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Abstract. A very important question in ultrarelativistic heavy ion collisions is that of
thermalization of the high energy density quark gluon plasma formed in the central rapidity
region. Different approaches have been adopted by various authors to study this thermalization
problem. These include phenomenological string and capacitor plate models, perturbative QCD
based parton cascade models and the classical non-perturbative approach. In this paper we briefly
review the earlier studies and discuss our work which emphasizes the role of non-perturbative
collective effects (classical chaos) in the thermalization of the plasma. In particular, using classical
equations of motion of a coloured parton in self-consistent colour fields, we have carded out a 1 + 1
dimensional simtilation of coloured partonic matter. We find that in certain parameter domains, the
system exhibits chaotic behaviour in non-abelian plasma oscillations, which then leads to
thermalization of the plasma.
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I. Introduction

There is a strong theoretical expectation that collisions of nuclei at ultra relativistic
energies would produce a deconfined state of coloured partons called quark gluon plasma
(QGP). The fireball (plasma) that is produced during the collision, will evolve in space
and time from a pre-equilibrium phase to a thermally equilibrated phase (atleast locally)
and will eventually undergo a phase transition to hadronic matter. An important element
in this scenario is the process(es) by which the highly excited, dense coloured particle
system comes to thermal equilibrium and the time it takes for reaching equilibrium. The
study of thermalization is crucial for several reasons. In a fundamental sense, it throws
light on the dynamics of the pre-equilibrium phase. Further from a practical viewpoint,
once the plasma is in local thermodynamic equilibrium, its space time evolution can be
examined using the well-known hydrodynamic approach of either Landau or Bjorken.
From the experimental point of view, thermalization has important consequences for
signals of quark gluon plasma [1].
A number of studies using quite different dynamic processes have been carried out to
understand the thermalization problem. This already indicates that there is a great deal of
uncertainty concerning the dynamics in the very early stages of the evolution of the
plasma. In one of the approaches exlrapolating from pp and pA studies, soft QCD
processes (involving, for example, the dual string model) have been assumed to be
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dominant for AA collisions. This leads to the formation of colour flux tubes that
disintegrate into parton pairs, which then thermalize on a time-scale of the order of a few
parton production rate time scales (few fm/c). However, it has been argued that such
models would be unrealistic at RHIC and LHC energies [2]. In another approach, an
essentially opposite point of view is taken [2, 3] and it is advocated that semi-hard
collision processes between the partons (momentum transfer Pr > 1 GeV) will dominate
the parton thermalization. More precisely, Shuryak [2] has made use of lowest order
perturbative QCD matrix elements to arrive at the conclusion that at RHIC energies,
gluons would thermalize in a time Tg ~ 0.5fm/c whereas the quarks would take
~-q ~ 2 fm/c with the initial temperatures estimated as 500 MeV for gluons and 200 MeV
for quarks.
An approach complementary to that involving parton 'collisions' is the one giving
thermalization due to 'collective' non-perturbative effects in a quark gluon plasma.
Unfortunately, there is no quantum field-theoretic approach to study time-dependent nonperturbative phenomena in a many-body QCD system; hence most of the work has been
carried out in a classical framework. Thus, Miiller and Trayanov [4] have carried out a
classical lattice simulation of pure SU(2) Yang-Mills theory and demonstrated that the
system is chaotic. They further argue from the largest Lyapunov exponent that an
estimate of the thermalization time is 7-g ~ 0.5 fm/c, which is comparable to Shuryak's
value. Bhatt [5], Bhatt et al [6, 7a] and more recently Sengupta et al [8] have respectively
used parton hydrodynamic equations and parton particle simulations to demonstrate
chaos in non-abelian longitudinal oscillations in a quark gluon plasma; as shown below,
the estimate of collective thermalization time from these studies is 7- ~ 1 fm/c.
It is important to emphasize however, that the thermalization due to semi-hard
collisional processes and that due to collective (chaotic) behaviour correspond to
physically different parameter domains. The crucial parameter is the plasma parameter
AD = nA3Di.e., the number of particles in a Debye sphere. It is well known that collective
behaviour dominates when AD >> I and collisional effects will be more important when
AD~I.
In this review we give a very brief qualitative account of the patton thermalization
work done by earlier workers (§ 2) and then go on to describe in some detail the work
done by our group on patton thermalization by collective effects (§ § 3-5). Our work is
based on the classical patton equations of motion due to Wong [9]. These are introduced
in § 3, with a detailed discussion of the model. In § 4, we present the results of our studies
based on colour hydrodynamic equations [6, 7, 9] derivable from Wong's model. Section 5
describes the results of our recent particle simulation of Wong's equations and
summarises our conclusions regarding thermalization by collective non-abelian effects.
Finally, § 6 provides a discussion of the results.

2. Review of earlier work on thermalization

Detailed microscopic models of relativistic heavy-ion collisions, based on QCD, are
being extensively used to investigate issues of space-time evolution and subsequent
thermalization of collision products. Such models use either quantum mechanical or
classical approach to describe the collision process. Models using quantum mechanics are
P r a m a n a - J. P h y s . ,
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further sub-divided into two groups, viz., (a) string models and (b) Parton-Cascade
models. In the string models, [10, 11], the non-perturbative aspect of QCD interaction is
described phenomenologically based on the data of soft hadron-hadron collisions
(typically a reasonable description when the four momentum transfer Pr is small
compared to the QCD scale parameter AQCD). In the parton cascade models [3], on the
other hand, one uses perturbative QCD which is known to be a satisfactory model of
semi-hard and hard (Pr > AQCO) hadron-hadron interactions. The classical models [41
provide us a complementary picture to the quantum mechanical models since they permit
us to incorporate time-dependent non-perturbative aspects of the QCD interactions. In
these models, the well known chaotic behaviour of the classical non-abelian gauge
theories is linked with the thermalization of the plasma.
Each of the models mentioned above has its own merits and deficiencies. We now
briefly review them.
2.1 String models
As indicated above, this approach is based on a phenomenological model of soft
(PT < AQco) hadron-hadron collisions. In these models [10, 11], the two colliding
hadrons are assumed to interpenetrate each other and form a colour flux tube between
them. The colour tube then disintegrates into quark-antiquark pairs and gluons in a
time scale of order 1 fm/c. The entropy production and thermalization time for the heavyion collision problem is then determined by such soft hadron-hadron collision
processes. At higher beam energies involving four-momentum transfer PT _> AQCD, the
application of such models becomes questionable primarily because the string density
increases significantly and the strings begin to overlap. Since the models do not consider
the interaction between the strings [10, 11], they begin to lose their validity. At such
energies, hard collisions between the hadrons play a very important role and a prediction
of the collisional dynamics solely based on soft collision processes may become
inaccurate.
There also exists a model [12, 13] offering a similar picture of the nuclear collision
at a 'macroscopic' level. This is the condenser plate model of ultra relativistic heavy
ion collisions. The picture of the collision offered by such a model may be valid
even at PT >~AQco. In this model, one imagines that the Lorentz-contracted nuclei
at ultra relativistic energies, assume the shapes of pancakes with a thickness ~,, 1 fm
[14]. The nuclei then become essentially transparent and pass through each other
because the time to fly past their Lorentz contracted diameters is shorter or comparable
to the strong interaction time-scale. The central region of the collision could thus be
baryon free. However, the soft gluon exchange process can create colour charge on
the receding nuclei producing a colour electric field in the central region. This
colour electric field is unstable to the production of quark-antiquark pairs and gluons
[15, 16]. Thermalization time of the quark-gluon plasma produced in this way can be
estimated using kinetic theory with a parton production rate term evaluated using the
Schwinger mechanism. The particle energy density, entropy production rate and
equilibration time can be computed using the kinetic theory approach [12, 17, 18]. It is
found that the thermalization time is of the order of a few tens of patton production rate
time units.
P r a m a n a - J. Phys., Vol. 48, No. 2, February 1997 (Part H)
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2.2 Perturbative QCD based models
When the four momentum transfer Pr >_ AQCD, methods of the perturbative QCD
(pQCD) can be used to describe the hadron-hadron interaction. At collider energies
v~ > 100 GeVA, major component of the pp and p/~ collision spectra can be reproduced
by taking semi-hard or hard partonic interaction into account. Therefore, it is reasonable
to expect that in the heavy-ion collisions at RHIC or LHC energies hard or semi-hard
partonic scattering would play a significant role in describing the evolution of the
collisions.
In this approach, each nucleon is initially in a colour coherent state and regarded as a
cloud of partons. Each parton carries some fraction of the nucleon's energy and is capable
of producing a virtual cascade of partons. Due to hard or semi-hard collisions with
another particle, the parton in the virtual cascade can become real and the colour
coherence in the nucleon may get broken. Thus, we have the following picture of the
heavy ion-collisions: Two fluxes of partons are counter streaming against each other
leaving a highly excited dense partonic system in the central region, which is not in
thermal equilbrium. Thermalization is established due to interactions among the partons.
The phase-space evolution of the partonic system is described by Boltzmann type
transport equation for various species of quarks, antiquarks and gluons. The form of
collision terms for the different processes are obtained using the perturbative QCD crosssections.
The initial parton distribution contains mostly gluons and they thermalize faster than
the quarks as the gluon-gluon interaction dominates over quark-gluon or quark-quark
interaction. It is found from such studies that momentum equilibration of the initially
produced patton distribution occurs very early i.e., in a time of the order of the inverse of
collision frequency [19]. However, as the parton production continues even after the
momentum isotropy is established the chemical equilibration can be established only at a
later stage of the collision. The production rates of the partons are calculable by
perturbative QCD in the early stages of the collision. The entropy produced per secondary
parton as a function of time can be studied within such models and it reaches a plateau for
a wide range of energies in a time less than 1 fm/c. Typical estimate for the gluon
equilibration time is 7-g ,-~ 0.5 fm/c and production and equilibration time for quarks is
7-q ~ 2fm/c. Thus, one may expect that the thermalization in heavy-ion collision
proceeds through two stages: first gluons get thermalized at a higher temperature
(_~ 500 MeV) and then quarks thermalize at a lower temperature (~ 200 MeV). Some of
the predictions of this model can be tested by probing the signals coming from the early
phase dynamics of nuclear collisions [20].
2.3 Classical collective models
As mentioned above, there are no quantum field theoretic methods available to study
time-dependent non-perturbative aspects of collective (many-body) phenomena in QCD.
Hence, most efforts in this direction are based on a classical framework. It is well known
that a classical theory of elementary particles and fields has ultraviolet problems because
of which it is not adequate to describe QCD interactions. However, it is found that at high
temperature and in the long-wavelength limit, classical and perturbative QCD treatments
P r a m a n a - J. Phys.,
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give the same results for quark gluon plasma dispersion relations [11]. Therefore, one
tends to believe that even at the non-perturbative level, qualitative features of the classical
approach will remain valid in the long wave-length limit. Unlike the quantum mechanical
models, where non-perturbative effects are included phenomenologically (strings, flux
tubes, etc.), in the classical approach the non-perturbative aspects come from the QCD
Lagrangian. As mentioned earlier, the thermalization of the plasma is then related to the
well known tendency of classical non-abelian gauge fields to become chaotic. Following
the earlier work of Matinyan et al [21] on development of chaos in classical Yang-Mills
theories (in the infrared limit k ~ 0), recently Miiller and Trayanov [4] and Gong [22]
have carried out numerical studies of the classical Yang-Mills theories on a lattice in the
presence of spatial inhomogeneities (k ¢ 0). They show that randomly chosen field
configurations of SU(2) or SU(3) gauge theories have universal largest Lyapunov
exponent which scales with the average energy of the system. It was shown that for an
extremly large class of field configurations the universal exponent is given by
A0 '~ (l/lO)g2(Ep) (for SU(3) theories). The entropy for such a system grows linearly
with time and is given by the relation

S(t) = So + EiAit.

(1)

From this relation one can obtain the entropy growth rate dS/dt > A0. The typical
thermalization time found from the entropy production rate is in conformity with the
perturbative QCD based expectation.
As indicated in the introduction, there is another classical approach to the problem of
equilibration which has been pursued by our group [7, 8]. This approach is motivated by
the desire to put quarks and gluons on the same footing in a description of the collective
phenomena, in contrast to the above calculations where the quarks are totally ignored. In
the rest of this paper we shall present a detailed review of this work.

3. Classical colour parton equations

We now describe the approach followed by our group to investigate collective nonabelian aspects of thermalization in a quark gluon plasma. Our basic objective was to
extend the work of Miiller and Trayanov [4] and Gong [22] on pure gluon fields by
carrying out studies involving both the quark and the gluon sector simultaneously. For
this purpose, we followed the approach suggested b,b' the work of Wong [9] and Elze and
Heinz [23]. In this approach one follows the equation of motion of a classical coloured
parton in the mean fields generated by the colour current density in the Yang-Mills
equations, where the moving coloured partons themselves self-consistently determine the
colour current density. Furthermore, in this description, incoherent small wavelength
gluons and quarks/antiquarks are treated on the same footing, both being treated as
coloured partons. The separation of the gluons into two scales viz. one corresponding to
coloured partons and the other corresponding to mean fields is in the nature of an
approximation [23]. Compared to full Yang-Mills solutions, it amounts to losing some
information and phenomena related to intermediate scales. However, the specific
advantage one gets is that one can simultaneously incorporate the contribution of
quarks/antiquarks and gluons to the collective thermalization process.
P r a m a n a - J. P h y s . , Vol. 48, No. 2, February 1997 (Part H)
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The equations of motion of a classical coloured particle moving in an external colour
gauge field were first obtained by Wong [9] from the QCD Lagrangian. It was later
pointed out that the equation of motion of the short wavelength gluons can also be
described by these equations [23]. The equations of motion of a classical coloured
particle moving on a world line x~(7-) and having momentum p~ = m(dx~'/dT-) are
given by
dPU glav,, u~'
dT- =
Fap ,

(2)

dla__
dT

(3)

gfaOCvuA~ic '

where 7- is the proper time of the particle. The gauge field Fa~ and the potential Aa~
correspond to the mean fields and are evaluated at point xu(7-), g is the coupling constant
and fabc are the structure constants of the relevant gauge group, la is an N 2 - 1
component vector of the colour charge through which a coloured particle couples with the
gauge fields. In fact, (2) is very similar to the Lorentz force equation of the
electromagnetic theory. Equation (3) describes the dynamics of the colour charge of
the particle, which has no analogue in the electromagnetic theory. The meaning of
classical colour charge of a particle becomes clear if it is interpreted in terms of the
expectation value of the quantum current operator j ~ ( x ) = g(b(x)TU~(x). One can
carry out the identification
./ta
Jcla~ical(X)
=

g

[ dT-v#64(x
J

-

x( 7-) )l a (7")

-

It should be mentioned that la(7-) is a continuum variable and hence is strictly speaking
appropriate in the large N limit. The gauge field tensor FaU" is given by
,u v
F~ ~ = OUA~ - O~'A~ + gfabcAbA
c.

(4)

Dynamics of mean field Fa~ is described by the Yang-Mills equations
#v

#v

•u

OuF~ + gfabcagbF~e , : J a ,

(5)

where j~ are the components of the current density, j~ can be evaluated from the
knowledge of the coloured particle trajectories obtained from (2) and (3). In general, it is
very difficult to solve (2)-(5) for a many particle system. In order to gain insight into the
collective modes described by such a system, we first study them in the hydrodynamic
limit. Equations describing the colour hydrodynamics were first written by Kajantie and
Montonen [24[, based on (2)-(5). Such equations can be obtained by taking the moments
over the many particle distribution (see for example Bhatt [5]).
4. Colour hydrodynamics approach to collective behaviour
The basic idea in this approach is to study collective properties of QGP in a classical but
non-perturbative manner. For this purpose we use the colour hydrodynamic equations
P r a m a n a - J. P h y s . ,
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deduced by Kajantie and Montonen [24] from Wong's equations discussed in the last
section.
We would like to mention that the classical approach has been applied to the study
of collective properties in quark gluon plasmas by other workers "also[25]. In these papers,
however, the plasma was considered to be essentially abelian in nature with perturbations
taken in a linear form. In the work carried out by our group the non-abelian character
of the plasma is retained [6, 7]. The hydrodynamical frame work was preferred over
the kinetic or other detailed microscopic models because hydrodynamic models are
simpler to deal with and they can describe almost all the collective modes described
by the kinetic theory. Further, for simplicity, colour SU(2) group is chosen instead of
SU(3).
The colour hydrodynamic (CHD) equations describe the space-time evolution of
classical coloured particles in the fluid picture. These equations contain three continuous
quantities: number density of the coloured particles n, velocity field V and the colour
charge vector l~(a = 1,2, 3) which are functions of space and time. Their dynamics is
described by [24] the equations
Otna q-

V'(naVz) • 0,

(gtV A -]- V A . ~ V

(6)

a := ( g / m a ) w / 1 - V2]Aa[Ea q- V A × n a -- V A ( V A . E a ) ] ,

(7)
OtIta -~- Wa" ~ I a a ~-" --g£abc[A 0 -- V A "Ab]IA c.

(8)

In (6)-(8) the suffix A and ma denote species label of coloured particles and mass of
species A respectively. For light relativistic particles mass mA is replaced by (enthalpy
density/number density) for the relevant specie fluid. £abc is the completely
antisymmetric Levi-Civita tensor and A~(# = 0, 1,2, 3) are SU(2) gauge potentials
which satisfy Yang-Mills equations O~F~a~+ geabcA~F~c ~ =j~. Here, j~ represents
matter current which can be expressed in terms of CHD variables asj ° = g ~'~A nAlAa and
Ja -~ g EA nAVAIAa. Equations (6)-(8) together with Yang-Mills equations form a closed
set of Lorentz and gauge covariant equations [6]: which describe the evolution of the
QGP self consistently. It should be noted that among the CHD variables nA and VA are
gauge invariant quantities while the colour vector IAa transforms gauge covariantly [6].
Our model does not explicitly take account of the effects due to pair creation and
annihilation processes q~/~ g and g~, ~ g. This would lead to appropriate source and
sink terms in the equations of continuity, motion, etc. We now show that for collective
phenomena, this is justifiable provided the collision-frequency for momentum transfer
due to collective effects is larger than the appropriate pair creation/annihilation collision
frequencies. The typical ratio of the plasma frequency Wp to the collision frequency v
of pair creation/annihilation processes may be estimated as [25] a;p/U = 47r/
Otsv/(Nf + 2N)/18 (ln(asl)) -1. Here, Nf and N are number of quark flavours and the
number of the gluon colours respectively, g is the strong interaction coupling constant and
as = gE/47r. For the plasma with three flavours of quarks and g ,,~ 1, say at temperature
200 MeV, one finds ~p/v ~ 10. Thus one may have significant momentum transfer by
collective processes compared to the pair creation/annihilation collisional processes and
the latter may be neglected. In our model, then, the equilibrium number densities of
P r a m a n a - J. Phys., Vol. 48, No. 2, February 1997 (Part II)
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partons are fixed and are prescribed externally, based on our knowledge of the
background temperature, energy density etc.
We now use (6)-(8) to describe thermalization due to non-abelian collective effects in a
quark gluon plasma. Let us imagine that because of the violent nature of a heavy ion
collision a significant energy is stored in coherent electric fields. For simplcity, we
assume that most of this energy is in the form of longitudinal oscillations. We would like
to address the question: what happens to the energy as the system evolves? Is there any
evidence that this energy may be thermalizing? If so, what are the time-scales involved?
To investigate these questions, we have studied non-abelian longitudinal oscillations of
a quark gluon plasma. If the colour electric field is produced in the z-direction, then, we
can simplify (6)-(8) and the YM equations by choosing a purely longitudinal mode (i.e.,
Ax = Ay = 0) and choosing the gauge A° = 0. The potentials AZa are functions of z and t
variables, but we further assume that they depend only on the variable ff = z + / 3 t .
Physically this means that one is studying a class of solutions which are stationary in a
frame moving with phase velocity/3. Such stationary wave solutions are widely studied in
the Coulomb plasma literature and have also been considered for the non-abelian theories
[26, 27]. With these assumptions the basic CHD equations reduce to three coupled nonlinear second order ordinary differential equations having a dimensionless parameter
c = gZloa~/rnwp where, Io and a0 represent the scaling parameters for the colour charge
and the gauge field amplitude AZa respectively and Wp is the plasma frequency. We next

.L

t

c =0.05

-1

-2

i
0

200

400

600

800

1000

T

Figure 1.

H y d r o d y n a m i c variable X ] vs. time f o r non-abe[i~m parameter ~ -- 0.05.

Pramana

662

- J. P h y s . ,

Vol. 48, No. 2, February 1997 (Part H)

Special issue on "Nonlinearity & Chaos in the Physical Sciences"

Collective thermalization in QGP

e--0.5

1

-1

-2

I
0

200

400

600

800

I000

T

Figure 2.

Hydrodynamic variable X1 vs. time for non-abelian parameter E = 0.5.

define quantities Xi(i = 1,2,3), which are linear combinations of the scaled gauge
potential AZa=-Aaao. They are X1 =A1 + A 2 + A 3 , X 2 = v ~ ( A 1 - A 2 )
and X3 =
v ~ ( A 1 - 2A2 +A3). In terms of the Xi's the equations reduce to
XI = -3X1 + (e/x/~)(X2X3 -XaX2)XI,

(9)

)(3 = (£/V/-~) (SIX2 - X2Xl )Xl-

(11)

We would like to note that for the case of homogeneous plasma i.e. k ~ 0, we get
the same set of equations as that with the stationary frame ansatz (for details of
both calculations, see Bhatt et al [6]). Our main findings are as follows: (i) for the
case e = 0 we get the longitudinal plasma oscillations with constant amplitude and
frequency, which are very similar to those in the Coulomb plasma. In this case, in fact,
the equation describing the oscillation becomes linear. (ii) For small values of e(= 0.05)
we find a new "earphone" oscillation (figure 1) mode in which the high frequency
oscillations are modulated at a lower frequency and the abelian oscillation of the
plasma at the plasma frequency is periodically followed by a non-abelian oscillation
with higher frequency and reduced amplitude. For higher values of e ,,~ 0.5 the
oscillations are found to exhibit chaotic behaviour (figure 2). We have also studied autocorrelations for such a time series [5]. The analysis shows that the overall decay in time tc
is such that Wptc < Wp/U ,,~ 10 as discussed earlier in the section. Thus the decay
P r a m a n a - J. Phys., Vol. 48, No. 2, February 1997 (Part
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time scale for oscillations can be faster than the collisional time scale for larger values of
the parameter ~. We have found from this analysis that non-abelian effects lead to chaos in
plasma oscillations. Such chaotic phenomena are already observed in the vacuum
solutions of the Yang-Mills theory.
The hydrodynamic appraoch, however, does not give any information about the
evolution of parton distribution function. Such information can be obtained from the
solutions of (2)-(5). The chaotic behaviour of the plasma oscillations have implication
for the thermalization of the energy. To analyze this question in more detail we have
carried out a i + 1 dimension particle simulation of the longitudinal oscillations in the
QGP.

5. Particle simulations of a coioured parton plasma

Particle simulations are extensively used to study the nonlinear physics of classical
electrodynamic plasmas. These simulations are in the nature of computer experiments in
which one explicitly follows the motion of N particles in their own self-consistent fields
which are evolved using the Maxwell field equations. Since the simulations are typically
done to explore collective nonlinear phenomena, one usually discriminates against short
range Coulomb interactions (collisional effects) by using large number of particles in a
Debye sphere (An >> I) and/or by using smoothed out 'fat' particles [28]. Due to
limitations imposed by computers, particle simulations are typically restricted in
maximum N usable, dimensionality and noise effects/errors due to finite grid size and
time step of integration. Within these limitations, particle simulations can go well beyond
the hydrodynamic description of last section and can give us a detailed x, t evolution of
fields, distribution function of particles in phase space and so on. It is therefore
particularly well suited for investigating questions relating to collective thermalization in
coloured parton plasmas.
We have written a relativistic particle simulation code for colour partons [8]. In the
code we follow the motion of a collection of classical coloured partons interacting via
non-abelian gauge fields. The classical partons (which represent quarks and short scale
gluons as discussed in § 3) constituting the plasma are described using three variables: the
particle position x, velocity v and the colour charge Iaa. The dynamics of the particles is
governed by the relativistic Lorentz force law due to Wong 19] ~iz. (2). The dynamics of
the fields Fa~" is given by the Yang-Mills equation. (5). The coloured partons interact by
generating a charge/current density ja~ which acts as a source for the Yang-Mills fields.
These fields exert force on the partons and also rotate their colour vectors. The variation
of colour charge of a particle is governed by the colour dynamic equation, (3). It is this
attribute of a coioured parton plasma which distinguishes it from conventional
electrodynamic plasmas and makes our simulation, first one of its kind. The equilibrium
densities of partons are treated as given constants (since we are not explicitly
incorporating effects due to particle creation and annihilation). Finally, the equilibrium
patton densities are distributed in such a manner that the plasma has overall colour
neutrality, as is expected in a parton plasma created by heavy ion collisions.
Our objective in these simulations is to investigate collective aspects of thermalization
in non-abelian plasmas. We thus start with a cold (T ~ 0) coloured parton plasma with
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large Ao and at t = 0 put a lot of energy in coherent longitudinal fields (such as the ones
which might be created because of heavy ion collisions, as discussed in § 4). Restricting
ourselves (for simplicity) to longitudinal field interactions only we ask, how does this
energy equilibrate and what is the time scale of equilibration? For this purpose we study
the time evolution of fields (where we find generation of chaos and energy spreading in
Fourier space) and parton distribution functions (where we find heating and evolution to
Maxwell/Maxwell-Jtittner distributions). Finally, we ask whether in the thermalized
state, there is an equipartition of energy between the mean field modes and the kinetic
energy per parton (and we find it is indeed so!).
As discussed above, we restrict the simulations to dynamics of longitudinal colour
fields only and work in 1 + 1 dimensions. We use the gauge condition Aa1 : 0 so that our
basic equations take the form
d"yxa

dt - vA'

(12)

d3va = laaEo,
dt

(13)

OEa
(14)

-OX- = nAlAa.,
OAo

Ox
d(Aa

dt

= -eo,

(15)

--

(16)

O~fabcAOblAc,

where 7A-------(1- v~/c2) -U2, A refers to parton species, repeated indices are to be
summed over and we have made the equations dimensionless with the following
scalings: XA ~ XA/kLI, VA --~ VA/~pk -1, t --+ ~pt, lAa --~ IAa/Io, nA --~ nA/no, Ea -~ Ea/
(glonok-lh-1), A ° ~ A°/(glonok-Eh-l): here ~p = g2IEno/mti2 is the plasma frequency,
a= mWp/IOk2 is the non-abelian parameter and kL = 27r/L is the wave-vector of the
lowest mode.
We use the particle-in-cell (PIC) method of coioured parton simulations. An infinite 1D system is modelled using periodic boundary conditions. The whole system is divided
into NG cells using NG + l grid points and all the field equations like electric field,
potential, charge density etc., are calculated at the grid points. The particles are initially
positioned at the centre of the cells and each particle is assigned a zero initial velocity
(cold parton plasma with T = 0) and 3-components of colour charge. Particles are
initially given a perturbation in colour space to set up the colour charge density and the
associated longitudinal colour fields. Once the initial conditions are given, the charge
density on the grid points are calculated using a weighting scheme, which implies some
form of interpolation among the grid points nearest to a particle. We use a quadratic
spline weighting scheme in which one distributes the charge of a particle to three nearest
grid points using the assignment functions
w(xj

-

x) :

-
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Figure 3. Computational cycle; 1 -~ particle index, J -+ grid points, A -+ colour
index.
and
w(xj±,

- x) :

J=

where Xj's are the grid coordinates and x is the coordinate of a particle. This process of
distributing the charge of a particle to nearest three grid points is repeated for all the
particles and so the total charge density at a particular grid point is the sum of the
contribution from all particles contained within a width 3Ax with that grid point at the
centre. This description should also give one an idea of how the 'fat particle' concept,
suppressing the short range 'collisional' Coulomb interactions is introduced in the
simulations.
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The next step in simulation is to solve the Gauss law on the grid. We use the simplest
central difference scheme accurate up to order (Ax) 2 for this purpose. To make the
average field zero, we calculate (E) and subtract it from each Ej. The potentials required
for solving the colour dynamic equation are also calculated in this step by using a similar
central difference scheme. After the electric field calculation, the forces acting on the
particles are calculated. To calculate the force, one needs to calculate the electric fields at
the particle positions. For this purpose, we use a similar interpolation scheme as before.
This is important because it can be shown [29] that for identical charge assignment and
force interpolation schemes and correctly space-centred difference approximations for
derivatives, the self force on a particle arising due to various particle to grid and grid to
particle interpolations is zero and the total momentum of the system is identically
conserved. In the next step, forces calculated on the particles are used to move the
particles to a new position by solving the equations of motion. We use the standard leapfrog scheme [30] for this purpose. The last step in the computational cycle is the
calculation of colour vector for each particle by solving the colour dynamic equation. We
have used a predictor-corrector scheme [see e.g. 31] for this purpose. All the steps used in
a computation cycle are summarised in the box diagram shown in figure 3.
We now report the main results of our simulations. As discussed above, we initiate the
simulation with the imposition (at t = 0) of a coherent colour charge perturbation
la = I~0(1 + 6cos(kx + Oa)) and study the time evolution of the system for different
values of the non-abelian parameter a. We choose 1024 grid points in a system of length
27r and put 104 particles on it. The parameter nap for the 1-D system _~ 13 (which
roughly corresponds to a 3-d parameter Ao ~ 2 x 103). We use relatively small values
of 6 so that the electric field fluctuations induced by colour charge density are small; this
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Figure 4. Field energy density vs time for non-abelian parameter a = 0.5.
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is done so that the effects due to conventional plasma nonlinearity (coming, for example
from the convective terms in hydrodynamic equations) are negligible. We then control the
strength of non-abelian interactions by changing the parameter a, which essentially
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determines the rate of precession of the colour charge vector. It should be emphasized that
in an actual parton plasma, the product 06 determines the rate of precession of the colour
vector so that this may be enhanced by changing the amplitude of initial perturbation also
and furthermore the non-abelian and plasma nonlinearities both operate together,
contributing to the overall collective thermalization process.
For a = 0, we find that the system exibits usual plasma oscillations at the plasma
frequency. This is expected since the non-abelian physics is absent and conventional
plasma nonlinearities are negligible(as explained above). Figure 4 shows the behaviour
of collective oscillations for a-- 0.5; we have chosen field energy density at a particular
point as a representative variable and show its time evolution. The system continues to
be coherent and exhibits characteristic 'ear phone' oscillations in which a slower frequency modulates the usual plasma oscillations [9]. It is interesting that the full particle
simulation reproduces a behaviour observed in simple hydrodynamic models (figure 1).
Figure 5 shows the characteristic time evolution for a = 10.0. Now the field energy
density shows irregular chaotic oscillations (similar to figure 2 in § 4). To examine the
nature of this chaos we plot the power spectrum in figure 6. We see a broadband structure
which is fairly representative of chaotic systems but this by itself does not guarantee that
the system exhibits sensitivity to initial conditions [32]. To examine this question we
define a gauge invariant metric as
O(t) =

I NG-1
~ [E~ai=O

E~2]2

(17)

This is nothing but the distance between two points in a NG-dimensional space, where
each point represents the field energy configuration of the whole system. A similar type
of definition has been used by Mtiller et al [4] and Gong et al [22] to exhibit chaotic
dynamics in a pure gluon system. In figure 7 we show the variation of ln(D(t)) versus
time. The linear rise of ln(D(t)) as a function of t shows that the 'distance' between two
neighbouring configurations increases exponentially in time. The saturation, as also
observed in the earlier work of MOiler et al (1992), is because of the compact space used
for description of fields (viz. finite number of discrete modes). The slope of the linear part
gives the largest Lyapunov exponent (h) which is related to the rate of entropy rise
[4, 31, 34]. The inverse of the Lyapunov exponent gives an estimate of the entropy
production time scale or the thermalization time. In our case the estimated thermalization
time turns out to be of order 1.4 plasma periods. We shall discuss the notion of
thermalization in somewhat more detail below.
We first look at the distribution of energy, in the various Fourier modes after the elapse
of several Lyapunov exponent times. Figure 8 shows the Fourier mode energy density vs.
k/kL. We see that energy is distributed in a large number of modes although initially (at
t = 0) we had pumped energy only into the lowest mode. At the same time we look at the
phase space of partons. Compared to the initial cold (T = 0) parton distribution, we
observe a considerably broadened phase space (figure 9). The space average distribution
of particle momenta is shown in figure 10. It shows that the distribution approaches a
Maxwellian form with a temperature of order T/mc 2 ,,~ 10-4. Interestingly, we also find
that mean energy per mode is of order T/2 as would be expected from.the law of
equipartition of energy in a thermalized distribution.
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We now comment on various aspects o f the observed thermalization process. The flow
of energy from low k to high k values is due to non-abelian interactions and is expected in
a classical system tending towards energy equipartition. The Rayleigh-Jeans distribution
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in a 1-D system would correspond to a flat energy distribution in k space• We have not
observed the fully thermalized (i.e., fiat!) mean field distribution (figure 8). This may be
because of discrete nature of the modes, some loss of energy at the highest k values
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because of numerical viscosity effects and/or effects due to the very special initial
realization chosen by us. The average 'mean energy' per mode does however appear to be
close to (1/2)T as expected in a thermalized distribution.
The parton distribution function however appears to be fully thermalized, having
acquired the Maxwell-Boltzmann form shown in figure 10. The mechanism by which
cold plasma particles get heated up is related to 'phase mixing' type damping of the
longitudinal fields. One may argue that when the initial energy is distributed into a large
number of randomly phased Fourier modes, resonant particle effects associated with the
high k modes (w/k ,,~ Vth) can lead to randomization of particle velocities. The
distribution has acquired the Maxwell-Boltzmann rather than the relativistic MaxwellJtittner form because we have chosen rather small amplitudes of the longitudinal colour
fields. This has restricted the final distribution to non-relativistic temperatures. This was
done because we wanted to avoid effects due to plasma nonlinearity and wanted to isolate
the physics of non-abelian effects. As mentioned earlier, in a true situation, with larger
initial fluctuations, both nonlinearities would contribute to phase mixing and
thermalization and lead to Maxwell-Jtittner distribution. It should be emphasised that
the thermalized parton distribution does not distinguish between quarks and short scale
gluons and both will acquire Maxwell-J0ttner type distributions relativistically. This is
because we are treating the short scale gluons as classical distinguishable particles and
hence their statistics will only generate the most probable Maxwell-Jtittner form (rather
than the Rayleigh-Jeans form which is the h --, 0 limit of the Planck distribution). The
essential point is that all distributions have nearly thermalized and taken the most
probable form, within the constraints of the model, and everything happens because of
collective effects within a few Lyapunov exponent times.
We now comment on the thermalization time observed by us. From the above
discussion it appears that although the Lyapunov exponent time is only about 1.4 plasma
periods, it takes several plasma periods (12 to 13 in our specific example) to see complete
thermalization. We suspect that this may be because of the special initial condition
chosen (a coherent longitudinal field plus T = 0 patton distributions) and because of the
rather restricted nature of interaction in a 1-D plasma with a finite number of discretized
modes. If the system exhibits a chaotic attractor (as it does in our case) the time taken for
complete thermalization can depend on the 'distance' between the initial state and the
final thermalized state. We expect that for general initial realizations and for a system
which has a greater number of degrees of freedom either because of three dimensionality
or because of greater number of particles/number of modes, the system should approach
a thermalized state very soon after arriving on the attractor. We thus take a Lyapunov
exponent time as a more representative 'minimum time for thermalization' needed by
collective effects studied by us.
In the final section, we present an application of the above results to the thermalization
problem in relativistic heavy ion collision.

6. Discussion
The main emphasis in this paper has been on collective aspects of thermalization in a
quark gluon plasma. After presenting a summary of the earlier work of MOiler e t a l [4]
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and Gong [22] on thermalization in pure gluon fields, we presented a detailed survey of
our work on collective thermalization in classical patton models [6, 8]. The basic
conclusion is that when collective effects dominate (typically, when AD >> 1), the
thermalization time is of order of a plasma period. This time for a typical relativistic
heavy ion collision is of order 1 fm/c.
A few words about the limits of validity of our model and its applicability to the RHIC
problem are in order here. The best estimates of AD for typical RHIC parameters give
AD ~ 1 [2], which argues that short range collisional effects are important (giving a
thermalization time ,,~ 1 fm/c) and collective effects may be ignorable. However, there is
uncertainity in these estimates and our calculations show that even when AD >> 1 and
collective effects dominate, thermalization occurs on a time scale ,-~ 1 fm/c. This is
reassuring. Furthermore, when AD ~ 1, the plasma can go into a strongly coupled state
[33]. None of the theoretical calculations (either collective or collisional) presently take
this into account. It would be of interest to investigate thermalization in such strongly
correlated plasmas. Our simulations are presently restricted to SU(2) group symmetries,
longitudinal field interactions and non-relativistic amplitudes only. However, we suspect
that the basic result that thermalization time is of the order of a plasma period is unlikely
to change since that is the characteristic time associated with collective effects. Thus we
can use the results of our simulation for the more general cases also, taking care to define
the plasma period in an appropriate manner. The above estimate of 1 fm/c for the plasma
period has been obtained in this manner only. We may wonder whether our 'periodic'
simulations are truly representative of the finite heavy ion collision experiment. In a way,
we have restricted the maximum size of the system by defining a minimum k (or the
largest wavelength) in the system. However, our results are relatively independent of this
parameter as long as, this largest wavelength is many Debye lengths long. Thus we expect
that in the range of dominance of collective effects, our simulation results should be
representative.
Finally, a word of caution should be made regarding the application of thermalization
results based on classical chaos theory to a truly quantal problem. We hope to address
these and related questions in our future work.
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