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Abstract. Extensive theoretical results tbr the temperature dependence of the static and dynamical
structure of undercooled alkali metals using Na and Cs as examples are presented. The static structural properties are obtained from the HMSA integral equations using pair potentials derived from
an accurate non-local pseudopotential. The dynamical properties obtained from viscoelastic theory
are compared with experiments and the results of memory function formalism. The study indicates
that collective density excitations are more dominant in the undercooled region than at their melting points, and that the dynamical properties of Na and Cs exhibit subtle differences in their gross
features.
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1. Introduction

The static and dynamical structural properties of dense fluids play a very central role in
liquid state physics and a good knowledge of their properties is very important for a deep
understanding of the mechanism for the formation of liquids. As regards the static properties, a lot of progress has been made from both the theoretical and experimental sides and
a detailed understanding achieved.
A much better understanding of the behaviour of liquid metals and dense fluids can be
obtained by performing a series of studies that span an extended temperature scale. To this
end, there has been considerable interest both experimentally [1-3] and theoretically [4,5]
to study low density (expanded) metals for temperatures much higher than the melting
points and in some cases up to the critical points at which the liquid metals undergo a
metal to non-metal transformation.
As regards the other temperature regime, one might be interested in studying the undercooled region in which case one is looking at a fluid system at temperatures less than the
melting point. Most of the work done for this class of systems has been from a theoretical
perspective [6,7]. An important reason why one might be interested in such studies is that
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its understanding is crucial to gaining a deep insight into metallic glass formation. It is now
a well recognised fact that a liquid can freeze into a metastable/disordered state if the slow
nucleation process in the supercooled state can be overcome. This can usually be achieved
if the quenching rate is high enough to prevent crystallization from occurring.
One can infer that there is still a significant reason why the undercooled temperature
region still needs to be well understood. With regards to the static structural properties,
standard techniques such as integral equation [8] and computer simulation methods [9,10]
have been applied for such studies leading to considerable insight into the nature of metallic glass formation. As to the dynamical properties, one can seek resort to two main techniques, the viscoelastic approximation [11] or mode coupling theory [12,13] with some
modifications [ 14]. Very recently, the generalized collective modes for the investigation of
time correlation functions [15,16] has emerged as a modern powerful tool which allows in
a self consistent way, a description of the dynamical properties of liquids for most expanse
of q (wave vector) space. Despite its attractiveness however, its formal use demands very
long molecular dynamics (MD) simulation runs as well as complicated fitting procedures
[ 17], making it unattractive for routine computational purposes.
One of the earliest liquid alkali metals whose dynamical structure factor has been studied
extensively is rubidium. For this metal, we have detailed experimental [ 18,19], molecular
dynamics simulations [20] and theoretical calculations based on Mori's memory function
approach [21]. The paper by Kahol [21] is particularly significant in that it was one of
the first papers that demonstrated in a clear way, the application of both a single and double relaxation time model within a memory function formalism for the calculation of the
dynamic structure factors of liquid metals. Also, quite recently, experimental [22,23] and
theoretical calculations have been presented for liquid potassium [24].
A perusal of all these still indicates that the viscoelastic approximation offers a reasonable compromise between numerical efficiency and theoretical understanding and furthermore, it provides a rather satisfactory account of the main features of collective motion
in simple liquids both in the longitudinal and transverse versions [25]. We have used the
theory in the present work to study the dynamical structure of liquid Na and Cs over a large
expanse of q and w.
Essentially in the present study, we are interested in answering three main questions.
Firstly, are there any significant changes in static and dynamical structure of undercooled
systems as compared to the situation at their melting points? Secondly, what are the effects of density and temperature variation on the static and dynamical properties of Na as
compared to Cs and lastly, how well does the simple viscoelastic theory coupled with a
very good description of electron-ion interaction via the non-local pseudopotential used,
describe collective excitations in Cs for which extensive experimental [26] and theoretical
[27,281 results exist?
It is our considered opinion that answers to these questions could still be quantitatively
obtained using calculations within viscoelastic approximation although a more formally
exact approach would need more involved calculations using mode coupling theory.
In the present paper, we start by obtaining static properties, structure factors S(q) and
pair distribution function 9(r) which are required as input to viscoelastic approximation
from solutions to the HMSA integral equations [29]. We study the liquid metals at their
melting points and also some temperatures in the undercooled region. We then proceeded
to calculate the dynamical properties structure factor, S(q, ~v) and longitudinal current correlations JL(q, ~) and make useful inferences from our studies.
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Table 1. Table of parameters used for the

present calculations.
System

Temp.(K)

[~(a.u)

Na

415
350
280
190
100

281.33
276.67
272.00
265.67
262.00

Cs

303
250
150
100

810.80
793.64
753.68
730.03

The layout of the present paper is as follows. In w we highlight the theoretical formulae
used for the present calculations. In w we present our results and discussions arising
therefrom. We end the paper with a summary of our major conclusions.

2. Theory

2.1 Pair potential
The relevant temperatures and atomic volumes at which we have studied the systems are
given in table 1. The effective pair potential is constructed from the generalized non-local
model potential (GNMP) of Li et al [30]. The success of this potential for thermodynamic
[31] as well as structural properties is well documented [7-9].
Essentially, the pair potential is written as
r

Z~----~r
l - [r

-~2fo~176

,

(1)

where FN(q) is the normalized energy wave number characteristics, Ze2 = Z 2 - p,~, Z
being the valence and Pd, the depletion charge. The calculation of FN(q) involves a local
field factor and for this, we use the Ichimaru Utsumi [32] form. We note that the GNMP
contains no adjustable parameter but comes from a fit to spectroscopic data.

2.2 Integral equation theory
The pair distribution function 9(r) of a classical fluid is related to the direct correlation
function c(r) by the Ornstein-Zernicke (OZ) relation

h(r) = c(r) + p f c(r')hlr - r'ldr' ,

(2)

where h(r) = g(r) - 1 is the total correlation function and p is the number density. In
order to calculate 9(r) and c(r) for a given pair potential r
(2) must be supplemented
by a closure relation. Zerah and Hansen [29] suggested a closure relation that reads
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g(r)

exp[_f/Cr(r)]/' 1 + exp{f(r)[h(r) - c ( r ) -

s-t-;T

t

f/Ca(r)]} - 1'~

)

(3)

where the splitting of the pair potential r
into an attractive Ca(r) and a repulsive part
fir(r) is done along the lines of Weeks et at [33]. In (3),/7 = (KBT) -1 is the inverse
temperature in units of the Boltzmann constant, KB and f(r) = 1 - e x p ( - a r ) is the
mixing function, it smoothly interpolates between the soft mean spherical approximation
(SMSA) at a = 0 and the hypernetted chain (HNC) closure at large values of a. The
mixing parameter a is used to impose thermodynamic self consistency between the viral
and fluctuation routes to the equation of state. For a practical determination of a, we follow
the suggestion of [29], which is that a is assumed to be locally constant with respect
to density when performing the isothermal density derivative of the viral pressure. The
numerical derivative is then equated to the isothermal compressibility as obtained from the
fluctuation dissipation theorem.
This closure called the HMSA was solved using the Newton-Raphson numerical algorithm designed by Gillan and Abernety [34,35] using a mesh with 2049 points and a grid
size Ar = 0.025a, a = (3/47rp) 1/3.

2.3 Dynamical structure
Using the pair potential and the pair correlation as defined above, we can obtain the frequency wL(q) as [1 l]

w~(q) = 3w0~(q) +

g(r)[1 - costqz)l--ffTar ,

(4)

where
oIq) =

/"KBT ~ I/2

,

<5)

and m is the ionic mass. The frequencies in (4) are related to the second and fourth frequency moments of the dynamic structure factor S(q, w) as

f?

CO

w 2S(q, w) = wg (q)

/?

w4S(q, w) = wg (q)wZL(q).

<6)

oo

In order to get the expression for S(q, w) using the viscoelastic model, one assumes that the
second order memory function of the intermediate scattering function decays exponentially
with a relaxation time r(q), this enables us to write for S(q, w), the expression [11]
1
T(q)w2 (q)[W2L(q) -- W~(q)/S(q)]
S(q,w) = ~wz(q){w z _ w2(q)} 2 + [w2 _ w~)(q)/S(q)p'

(7)

where for the relaxation time T(q), we use the expression due to Lovesey [36]
"r(q) = -~-~[w~(q) - W2o(q)/S(q)]-U2,
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which gives the correct ideal gas limit of S(q, w) for large and small w. This scheme has
been employed to study the temperature dependence of the dynamical structure of low
density liquid alkali metals [37] and liquid lithium [38].
From the dynamic structure factor, we calculated the longitudinal current correlation
function JL (q, w) through the equation
w2

JL(q,w) = --xS(q,w).
q*

(9)

3. Results and discussion

3.1 Static structure factor S(q)
To perform the calculations, we first start by computing the pair potentials in (1) at the
temperature and atomic volume f~ listed in table 1. f~ for Na and in the undercooled region
were obtained from the values deduced from computer simulation results by Lai and Chen
[9] while those for Cs were obtained by interpolation between the liquid and crystalline
phases.
As regards a comparison with experiment, we used the experimental data from [39] for
liquid Na and Cs at their melting points. A perusal of figures l(a) and (b) indicates that
the HMSA integral equation in combination with the GNMP gives a very good description
of the amplitude and phase of the static structure factor of both metals at their melting
points, when compared with experiments, the only noticeable point is a very slight underestimation of the first peak heights. For the static structure, the good agreement between
theoretical and experimental results at the melting point gives further confidence in the
ability of the GNMP to describe atomic level interactions in the liquid metals studied.
With this confidence, we carried out the calculations for the undercooled region. Our
initial idea was to study the systems up to T = 0 K or as close to it as we could achieve.

Figure la. S(q) for Na at the melting point (373 K); solid lines are theoretical values
while diamonds are experimental results from [39].
Pramana - J. Phys., Vol. 52, No. 6, June 1999
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Figure lb. As in figure I (a) but for Cs at 303 K.

We however, encountered severe technical difficulties in going below the temperatures for
which results are presented, that is, 100 K for undercooled Na and Cs. The difficulties
were of two kinds, firstly a dramatic increase in computational time required to achieve
thermodynamic self consistency (TSC) was observed as temperatures were reduced and
secondly, at quite low temperatures, we could get results only using a = 0 which is the
SMSA limit of the HMSA and is obviously not TSC. These observations are reminiscent
of what is obtained when using the modified hypernetted chain (MHNC) closure [40] to
study fluids at temperatures very close to the freezing points. The only difference is that
now we might be talking of a glass-transition temperature.
In general however, our calculated results for Na and Cs (figure 2) shows the expected
trend for g(r) at low temperatures which are (i) a flattening of the second maxima in
g(r) with temperature and (ii) enhanced oscillations at large r. For S(q), one observes
that with decrease in temperature, there is a rapid enhancement in the peak heights. This
feature appears typical of glass formation. We note that there are no experimental values
to compare our results with.
An important point is that we do not observe the characteristic splitting of the second
peak of g(r) [10] which is indicative of metallic glass formation. This is not surprising when using the HMSA integral equation. Essentially what is observed is that with
decrease in temperature, there is a deepening in the first minimum of g(r) and a slight
asymmetry in the secondary maximum. The asymmetry in the secondary maximum of
g(r) is an interesting feature indicating that with decrease in temperature, the sytem tends
to a metastable (possibly glassy) state. This is because g(r) can be used to distinguish a
fluid from a metastable solid-like state [42]. This kind of feature was also observed for
undercooled soft sphere potentials [29] when a comparison was made between computer
simulation results and HMSA calculations. The failure of the HMSA then, was ascribed to
an indicative evidence that significant structural differences exist between the dense fluids
and glassy states.
However, we do not intend to overemphasize the idea of glass formation since the concept of what constitutes a glass transition is not universal in dense systems. Rather, we
take the point of view that the glass transition is basically a dynamic phenomenon and that
636
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features in the static structure are to be regarded as precursors suggesting a possibility of a
dynamic glass transition.

3.2 Dynamical structure factor S ( q , to)
The dynamic structure factor for sodium at its melting point has been studied experimentally by Morkel and Glasser [41] while for Cs at temperatures very close to the melting
point, we have detailed results from [26].
For our theoretical calculations, we used the static structure factor from HMSA equations as explained in w as input for the viscoelastic approximation. One notes that for
Na, the values given in [41 ] are quite scanty especially in the low q-region, and in particular at q = 0.36 A -1, the values were given over such a short expanse in w space that
we did not feel it worthwhile comparing our results with them. However, comparing with
the experimental values at q = 1.05, 3.85 and 4.65 A - I (figure 3), we observe that the
theoretical results gets better (compared with experiment) with increasing q,
As for Cs, we compare our results for S(q, w) with experiment [26] and the results
from memory function formalism [27] which seems to be one of the best theoretical resuits presently available. For the same q values plotted in [27], we make the following
observations.
In the low q-region, the viscoelastic theory tends to give a very poor representation of
the shape of S(q,w) and also overemphasizes the peak. For q-values ~ 1.2 A -x, the
agreement between our calculations and memory function formalism (MF) gets better and
interestingly, both (theory and MF) predict a shoulder in the dynamical structure at q = 1.8
A -1 which is not observed experimentally. Subsequently the results of our calculations
could be said to be comparable with MF when both results are compared with experiments.
Furthermore, one notes that the results from memory function formalism are expectedly
better than those from viscoelastic theory.
In summary, for Cs, the viscoelastic theory coupled with the GNMP consistently exaggerates the inelastic peaks and tends to underestimate the intensity of the low frequency
features. In addition, the inelastic peaks predicted by viscoelastic model are less sharp than
experiment.
We ascribe these discrepancies to the failure of a single relaxation-time approximation
because of the presence of additional decay mechanisms with a considerable slower time
dependence.
Since the viscoelastic theory gives the typical general features of S(q, w), we are interested in looking at a three dimensional plot of S(q, w) over a reasonable expanse in q
and w spaces. Thus we present in figure 4, results for dynamical structure at the melting
points and also the lowest temperatures at which the present calculations were done for
each liquid metal. We note that the evolution of the general physical features from highest
to the lowest temperature was gradual and there was no significant new features that were
exhibited at intermediate temperatures.
The major features of S(q,w) are that [25] at finite wave vectors, it is governed by 3
eigenmodes similar to those in the hydrodynamic regime, two symmetrical extended sound
modes (generalized Brillouin doublet) and one extended heat mode (generalized Rayleigh
component). Beyond the hydrodynamic regime, the observed spectra shows a more or less
transition from the Rayleigh-Brillouin triplet structure to a line shape characterized by a
single peak at w = 0.
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Figure 3b. As in figure 3(a) but for Cs, diamonds are experimental results from [26]
while dots are from memory function formalism [27].
As concerns particular observations for S(q, ~v) made for Na and Cs, we observe that
there is an enhancement of their first peaks due to de Gennes narrowing at w --- 0 and at q
values corresponding to the peak in S(q). This narrowing, is indicative of the existence of
collective excitations in the liquid metal.
For sodium in the lowest temperature for which the calculations were carried out, there
are two distinct peaks in S(q, ~v), although the first one is much greater in magnitude than
the second one. In the case of Cs, there are 3 distinct peaks whose magnitude reduces
considerably with increase in the value of q.
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Figure 4a. Three dimensional plot of the dynamical structure factors for Na at 373 K
and 100 K.
Another important observation here, is that the rate of increase of the de Gennes narrowing for the temperatures being considered is much greater than the rate at which the peak
in their static structure changes. This is particularly true for Na where the ratio of S(q, w)
at the lowest to the highest temperature considered is 25. For Cs, the ratio is about 10.
Moreover, we note that with increasing frequency, the structural peak due to S(q) is more
strongly damped than the electronically induced peaks in S(q, co).
What looks like an over-enhanced S(q, co) at very low temperatures for Cs could signal
the breakdown of simple viscoelastic theory. One could ideally then need to go beyond
the simple perturbation scheme presented here and make full use of the self-consistent
structure of mode coupling equations.
We note that the results being presented here are fully first principle in that no fitting
of any sort has been performed, deficiencies that arise are thus expected to be those of the
viscoelastic theory.

3.3 Longitudinal current correlation function JL (q, co)
The longitudinal current correlation spectrum is characterized by a well defined inelastic peak at frequencies proportional to the sound frequency. At large wave vectors, the
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Figure 4b. Same as in figure 4(a) but for Cs at 303 K and 100 K.
longitudinal response of the system is initially dominated by structural features. In particular as q ----4 qm (position of the first peak in S(q)), the pronounced de Gennes narrowing
of the static structure factor leads to a considerable decrease of the peak frequency of
J r (q, w) down to a minimum at about q = qm.
As regards the longitudinal current fluctuations, we observe that for Na, the positions of
the t~vo sound wave peaks are unchanged with decrease in temperature from melting point
and into the undercooled region, although there is a four fold reduction in its magnitude,
while the other (non-sound wave peaks) get more prominent. For Cs, the general features of
Jr (q, w) are quite different from what obtains in Na, in that it is localized around 4-5 meV,
while the extent is greater in frequency space for Na. This feature could probably be linked
to the position of the first peak in static structure factor which is ~ 2.05 A -1 in Na and
1.50 A-1 in Cs.
In general one observes in both cases that at low energies there is a quite sharp soundwave peak and a structural peak which is split by electronic effects. With increasing frequencies, the smaller peaks merge into a broad inelastic peak which shifts to lower wave
vectors and meets the sound wave peaks at the highest frequencies. These effects are typical of metallic systems.
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Figure 5a. Three dimensional plots of the spectral distribution function Jz (q, w) of the
longitudinal current correlation function for liquid Na at 373 K and 100 K.
4. Conclusion

In this paper, we have investigated the temperature dependence of the static and dynamic
properties of undercooled sodium and caesium. Our calculations indicate that combining
the HMSA integral equations and simple viscoelastic theory, it is possible to calculate (with
some limited accuracy), the dynamical properties of these liquid metals for a reasonable
expanse of q and w space.
A summary of our major conclusions indicate that with regards to static structural properties, the HMSA coupled with the GNMP potential gives a good representation of S(q)
even up to the undercooled region. The only major limitation is that the HMSA does not
give the splitting of the second peak ofg(r) that is typical of metallic glasses rather it shows
a deepening in the first minimum ofg(r) and a slight asymmetry in the second peak, this is
admittedly a deficiency of the HMSA. More importantly, our calculations indicate that the
effect of a reduction in temperature and consequently an increase in atomic volume is
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Figure5b. Same as in figure 5(b) but for Cs 303 K and 100 K.
to increase the magnitude of the collective excitations. Furthermore these effects are more
pronounced in magnitude and extent in Cs than in Na for all temperatures investigated.
We end by highlighting the limitations of the present calculations. Firstly, in the undercooled region, the f~ - T range of applicability may lie outside the region were the relevant
slow relaxation channel is provided by a coupling to density fluctuations, since these are
no more valid for temperatures less than the melting points. At such densities, coupling to
other modes such as longitudinal and/or transverse currents may play increasingly relevant
roles. It would then be necessary to carry out more systematic calculations involving the
correct treatment of the combined effects. Further work along these lines are being made.
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