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Abstract. A detailed analysis of the control space characterization of phase locked states and
chaotic attractors in Josephsonjunctions is presented, based on a model that includes both quadratic
damping and cosine interference terms. In addition, some novel features of the nonlinear
characteristics of the junction like evolution of basin boundaries, bifurcation structure analysis and
scaling behaviour of Lyapunov exponent are discussed.
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1. Introduction
During the past two decades, Josephson junction (JJ) has served as a powerful paradigm
in understanding low dimensional chaos in nonlinear systems. This is mainly because the
equation modeling the dynamics of the junction, in its simplest form, represents a
minimal system for the observation of chaos and it is isomorphic to a variety of
physically interesting situations like the forced pendulum, pinned charge density waves
and phase locked loops. Moreover, it is a remarkably fertile field exhibiting a large
variety of nonlinear effects ranging from phase locking and sub harmonic generation to
chaotic transitions of different kinds like period doubling, crisis etc. Further, the nonlinear
behaviour in Josephson junctions is easily accessible for experimental measurements in
addition to circuit simulations and numerical analysis. This system is well known to be
technologically important due to its possible applications in many electronic devices like
parametric amplifiers, local oscillators, mm wave detectors and voltage standards.
Experimental observation of chaos in these systems dates back to 1968 [1]. Historically
speaking, JJ oscillators revealed a striking noise rise phenomena that could not be
explained in terms of thermal fluctuations. In superamps, an increase in the amplitude of
the driving signal led to broad-band voltage fluctuations with an equivalent noise
temperature of ,~ 104K [2]. Huberman and his group suggested that this can be
understood in terms of chaotic solutions of the nonlinear junction dynamics [3, 4]. Later
the period doubling phenomena was observed above a critical voltage in tunnel junctions
[5] and irregularities in the I-V characteristics of the junction were reported as signatures
of chaos [6-8]. Experimental results on deterministic chaos in JJ [9] and nonlinear
properties of the junction dynamics [10], have been recently reviewed.
Apart from experimental studies, theoretical investigations have been carried out in JJ
based on equations that model the dynamical characteristics of the junction. The most
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popular and well studied of such models is the RSJ model or the Stewart-McCumber
model [11] in which the resistance R that accounts for the current of quasi particles and
the self capacitance C of the junction are shunted across the device. Then the response of
the junction to dc and rf biasing can be represented by an equivalent circuit. In simple
models the resistance R i~ taken to be independent of the junction voltage v(t). Survey of
chaos in JJ centered around this model through digital simulations, numerical
investigations and circuit realizations of the modeling equations, abound in the literature
[12-14]. Such studies could identify regions in the parameter space of the junction where
nonlinearity generates the most complex behaviour. In the chaotic regime, a variety of
intermittent regions [15] are observed after a complete period doubling sequence. In
actual experiments such interesting and complicated structure are usually washed out by
thermal noise [7], which induces dynamics very much like chaos called thermally
induced chaos [16].
A few studies reported in later years based on some modified models are worth
mentioning, the major modifications being in the damping term of the equation. If in a
current biased junction, the shunted resistance R is taken to be nonlinear and vary as
1/v(t), the damping term in the equation of motion becomes quadratic [17, 18]. Another
type of nonlinear damping mechanism arises when the conditions are such that the
interference effects between the pair and quasi-particle current should be taken into
account. This adds a cosine term to the usual damping term [19, 5]. Studies in the linear
RSJ model with the cosine term reveal that its presence sensitively governs the responses
of the system [20, 21]. Since chaotic responses of the system arise due to the nonlinear
effects of the system, we feel it is relevant to include both these for a complete analysis of
the possible modes of the system.
Inthis paper, we report the results of such a study on a quadratic RSJ model with
cosine interference terms. We focus our studies along four main tracks, viz.
characterization of phase locked states and chaotic regimes, bifurcation structure studies
to bring out the relevance of the dc bias and cosine terms, evolution of the basin
boundaries when the system asymptotes to multiple attractors and the scaling behaviour
of the order parameter for the transition from periodicity to chaos.
In § 2, we discuss the salient features of the junction treated as a dynamical system in
the quadratically damped model with the cosine term. We then proceed to a preliminary
search procedure for the transition from periodicity to chaos using Melnikov analysis, to
provide lowest threshold for the onset of chaos that can be prescribed using the
unperturbed solutions in terms of the relevant parameters of the system. The JJ as a
dynamical system turns out to be a system with multiple attractors that occur both in the
same well and also in different potential wells. Each attractor will have its own separate
basin of attraction and the nature of evolution of the boundary between them forms an
interesting study. We discuss the evolution of basin boundaries as the system develops
period doublings, crises and tangles in § 4.
Section 5 presents the results of a numerical analysis with a view to isolate the
windows of phase locked states in control parameter space are included. The chaotic
regions are then marked out according to their 'degree' of chaos that is estimated based
on the magnitude of the Lyapunov exponents (LE). The nature of the scenario leading to
chaos is studied in the following section by plotting the detailed bifurcation structures
with the frequency of the drive as the tuning parameter. The crossover from periodic to
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chaotic behaviour is signalled by the change of the maximal LE from negative to positive
value. Hence it has the status of an order parameter in the transition. The scaling
behaviour of the LE is therefore relevant, in general, from a phase transition point of
view. We numerically compute the LE near the transition point for different types of
scenarios that occur in the present system such as period doubling, intermittency between
phase locked states, crisis etc. The results are given in § 7, and compared with numerical
work based on other models, and with available experimental data, in the concluding
section.
2. Josephson junction as a dynamical system
The Josephson junction is an SIS junction consisting of two superconducting electrodes
separated by a tunnelling barrier. The tunnelling of electron pairs produces a
dissipationless current Is, which flows at zero bias voltage and given by [22]

Is(t) = Io sin x(t),

(2.1)

dx(t) _ 2ev(t)/h,

(2.2)

dt
where x(t) is the phase difference between the super conducting order parameters on both
sides of the junction. I0 is the maximum supercurrent that is geometry, temperature and
material dependent, v(t) is the voltage across the junction. In addition to this current of
Cooper pairs, for nonzero voltages, there is a current of quasi particles modelled as a
current through the ohmic resistance R1 and the interference effects are taken care of by a
term proportional to cos x(t) through a resistance R2. Under a dc and rf drive, the
equation of motion can thus be written as [23]

c dt

R((v)

R2(v) cos x v + I0 sin x = kc + I1 sin at.

(2.3)

We introduce scaled variables and dimensionless parameters in the following way. t is
replaced by coot, where coo is given by

co~ = (2elo)/(hC).

(2.4)

The resistance R1 is taken as a constant in the simple RSJ model. But the general
expression for 1/R1 as given in [24] shows that its dependence on v is through an
exponential function such that as an approximation, we can take
Rl(v)=kl

~-~

and

R2(v)=k2

-~.

If we define
k = (k

c)

c = k

/k2,

t = l c/ o,

a = l

/to

and

co = a/ Oo,

(2.6)

equation (2.3) then becomes
d2x
dt-~-+ k ~ t ~ t ( 1 - e cos x) + sin x = I + A sin cot.
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This can be recast as a 3-dimensional dynamical system
dxl
dt

- -

=X2~

dx2
-d-f = -klx21x2(1 - ecos xl) - sin xl + I + A sin x3,
dx3
=
dt

(2.8)

The control parameter space of the system (2.8) is 5 dimensional, spanned by
(k,e,l,A,w). At the origin of this parameter space, the system is isomorphic to the
classical nonlinear pendulum with the same phase space structure as the pendulum in the
( x l - x2) phase plane. By analogy with the pendulum, we characterize the periodic
modes of the system by (/7,q) so that p = 0 corresponds to the oscillatory modes and
p ~ 0 are rotational modes, q specifies the periodicity of the mode relative to the rf drive,
while p gives the number of rotations made in one period. The qualitatively different
trajectories of these two modes are separated by the separatrix orbit. The fixed points of
the system alternate along the xt-axis, the stable ones or centres at (2nTr,0) and the
unstable ones or saddles at ((2n + 1)Tr,0), for integer n values. The stable manifold Ws
and the unstable manifold Wu of the separatrix connect the saddles at (nTr,0) and
(-nTr, 0). It is easy to see that the above dynamics has an infinite series of potential wells
with minima at (2mr, 0) and maxima at ((2n + 1)Tr,0) as its background [25].
When the control parameters are small enough, (2.8) can be considered as a
perturbation of the pendulum structure discussed above. Then Wu and Ws of the saddles
reorganize themselves and may touch each other resulting in a heteroclinic tangency. The
threshold value for this to occur can be computed analytically by the Melnikov analysis
[26]. The separation between Ws and W~ is measured by the Melnikov function M(to) in
terms of the solutions of the unperturbed separatrix, xl0 and x20. (to here refers to the
initial time that fixes the particular Poincare section where the trajectories are visualized.)
The vanishing of M(to) then provides the required threshold. For the system in (2.8), we
have [27]
Xl0 = 4-2 tan -1 (sinh r)

and x20 = ~2 sech T,

(2.9)

where r = t - to and

M(to) =

x20[-kx~20(1- ecos Xl0) + A s i n w ( t -

to) + / ] d r .

(2.10)

OQ

Evaluating the integral using (2.9) we get

M(to) = k(+27re q: 47r) 4-4-27ri 4- 27rA sech(Trw/2) sin wto.

(2.11)

The threshold value for the parameter A for tangency is
AM = Ik(2 - e) - I I cosh(Trw/2).

(2.12)

As A increases beyond AM, the Ws and Wu of the separatrix accumulate on each other due
to their transverse intersections, forming a heteroclinic tangle. Thus there are Smale
horseshoes in the underlying dynamics, although the existence of horseshoe does not in
P r a m a n a - J. P h y s . ,
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most cases imply asymptotic chaos. The initial conditions which are near the invariant set
of the horseshoe may experience a chaotic transient but will ultimately settle down to
motion on an attractive periodic orbit. On the other hand, if the points are eventually fed
back into the same region, a chaotic attractor will be formed. Near the tangle therefore the
system develops a sensitivity to initial conditions.
The dependence of the threshold on other relevant parameters can be deduced from
(2.12). In the absence of the dc bias, the threshold for a given frequency w, is generally
higher and therefore a nonzero value of I should bring down the transition curve for onset
of chaos in the A - w plane. This has been numerically verified in a previous study [27].
So also, by fixing I at 0.5 and e = 0.8, the threshold is minimum for k = 0.4
corresponding to moderate damping in the system. When e is not included, however, the
minimum occurs for low damping. Similarly for e = 0.8 and k = 0.4, the threshold has its
minimum at I = 0.5. We, therefore restrict our studies in subsequent sections to
parameter values k = 0.4, e = 0.8 and I = 0.5, since this is presumably the most
favourable choice for onset of chaotic behaviour in the system.

3. Fractal basin boundaries
It is clear from the discussion in the previous section that the system in (2.8) has multiple
attractors. The attractors are all simple fixed points when there is no perturbation and the
separatrix defines the smooth boundary of their basins. If we concentrate on the central
potential well, the oscillatory modes developed under forcing will have bounded basins
around (0, 0). The escape from the well normally leads to p ~ 0 modes which, with the
damping may settle down to p = 0 modes in distant wells or cross well oscillations as
well as chaotic attractors. The nature and pattern of basin changes in each well should be
the same but when the central well is under consideration, the basin of attractors in other
wells form part of the escaping basin. Once the threshold for tangle is reached, the
smooth boundary starts developing structures and becomes a fractal, even when the
asymptotic state is a periodic mode in a distant well. A priori knowledge about how
attractor basins evolve is of value when we address the question of control mechanisms.
So also, the extent of basin erosion due to forcing can tell us how far the system has
chances of surviving in a noisy environment and this is relevant to stability related
engineering problems [28, 29].
Our previous studies of (2.8) indicates that for small w values, the stable mode excited
is a (0, 1) one which we call Sn. Choosing a window of phase space defined by 0 < Xl < 8
and - 3 < x2 < 3, we analyse the bounded basin of this mode numerically. With k = 0.1,
w = 0.3, I = 0.0 and e = 0.0, we try to see how the basin evolves as A is slowly tuned.
For this, the system in (2.8) is integrated numerically using fourth order Runge-KuttaGills (RKG) algorithm and checked for the required periodicity. For the central well (0, 1)
modes, the x2 values averaged over a cycle is zero and -Tr < xl < 7r. The integrations are
repeated for a grid of 80 x 60 initial conditions and the asymptotic state identified after
100 drive cycles using the above information. The initial points are then colour-coded to
distinguish the escaping and bounded basins [30].
For the set of basin portraits displayed in figure 1 the bounded basin of Sn is in red
while the escaping basin belonging to attractors in other wells is yellow. As we increase A
P r a m a n a - J. Phys., Vol. 48, No. 2, February 1997 (Part H)
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Figure 1. The bounded basin for the nonresonant (0, 1) mode (red) in the central
well and the escaping basin (yellow) belonging to attractors in other wells for
increasing values of A viz. 0.2, 0.5 and 0.8.

Figure 2. The sharing of the bounded basin by the coexisting Sn and Sr modes. With
= 0.6 as A is tuned from 0.3 to 0.34, the basin of the latter, indicated by the blue
colour, gets reorganized, while that of the former suffers a progressive shrinking.

beyond the threshold AM, the reorganization of the basin due to the tangle affects only the
escaping basin and the nonresonant bounded basin suffers only a progressive shrinking. It
is to be noted in this connection that Sn does not undergo period doubling and the onset of
chaos is finally due to a reverse boundary crisis [31]. Here the chaotic attractor that exists
for A > 1.017 collides with the saddle at the basin boundary resulting in the sudden
disappearance of the attractor together with its basin [32].
For higher values of ~, a periodic resonant (0, 1) mode Sr is born along with its
unstable counterpart via a saddle node bifurcation before the Melnikov tangency occurs.
The bounded basin in the central well is now shared by Sn and St and we have the
phenomenon of resonant hysteresis. In figure 2, blue regions indicate the newly created
basin of Sr. Above the threshold, increase of A results in a drastic reorganization of this
basin due to the incursion of the escaping basin. However before mass erosion of the
basin starts, S r undergoes period doubling and the resulting chaotic attractor disappears
via a boundary crisis [31] that occurs at A = 0.411. Beyond this we find only the bounded
basin of S, and the escaping basin shared by the chaotic attractor and attractors in other
wells.
However for values of a; ~ 1, Sn has already disappeared and the bounded basin
belongs to Sr alone [27]. Then above AM long finger like structures start penetrating its
basin and massive erosion of the whole bounded basin takes place. These events are clear
from the series in figure 3. The bounded basin in the central well is coloured yellow while
the escaping basin belonging to attractors in the successive wells on the right are given
green, violet, red and blue respectively. The brighter shades of the same colours indicate
basins of modes in wells on the left. The white regions lead to rotational modes or chaotic
attractors. Similar results for erosion of bounded basins have been reported by Soliman
and Thompson [32, 33] for periodically driven and linearly damped nonlinear oscillators.
P r a m a n a - J. P h y s . ,
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Figure 3. Evolution of the fractal basin of the resonant mode for ~v = 0.8. The
development of the heteroclinic tangle is coincident with the erosion of the basin due
to the penetration of long finger like structures. Here the A values taken are 0.2, 0.35,
0.45, 0.5, 0.55 and 0.6.

Figure 4. Phase locked regions in the (A, w) plane. The yellow regions correspond to
(0, 1) mode while the red regions lead to chaotic or a periodic states. For the colour
code used for other (p, q) modes, see the text.

4. Phase locked states and chaotic regimes in the control space
In this section we discuss the occurrence of phase locked states in (2.8), with k = 0.4,
I = 0.5 and e = 0.8. The A - w plane is then scanned in the range 0.2-1.2, with a step
size of 0.01 [34]. For each point thus chosen, (2.8) is integrated numerically using fourth
order RKG scheme with a time step equal to one fiftieth of the drive period. The first
9000 values are discarded to shake off transients and the remaining checked for phase
Pramana - J. Phys., Vol. 48, No. 2, February 1997 (Part 1])
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Figure 5. Chaotic domains in the (A,w) plane. Here the red regions related to
periodic states with A1 < 0, while the other shades correspond to A1 > 0; for details of
colours used see the text.
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Figure 6a. Devil's staircase of the phase locked modes, with the winding number
W = p/q plotted against w. Here A :- 0.76, k = 0.4, e = 0.8 and I = 0.5.

locked states (p, q) based on the equations

xl (t + 27rq/w) : Xl (t) + 27rp,
x2 (t + 27rq/w) = xz (t).

(4.1)

The regions of different (p, q) values in the (A, w) plane are shown in figure 4. Yellow
P r a m a n a - J. P h y s . , Vol. 48, No. 2, February 1997 (Part H)
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Figure 7. Bifurcation diagram with w as the tuning parameter for A = 0.765,
k = 0.4, I = 0.5 and e = 0.8.
regions correspond to parameter values where the (0, 1) mode is stable, while the red
regions lead to periodic or chaotic states. The regions where the period-doubled state of
the (0, 1) mode viz (0, 2) stabilizes are painted dark blue. The (1, 1) and (1, 2) rotational
modes are stable for (A,w) values chosen from the light blue and green regions
respectively. Similarly the (2, 1) and its corresponding 2-cycle (2, 2) stabilize for values
from the orange and blue magenta regions respectively. The magenta color corresponds to
the stable (3, 1) mode. Although computations were done for q < 32 and p <_ 5, modes
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with p > 3 and q > 4 have very narrow regions in the parameter plane and hence are not
clearly seen in the figure.
The regions in the (A, 4,) plane that are marked red in figure 4 where phase locking has
not been observed can be further characterized by computing the Lyapunov exponent
[35, 36]. We restrict the (A, a:) plane further to regions of mostly chaos i.e. A and ~ values
in the range 0.5-1.0 (figure 5). The 'strength' of chaos in each region is marked out by
giving different shades based on the value of A1. The red regions in the figure correspond
to negative values of A1 and therefore belong to periodic regimes. The major chaotic
windows are the dark blue regions where 0.1 < Al < 1.0 and the yellow ones with
0.01 < A1 < 0.1. There are also some narrow and isolated spots of cyan for which
0.001 < A1 < 0.01 and blue cyan for which A1 lies between 10-4 and 10 -3.
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Figure 8. Phase portraits in the sin xl - x2 plane, showing the period doubling route
to chaos followed by interior crisis resulting in the expansion of the attractor. In (a)
A = 0.765 and w = 1.07, the periodic (2, 1) mode is seen as (b) w is tuned to 1.06,
(2, 1) period doubles to (2, 2), (c) the chaotic attractor of (2, 1) for ¢a = 1.04 and (d) the
attractor after the interior crisis for ~ = 1.0.

The phase-locked states that correspond to the nonzero voltage steps of the junction,
have relevance in voltage standards and can be further characterized by calculating the
winding number of the modes, which is defined as

W = (XE)fiv.
Pramana
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A plot of W against ~ is given in figure 6a. It is clear that the system gets locked into a
single step for a range of values of w, forming a devil's staircase structure. Here the major
steps shown in the figure follow the Farey tree sequence but there are gaps in between
steps corresponding to random behaviour due to shuttling betweeta two steps. The
variation of A1 with w for A = 1.0, is given in figure 6b. The phase locked windows and
the chaotic regimes can be made out clearly.
5. Bifurcation studies
The different types of scenarios that the system follows in its passage to chaos can be
pursued further by plotting the bifurcation diagrams. It is clear from § 3. that this is
decided basically by the frequency a;. Hence in this section we analyse the bifurcations
that the system undergoes as ~ is slowly tuned from above. The last thousand values of
the integrator sampled at the frequency of the drive are plotted against ~ to get the
bifurcation diagram given in figure 7.
Near w = 1, the resonant (0, 1) mode that is excited would undergo a period doubling
as w is decreased. However it is difficult to capture the successive period doublings till
chaos is reached. This is mainly because the basin of attraction of the (0, q) mode very
soon becomes narrow and eaten away by the basins of other (p, q) modes which coexist
with (0, q) modes. These p # 0 modes also undergo the period doubling bifurcations and
reach chaos. As ~ is tuned further the chaotic attractor thus produced expand and merge
together due to an interior crisis [32]. This sequence of events can be made out clearly
from the set of phase portraits of the attractors in the sin xl - x2 plots included in figure 8.
Here with A = 0.765 and oJ = 1.07, the system settles down to a (2, 1) mode. The first
period doubling occurs at a; = 1.06 followed by another at 1.056 etc. The accumulation
point is at 1.04 followed by interior crisis and the extended attractor after this for
~v = 1.00 is also shown in the figure.
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Figure 9. The chaos between two stable windows of phase locked states. In (a) with
A = 1.1, w ----0.85, (2, 1) mode is stable while in (b) for w = 0.796, (3, 1) mode
stabilizes. For ~ = 0.80 (c), the chaotic attractor due to random shuttling between the
above two modes is seen.

In addition to the above two types of chaotic attractor, the system supports a third type
which arises from the random shuttling between two phase locked states. This happens
every time one phase locked state becomes unstable and before another one is created.
For A = 1.1, periodic states are observed for a; values 0.85 and 0.796. In between for
w = 0.80, the shuttling type of behaviour is seen. This is illustrated by the portraits in
figure 9. The same pattern of events is seen repeated in several regions of parameter
space. However for very small w values, only the nonresonant (0, 1) mode is supported
and this disappears via a reverse boundary crisis mentioned earlier.
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Figure 10. Bifurcation diagrams as in figure 7, but with (a) I = 0,0 (b) e = 0.0 (c)
I = 0.0, e = 0.0 and (d) I = 0.0, e = 0.0 but k : 0.l.
When the above analysis is repeated for I = 0.0, it is found that most of the chaotic
regions are wiped out and the (0, 1) mode remains stable up to w = 0.6. The effect is less
spectacular when s is put equal to zero, resulting in the broadening of a few phase locked
windows. When both I and _~ are excluded the periodic modes predominate and chaotic
regions reappear only when k is reduced to values ~ (I.1 (figure 10). These events are
supported by the analysis based on Melnikov threshold discussed earlier.

6. Scaling index for the Lyapunov exponent
Since A1 passes through zero at the transition point Wc of any scenario, its scaling
behaviour near this point is studied in detail here. If we write
;~ ~ I ~ - ~cl ~

(6.1)

then I~ is called the scaling index. Computationally the first step to obtain ~, is to identify
the transition point accurately. This is easy for the period doubling scenario, since by
tuning ~ in very fine steps the value for which A1 is sufficiently small can be located. A
log-log plot of A1 and Iw - ~vcl furnishes the index v as its average slope (figure 11). Our
studies in this direction indicates that the value of v for most cases is 1.0 [37],
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Table 1. Scaling indices for the LE values during the transitions to chaos via the
different mechanisms mentioned in the text. All the entries except the fifth are for the
period doubling routes while the fifth one is for the transitional type of chaos. For the last
entry alone, I and e are taken to be zero with k = 0.1.
A

w

0.5
0.9
0.9
0.765
1.1
0.765

0.913519734--0.913519743
1.071781040-1.071781090
0.889031880-0.889031960
1.054510642280-1.054510642306
0.79679753021092-0.7967975302110
0.545662031341-0.545662031346

Wc

0.913519743424
1.07178113667069
0.889031960230
1.054510643111
0.796797530210909
0.5456620313487151

v

0.9999
0.9998
0.9966
1.0001
1.0001
1.0001

establishing linear scaling for the maximal Lyapunov exponent in the system. The onset of
the transitional type of chaos due to shuttling between two phase locked states is also
found to follow a linear scaling. The results for a few typical cases are condensed in table 1.
We also scan regions of crisis along the w-line, where the )~1 value is not zero at Wc.
The critical value of interior crisis is located by changing a; values in very small steps
near the crisis value or by looking at the actual trajectories or Poincare maps until an
expansion of the attractor is observed. After the crisis the ,~t values fluctuates about the
crisis value. The wc value for reverse boundary crisis is similarly masked by the presence
of long-lived chaotic transients.

7. Conclusion
In this paper, the results of a detailed analysis of the phase locked states and chaotic
regimes in the quadratically damped model of Josephson junctions is presented. The
major results reported are the following.
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The Melnikov analysis of the system to compute the threshold for the transition from
periodicity to chaos indicates that dc bias can lower the threshold as a whole. So also, low
values of the damping factor k favours the transition. This is supported by the bifurcation
studies presented. Near the threshold, the boundary of the bounded basin develops fractal
nature and for high values of a; long finger like structures start penetrating the basin
leading to its rapid erosion. The chaotic regions are characterized further based on the
magnitude of the maximum Lyapunov exponent. The transition to chaos for the cases
studied in this work. is associated with a linear scaling relation for this exponent.
Direct experimental measurements of chaos in actual junctions do not unfortunately
match with the parameters chosen for numerical work. However, there are a few
exceptions. Using Pb-Te-Pb junctions with a Te thickness of 40-75 nm exposed to
35 GHz radiation, the occurrence of chaos as signalled by a rise in the equivalent noise
temperature has been reported [8]. In this case, the parameters are k = 0.37, w = 0.18 and
I is tuned from 5-7 mA. They also observed intermittency between phase locked states
whichleads to noise rise at the end of the voltage steps as w was scanned between 0.16
and 0.14. It is also interesting to note that with no dc bias, no rise in noise was observed at
w = 0.2. Our results are more or less in confirmity with this, since with I = 0.0, we find
most of the chaotic regions are wiped out (figure 10).
The devil's staircase picture of the phase locked states, the scaling behaviour of the LE
across the transition point and the characterization of the chaotic solutions in the
parameter space are some of the novel features in the present work. However parameter
space characterization of phase locked states have been reported in earlier models also
[9,22]. We would like to mention that in [9], the I - 1/k plane and in [22], the I plane with A = 0.61, a; = 0.8 and k = 0.2 are chosen. They report regions of periodic
modes, intermittent chaos connecting two metastable states called transfer crisis, regions
of narrow band chaos from period doubling and wide band chaos where the x2 values are
not confined. The last case, we feel, must correspond to chaos after interior crisis.
Our studies relate to the (A, ~) plane where A and w are external parameters that can be
tuned easily unlike k and c which are internal parameters characterizing a particular
junction. The (A, w) plane is chosen in [38], with the linear RSJ model, for k = 0.2 and
I = 0.0. The threshold is lowest for w = 1.0 and chaos occurs only above A -~ 1.0 for
small values of ~. Moreover, oscillatory modes of the (0, 1), (0, 2) and (0, 3) types are
seen above the threshold. This is different from our results since we find only windows
of rotational modes in the chaotic region above the threshold. So also, the lowest for
the threshold corresponds to ~o = 0.65-0.7 and near ~ = 1.0, the resonant (0, 1) mode
is stable. This is because eventhough escape from the central well occurs, the system
settles down to the (0, 1) mode in a different well after long chaotic transients. Similar
result is seen in Huberman's work [15]. Here the terminology is slightly different since
the phase locked states are specified by n ( = p / q ) rather than by p and q separately.
Giving allowance for this, we find the transition curve in [15] is higher than in our work.
This, as is clear from the latter part of our work, must be due to the inclusion of dc bias.
We get more phase locked windows in regions which are indicated as intermittency in
[15]. It seems as if the quadratic damping together with the cosine term increases the
tendency of the system to get locked into different frequencies. This is especially so for
low values of w, where broad windows corresponding to (1, 1), (2, 1), (3, 1) etc. are seen
in our plot.
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It is interesting to note that the type of quadratic damping present in the system, has
relevance in a broader sense. Firstly such systems can be reduced to a hamiltonian format
[39] and hence its quantum effects can be studied using approximation techniques [40].
Secondly, rapid motion of bodies in fluids of low viscosity gives rise to vortices, whose
production involves resistance forces proportional to the square of the velocity. This
effect is then called turbulent damping [41]. In general, quadratic damping terms prop up
whenever forces of the type kv 2 and - k v 2 act on a system, alternatively damping and
exciting it for successive half cycles of oscillations.
The study of the nonlinear properties of JJ carries lot of promise both from the point of
view of applications and continued research on fundamental problems. Recently intense
research is being concentrated on long JJ which is an extension of simple junctions,
where a spatial variation of the pair phase is included. This system is known to support
soliton propagation and indicates an even richer dynamics [42] due to the inter play
between time and space and possible analogies to turbulent systems [43].
In conclusion, the problems we have discussed so far in JJ are defined on the basis of
BCS superconductivity. Future work involving new type of high Tc superconductors may
bring out completely different nonlinear phenomena due to anisotropy and complicated
flux dynamics. Although a few isolated attempts in this direction have already been
recorded [44] it must be exciting to plunge into such promising areas in JJ systems.
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