreted as the probability density of the position of
N charges in two dimensions in a thermodynamic equilibrium at a temperature, 1=(k ),
where k is the Boltzmann constant. Thus,

P (E1 ; E2 ; :::; EN ) = exp[
W (E1 ; E2 ; :::; EN ) =
The derivative of the potential, V

P

Z

1

0

N
X
j =1

W (E1 ; E2 ; :::; EN )];
X

V (Ej )

i<jN

Z

0
(E ) :
dE 0 E(EE)0 = @V@E

1

(6)

(E ) = 2=(1 + E 0 ), we note the
0

2
dE 0 = 2 log E :
0
1 + E E E0 1 + E

0

(5)

0 (E ), and (E ) are related via the Hilbert transform,

The left hand side is a principal value integral. For
Hilbert transform [18]

P

log jEi Ej j:

1

(7)

For large E , using (6), we can write

@V (E )
@E

E
 2 log
;
E

(8)

which gives V (E ) = log2 E .
We have now obtained the form of the confining potential, from where we can build
a random matrix ensemble. Let us note that hitherto, (6) has been used for the cases of
Pramana – J. Phys., Vol. 54, No. 3, March 2000
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polynomial confining potentials (e.g., linear [22], quadratic [1]). For the time being, let
us mention that if the form of density,  = 2=(1 + E ) is substituted in (6), numerically
we see that the confining potential is similar to log 2 (E ) (continuous line in figure 2), but
not the same (dashed line). This is the first indication that the Coulomb gas analogy is not
exact in this case. We shall see below that, rigorously, it actually fails. Due to the fact that
(3) (with V (E ) = log2 (E )) satisfies the diffusion equation, we can nevertheless use (6)
locally [17].
Theorem. If the matrix elements of a random matrix are distributed by a transcendental
function so that the confining potential of eigenvalues in the continuum approximation is
also a transcendental function V (E ), then the Coulomb gas model breaks down if there
exist orthogonal polynomials with a weighting function exp[ V (E )].
Proof: Using Reductio ad absurdum, let us assume that the Coulomb gas model works.
Let the points, E1 ; E2 ; E3 ; ::: be such as to minimize the potential energy,

W=

N
X
j =1

X

V (Ej )

ijN

log jEi Ej j:

(9)

1

Then,
X
@V
1 :
0 = @W
(
Ej ) =
(
Ej ) +
@E
@E
i6=j Ej Ei

(10)

Let us assume that there exist orthogonal polynomials with e V (E ) as the weighting function. For the case where V (E ) = log 2 (E ), we shall see in the next section that the orthogonal polynomials needed are the Stieltjes–Wigert (SW) polynomial, p N (E ). Let Ej be the
zeros of the SW polynomial. By the fundamental theorem of algebra,

pN (E ) = C (E

E1 )(E

E2 )(E

E3 ):::::(E

EN );

C being a constant. Next, we can write [20]
p00N (Ej ) X 1
2p0N (Ej ) = i=6 j Ei Ej :

(11)

(12)

Substituting in (10), we get a differential equation for p N (E ),

p00N (Ej )
2p0N (Ej )

2 log Ej = 0;
E
j

(13)

which is absurd for a ratio of two polynomials and can never be a transcendental function.
This concludes the proof. Thus, for V (E ) = log 2 (E ) also, the Coulomb gas analogy
breaks down.
3. Random matrix ensemble: Level density
In accordance with the discussion above, we begin by introducing an ensemble of random
matrices where the matrix elements are distributed log-normally. Thus, a matrix element,
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Hij , of a random matrix are distributed by P (H ij ) = N exp( log2 Hij ). The jpdf of the
N eigenvalues is given by
P (E1 ; E2 ; :::; EN ) = CN

N
Y
m<n

jEm En j

N
Y
k=1

exp[

V (Ek )];

(14)

where V (Ek ) = log2 Ek . The polynomials, p n (E ) associated with a log-normal weighting
function,

W (E ) =

pk exp[ k log (E )];
2

2

(15)

satisfy the relation

1

Z
0

dEW (E )pn (E )pm (E ) = Æmn :

(16)

The Stieltjes–Wigert polynomials [19], p n (E ), are given by

pn (E ) = ( 1)n q(n=2)+(1=4) f(1 q)(1 q2 ):::(1 qn )g 1=2
n  
X
 n q 2 +(=2) ( E ) ;
 =0

(17)

= exp[ (2k 2 ) 1 ], and the Gauss polynomial
 
n
(1 qn )(1 qn 1 ):::(1 qn  +1 ) ; 0 <  < n
(18)
=

(1 q)(1 q2 ):::(1 q )
is used. For  = 0 and n, this symbol yields unity. Also, for n = 0, the quantity in
where q

braces in (17) must be replaced by unity. Once these polynomials are known, the level
correlations can be computed using standard formulae [1].
The normalization constant, which involves the Selberg-type integral, is

CN 1 = (A1 A2 A3 ; : : : ; AN )2 ;

(19)

where

An = qfn+(1=2)g f(1 q)(1 q2 ):::(1 qn g
2

=

(1 2)

:

(20)

This constant has also been found earlier [21].
For N  N matrices in the unitary family, the level density is given by

N (E ) =

NX1
j =0

p2j (E ):

(21)

We have plotted N (E ) from (21) for N = 100 in figure 1, which fits very well with a
ratio of two polynomials below, and also agrees well with 2=(1 + E ) asymptotically. That
is
Pramana – J. Phys., Vol. 54, No. 3, March 2000
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Figure 1. Density of levels for N = 100 as a function of energy is plotted. The solid
line is the random matrix result, (21), dotted line corresponds to the ratio of polynomials
in (22), and the dashed line is 2=(1 + E ). Beyond the energies, E = 5, all the results
agree with each other.

a + bE + cE 2 + dE 3 + eE 4
1 + f E + gE 2 + hE 3 + iE 4 + jE 5
 1 +2 E ;

N (E ) =

(22)
(23)

where the coefficients are written in [23].
Zeros of orthogonal polynomials are very interesting and useful. In passing, we would
like to point out that in a similar context, in the past [13], while finding zeros of the
Stieltjes–Wigert polynomials, the authors of [13] actually cited the zeros (q l ; l =
1; 2; :::; n) of the following polynomial

1 n
X
 =0



q

 ( +1)
2

( E ) = (1 qE )(1 q2 E ):::(1 qn E ):

(24)

If now, the more exact form of  N (E ) (given as a ratio of polynomials, (22) or (21)
itself) is used and (6) is employed, the confining potential, discussed in x2, turns out to
agree very well with log 2 E (see dotted curve in figure 2). Also, when for density, 2=(1 +
E ) is used in (6), we get a confining potential (dashed curve of figure 2) which is similar
to log2 E , but not the same.
Some studies on density of levels in a generalized unitary ensemble have been done in
the past [24]. The level densities found there are quite different, one which has a tail is of
a Gaussian form. However, the universal properties are different as in their work, there is
a parameter, , which is allowed to scale with the size of the matrix.
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Figure 2. The confining potential is related to the level density through the Dyson
equation. Here, these potentials are given for the three densities shown in figure 1 (solid
line: log 2 E , dotted line: using  (E ) = 2=(1 + E ), dashed line: using the ratio of
polynomials (22)).

4. Two-level correlation function
The Dyson two-level correlation function, T 2 (E


T2 E

S

S



"

2;E + 2 =

K E

S=2; E + S=2) is given by

#
S;E + S 2
2

(E )

2

sin2 ( S
)
= S S2 ;
(S)

(25)
(26)

which is a celebrated expression of universality as the second equality is independent of E
in the scaling limit. In (26), S is the mean level spacing. In figure 3, we see this universality
for E = 2 (this value is purely incidental). Referring to figure 1, we see that at E = 1 or
E = 2, the actual level density (21) does not agree well with the continuum approximation,
2=(1 + E ). We also notice the deviation from the universal result in the wings in figure
3a, denoted by open circles. The agreement between solid line and open circles is a semianalytic proof of universality. In figure 3b, the universality is clearly seen for large energies
(here, E = 10). It may be noted that in the context of the Hofstadter model, for generalized
Laguerre ensembles non-universal correlations have been found and studied [25].
Interestingly enough, the above universal result agrees also with the expression in terms
of the orthogonal polynomials, viz.,

K (E; E 0 ) =

NX1
j =0

pj (E )pj (E 0 ):
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Figure 3. (a) The two-level correlation function is given by (25). The solid line corresponds to the method of orthogonal polynomials where K (E; E0 ) is given by (27). The
universal correlation (26) for mean level spacings corresponding to the level densities
from orthogonal polynomials, and, 2=(1 + E ) are given by open circles and dashes
respectively. The energy E is 2. (b) Same as figure 3a for E = 10.

A simple, yet important, point should be borne in mind: since E

0, thus S 2 [ 2E; 2E ], which explains the abscissae of the plots.

2 [0; 1], E  (S=2) 

It is expected from the works of Brèzin and Zee [26], and Ambjorn and collaborators
[27], that eigenvalue correlations are independent of the weighting function, when suitably
scaled. Since the weighting function or the confining potential is connected with the average level density, the correlations are independent of the level density. We shall see that
the Coulomb gas model works in general if the jpdf satisfies an N -dimensional diffusion
equation. This is clearly not always the case. For the model here, this holds and so does
the universality. It has been recently shown [28] that all local correlations are universal
and independent of the confining potential if the support of the spectrum is finite in the
limit, N ! 1. Going beyond, in the present example, the support is infinite and the local
correlations are universal.

5. Conclusions
We arrive at the following conclusions:
1. We have shown in this paper that a log-normal weighting function leads to a density
of eigenvalues that is similar to the one that occurs for disordered conductors [29].
With heuristic arguments, using the ideas pertaining to Dyson Coulomb gas analogy,
we obtained the confining potential for the levels (eigenvalues of a random matrix).
2. Rigorously, we have shown that the Coulomb gas picture breaks down whenever
the confining potential is given by a transcendental function from which orthogonal
polynomials can be constructed.
3. For the matrix with elements distributed log-normally, we have used the Stieltjes–
Wigert polynomials to show the form of level density. The level density has a tail
given by 2=(1 + E ). This is of great interest in the theory of disordered conductors.
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4. The universality of level correlations is seen for large E (see figures 3(a) and (b)) to
agree well with the usual random matrix result for the unitary ensemble. For these
values of E , it can also be seen that the level density is connected to the confining
potential through the Dyson equation. So, the universality of level correlations is
connected to the Coulomb gas analogy. In general, as we have shown above, for this
ensemble, this analogy breaks down.
5. It has been shown recently that all local correlations are universal [28] and independent of the confining potential if the support of the spectrum is finite in the limit
N ! 1. We have seen here that the two-level correlations are universal (figure
3b) when energy is taken large so that the level density is well-approximated by
2=(1 + E ). Clearly, the support of the spectrum is not finite.
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