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Abstract.

We present numerical results on a range of related issues for a number of
incommensurate TBM's, each of which shows a metal-insulator type transition as a binding-tohopping ratio is made to increase through some limiting value. These supplement a series of similar
results on a couple of 1D lattices in a number of recent works (see below). A brief review pertaining
to spectral properties and wavefunctions in incommensurate lattices is followed by results on the
above TBM's relating to an interesting correlation between the gross features of wavefunctions and
the energies arranged in a particular sequence termed the lattice-ordered sequence, and also
between the lattice-ordered energies and the on-site potentials. We present a qualitative explanation
of these correlations on the basis of perturbation theory. Basic results on dynamics of wavepackets
in relation to spectral characteristics of incommensurate TBM's are also reviewed. Features of
lattice-ordered energies and wavefunctions for the TBM's under study are used in the framework of
the so-called Maryland construction, leading to a qualitative prediction of criteria for recurrent and
non-recurrent wavepacket dynamics in these lattices, and these predictions are checked against
numerical iterations of the relevant 'quantum maps'. Closely related to the dynamics of
wavepackets are the transport properties of these lattices. Results are available to indicate that the
unusual spectral characteristics of pseudorandom lattices lead to novel features in transport
properties of these systems. In this context, low temperature a.c conductivity in these lattices is a
good probe for the spectral characteristics and wavefunctions. However, not much is known about
the a.c conductivity, excepting a set of early results pertaining to the low frequency regime,
principally because of the fact that the a.c conductivity depends on global characteristics of the
spectrum and the entire set of wavefunctions. We present a simple model whereby the gross
structure of variation of the a.c conductivity with frequency can be obtained from a knowledge of
the spectrum alone for the set of TBM's under consideration. Numerical computations show that
despite its simplicity, the model leads to results in good agreement with those from the KuboGreenwood formula for a.c conductivity.
Keywords. Tight binding model; aperiodic lattice; localization; m-i transition; lattice ordered
sequence; transport properties; ac conductivity; wave packet dynamics.
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1. Introduction
Deterministic aperiodic lattices are interesting objects from both theoretical and applied
viewpoints. Fabrication of structures of various descriptions, intermediate between
amorphous and periodic ones, are now within the realm of technical possibility. The first
metastable quasicrystals were grown by Schechtman et al [1]. Modulated 2D structures
were first prepared by Weiss et al [2] by implanting arrays of scatterers in a
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semiconductor heterojunction. Techniques are now available to grow superlattices, i.e.,
periodically modulated structures with large lattice constants, in heterojunctions. Under
the influence of imposed magnetic fields, electrons in these superlattices behave as if they
were in a quasiperiodic environment.
Even 1D deterministic aperiodic lattice structures are now at hand, following the
successful fabrication of semiconducting superstructures grown epitaxially in accordance
with the rules of the Thue-Morse and Fibonacci sequences [3]. A large variety of
experimental data is presently available on epitaxially grown superlattice structures on
the basis of X-ray and neutron diffraction, Raman scattering, and similar other techniques
(see, e.g., [3, 4] for an introduction). Concurrently, one finds extensive literature relating
to theoretical studies on 1D quasirandom lattices perfomed during the last decade and a
half. A large fraction of these studies pertain to simulations of electronic states resulting
from tight binding models (TBM's), the initial lead in this direction having been provided
by Hofstadter [5], Aubry and Andre [6], Kohmoto et al [7] and Ostlund et al [8]. These
early works already established exotic features of solutions of the Schrtdinger equation
on a quasiperiodic lattice, namely Cantor structures of spectra, and the critical,
algebraically localised, nature of wavefunctions. In this context, most studies on 1D
incommensurate lattices relate to Anderson-Mott localisation in random lattices on the
one hand, and to Bitch-wave solutions in periodic lattices on the other. One finds that a
subtle interplay between contrary features of localised and extended states, or those of
pure point and continuous spectra, indeed lends a rich variety to the physics of excitations
on incommensurate lattices.
Lateral surface superlattices and 1D semiconductor heterostructures offer the welcome
opportunity of experimentally studying the classical- to-quantum cross-over in the timeevolution of electronic states. This has caused a resurgence in theoretical and numerical
investigations on quantum dynamics in situations where the underlying classical motion
is irregular or chaotic. This is the area of 'dynamical quantum chaos' which initially
received attention through studies on the kicked rotator [9]. Ideas of Anderson-Mott
localization, when applied to results of early investigations in this area, led to the concept
of 'dynamic localisation' [10], and interest in this field was about to dry up when the
whole question was reopened with investigations on quantum dynamics on deterministic
aperiodic structures, and with the observation that there is no direct correlation between
classical chaos and quantum diffusion (see, e.g.,[11]) in these structures.
Closely related to the exotic features of excitations and wavepacket dynamics in
quasirandom systems is the question of transport properties in deterministic aperiodic
media. In this context, novel transport properties appear to be the order of the day, not
only in relation to electronic states, but to vibrational and electromagnetic waves as well.
For instance, interwoven regimes involving phonons and localised vibrational modes
(fractons) lead to interesting effects [12, 13]. The mode of attenuation of a wave
transmitted through a finite 1D chain depends sensitively on the type of eigenstates
supported by the chain [14, 15]. All these observations point to interesting possibilities in
fabrication of materials having new and useful properties.
Of special interest are the a.c transport properties of deterministic aperiodic chains.
Apart from the possible future use of novelties in a.c transport in incommensurate or
quasirandom systems, there is great theoretical interest in the study of a.c transport
properties [16, 17]. Such a study, on the other hand, is beset with difficulties of quite
P r a m a n a - J. P h y s . ,
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enormous magnitude since the a.c transport depends on gtobal, as opposed to local,
features of the excitation spectrum and eigenfunctions relevant to the lattice under
consideration.
We address in this paper a range of questions relating to the above context. In § 2 we
point out an approximate correlation between energies and localised eigenfunctions in a
number of incommensurate TBM's showing metal-insulator (m-i) type transitions. This
correlation will form the basis of all subsequent discussion in the paper. Section 3
includes a short review of a few interesting results on quantum wavepacket dynamics in
incommensurate systems and its correlation with the fractal properties of underlying
spectra. We then present in this section a brief study on wavepacket dynamics under
periodic kicking in the incommensurate TBM's considered in § 2. Section 4 addresses the
question as to how far the gross features of variation of the a.c conductivity in an
incommensurate lattice can be inferred from a knowledge of the spectrum alone. As we
shall see, the correlation between energies and eigenfunctions presented in § 2 will enable
us to infer that this can indeed be done to a certain extent, thus paving the way towards a
better future understanding of this as yet largely uncharted territory. Section 5 includes
summary and concluding remarks.
The work contained in the present paper is, in the main, based on a number of previous
papers [18-22]. The first of these papers contained preliminary results concerning the
spectrum, density of states, and localisation features in a self-similar TBM based on a
universal recursive sequence encountered in Feigenbaum's theory of period doubling
bifurcations [23]. The subsequent papers in the series presented results relating to a
simpler self-similar TBM termed the 'Cantor lattice', and to the Aubry model. We present
in this paper evidence relating to a number of other lattices admitting of m-i type
transitions, to establish that the results arrived at in the earlier papers are not peculiar to
the particular lattices considered therein.

2. Spectra and wavefunctions in 1D incommensurate TBM's

2.1 Metal-insulator type transitions in 1D TBM's
TBM's have been widely studied in the literature as useful objects mimicing real life
aperiodic and incommensurate systems. In particular, despite their extreme artificiality,
1D TBM's have led to important insights based on exact results and a wealth of numerical
findings. They have been fruitfully employed to explore the whole spectrum of structures
ranging from periodic to random ones.
A 1D TBM with nearest neighbour hopping is typically represented by an equation of
the form
7-vnO +

+

= Ef; ,

(1)

where {Vn} is some specified sequence of on-site potentials, 7- a binding strength, and )~
the nearest neighbour hopping strength (for introductory background on the tight binding
method in solid state theory see, e.g., [24]; properties of 1D TBM's with random on-site
potential sequences are presented in [25-27]). In what follows, the binding-to-hopping
ratio (7-/~) will be denoted by v.
P r a m a n a - J. Phys.,
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While highly artificial, a 1D TBM is nevertheless quite non-trivial. In particular, given
suitable sequences {V~}, it admits of a set of essentially complex features like fractal or
singular-continuous spectra (see Simon and Reed [28] for an explanation of the term, this
reference establishes the absence of singular continuous spectra in a large class of
quantum mechanical problems), self-similar and critical wavefunctions, coexisting
spectra of pure point, singular-continuous and absolutely continuous varieties, and m-i
type transitions.
An idea of the complexities can be had from rigorous results on the TBM with a
quasiperiodic sequence of on-site potentials

Vn --- cos 27r(cm + 0),

(2)

where a is an irrational number and 0 is a phase parameter. For instance, with u > 2, the
spectrum has been shown to be singular-continuous when a is a Liouville number, the
integrated density of states being a Devil's staircase. More generally, the singular
continuous spectrum has been shown to have a Cantor set structure for a dense set of pairs
(~, 8) [29-31]. Aubry and Andre [6] established that, for irrational c~, a transition from
extended to localised wavefunctions occurs at the value t,--Vc = 2 (the 'self-dual'
situation) which is thus a critical parameter in a m-i type transition.
A TBM with quasiperiodic on-site potentials (2) has been termed the Aubry model in
the literature. An alternative nomenclature for the incommensurate lattice, used in
refs [19-22], is the quasiperiodic lattice (QPL). For the self-dual situation u = 2, it is also
termed Harper's model, which represents the Schr6dinger equation for an electron in a
periodic potential and in a competing magnetic field, and some of whose exotic features
were first pointed out by Hofstadter [5].
While the wavefunctions in the QPL with L, ~ 2 are either all exponentially localised
or all extended, coexisting states are encountered in some other models, e.g., one
investigated by Soukoulis and Economou [32]. In particular, a class of 'slowly varying'
potentials (see below) show mobility edges in their spectra as a common feature for a
range of hopping-to-binding ratios and, at the same time, yield a m-i type transition.
2.2 'Slowly varying' potentials and m-i type transitions
Interesting spectral features are obtained for a number of TBM's with on-site energies
possessing self-similar and hierarchical structures. Roy and Lahiri [18] investigated a
TBM with a self-similar 'Feigenbaum' structure in which the sequence of on-site energies
is given by

vn = g(n)(0),

(3)

where g(x) is a well-known universal function encountered in the scaling theory of
period-doubling bifurcations and g(n) represents the n-times iterate of g. The
deterministic aperiodic lattice represented by this TBM will be termed the Feigenbaum
lattice (FL).
A simpler model with a self-similar structure is the so-called Cantor lattice (CL)
considered in refs [19-22], where the on-site potentials are generated by the algorithm
V1 = 0;

V2~-1 = V~/3;

V2~ =

V2n-1 ~-

2/3.
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The sequence {Vn} constitutes a middle-thirds Cantor set in the interval [0, 1]-the most
standard self-similar set on the real line. It is easy to see that the Cantor lattice is
approximately periodic with periods 2k for all integers k > 0, the periodicity being more
and more exact for larger and larger k.
The FL and the CL both have a hierarchical, self-~imilar structure and, as indicated
below, lead to qualitatively similar results relating to spectra and wavefunctions. Other
lattices with self-similar, hierarchical, and algorithm-generated structures have also been
investigated in the literature (see, e.g., refs [15], [33]). Vibrational properties of a binary
substitutional Cantor chain involve interesting phonon and fracton spectra [ 12-13]. While
such binary substitutional chains (e.g., the Fibonacci chain and the Thue-Morse chain)
have been widely discussed in the literature, we shall not refer to such lattices in the
present paper.
The Feigenbaum lattice and the Cantor lattice both show a m-i type transition, but
one that is more gradual and more complex than that met with in the QPL. For either
of these lattices, at low values of the binding-to-hopping ratio (u), the spectrum is
dominated by extended states, but one finds in the spectrum sparsely distributed localised
states as well. With increasing t, the measure of localised states increases and, for
sufficiently large v above a certain limiting value (vc) all states become localized. The
limiting value, below which a hierarchy of mobility edges are encountered in the
spectrum, is found to lie somewhere between 5 and 6 for the FL and between 3.0 and 3.5
for the CL.
While both the FL and the CL have qualitatively similar structures and correspondingly
similar characteristics, the latter is, in a sense, simpler than the former in that the middle
thirds Cantor set has a single scaling over the entire interval [0, 1] and is globally selfsimilar, while the set of points g(n)(0) is only locally self-similar and has numerous (in
fact, infinitely many) scale factors varying over the real line (see 118] and references
therein for further details).
Numerical evidence concerning the m-i type transition in the FL is to be found in [18]
and that for the CL has been briefly indicated in [19]. The on-site potential sequences in
both these lattices share with the QPL the common feature of being 'slowly varying'
potentials. For instance, the sequence for the CL can be looked upon as a long-range
modulation over a periodic potential of period 2k for sufficiently large k.
A slowly varying potential of the form
V~--cos27r(an~+0),

(a,O

asin(2), 6<1),

(5)

was considered by Das Sharma et al [34] (this being essentially the so-called 'cosine
model', also considered by Griniasty and Fishman [35] and Brenner and Fishman [36]) in
the framework of a WKB type analysis, which was shown to yield correct results
concerning the m-i type transition observed numerically in the model: for t, < 2 there
exists a pair of mobility edges separating a band of Bloch wave type extended states from
two groups of exponentially localised states; as L, increases towards the value t,c = 2, the
band shrinks progressively, till it disappears and all states become exponentially localised
(see also [37]). In this paper we shall also consider a TBM based on the 'slowly varying'
on-site potential sequence
V~ = ¼cos 27r(an + 0) + ¼cos 27r(2an + 20),
P r a m a n a - J. P h y s . ,
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investigated by Soukoulis and Economou [32] (all the results in this paper will be for
0 : 0 and ~ = (x/5 - 1)/2 in (2), (5) and (6)). This model also shows mobility edges in
the spectrum and a m-i type transition as u is increased beyond a limiting value Vc slightly
above 1.5.
In the following, the 1D TBM's with on-site potentials given by (5), (6), will be termed
the cosine lattice (CSL) and the Soukoulis-Economou lattice (SEL) respectively. Results
presented in this paper will, in the main, pertain to the FL, CSL, and the SEL, while a few
results on the CL and the QPL will be quoted for the sake of comparison.
Figures 1(a,b,c) indicate the m-i transitions in the FL, SEL, and the CSL respectively
by showing, in each case, the variation of the inverse localisation lengths ('7) computed
from the Thouless formula (see (38) in § 4 below), against energy eigenvalues computed
numerically, for a number of values of the parameter u. One observes for the FL, for
instance, that for v = 5.0, there appear to be a few extended states at one edge of the
spectrum while, for u - 6.0, all states appear to be localised, with Vc apparently lying
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Figure 1. Inverse localization length (7) against energy (E) for (a) the Feigenbaum
lattice (FL) with (from bottom to top) v = 5.0, 5.5, 6.0, and 6.5 respectively, (b) the
Soukoulis-Economou lattice (SEL) with (from bottom to top) v -- 1.5, 3.0, 4.5, and
6.0 respectively, (c) the cosine lattice (CSL) with (from bottom to top)
v = 1.0, 2.0, 3.0, and 4.0 respectively. In each of these lattices the lowermost curve
includes extended states in the spectrum, the next curve is for a value of v close to t,c
(exactly Vc for the CSL), while the other two correspond to the localised regime. Here,
as in all subsequent figures, the lattice size is N = 1023 and we choose ~ = 1.0 (see
(1)). The energies have been obtained by direct diagonalization while the inverse
localization lengths have been computed from the Thouless formula.

close to 5.5. For the SEL one observes narrow bands of extended states at v -=- 1.5, which
disappear rapidly as ~/is made to increase further so that with v --- 3.0, for instance, there
appear to be no extended states in the spectrum. For the CSL, on the other hand, the
transition is sharp and occurs at Vc --- 2.0.
2.3 Peaks of localised wavefunctions: Lattice-ordered energy sequence
Of especial interest in this paper will be a set of results, reported in refs [19-22] for some
of these models, for values of v beyond the limiting value re, when all the states are
exponentially localized. We summarize the principal features of these results as follows:
(i) for sufficiently large t/above vc, the spectrum of eigenvalues is remarkably similar to
the set of on-site potentials {V,};
(ii) there exists a certain ordering of the eigenvalues, called lattice-ordering, for which
the locations of the peaks of the corresponding wavefunctions are strongly correlated
with the energies.
Thus, the density of states resembles very closely the density of distribution of the onsite energies. For instance, figures 2(a,b) present the density of states and the density of
on-site potentials for the Feigenbaum lattice with v = 7.0, wherefrom the resemblance in
self-similarity between the sets of eigenvalues and of the on-site potentials is quite
apparent. Significantly, the value of v used here is not very much above the limiting
P r a m a n a - J. P h y s . ,
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Figure 2. (a) Density of states p(E) as a function of energy E and (b) density of onsite potentials p(V) as a function of V for the FL with v = 7.0. Both the densities
appear to be similar. Both densities are normalized to maximum value unity.

value, which means that one does not have to move far beyond the m-i transition for the
above interesting features to be evident. As another instance of the similarity being
referred to, arranging the set of eigenvalues in an ascending sequence {~n}, and
calculating (minn(~,+2 - e,+l)/min,(~n+l - ~,)), for the CL with v = 6.0 and with even
a small lattice size N = 21°, one finds a ratio very close to 3.0, confirming that the
spectrum has indeed the same scaling property as the Cantor set of on-site potentials. In
particular, the entire spectrum is singular-continuous in this case as also for the FL above
the m-i transition. In this respect, the situation is similar to that in case of the QPL with
v > 2.0 and with c~ a Liouville number.

[Remark. A lattice like the CL or the FL actually involves an uncountable number of
lattice sites and, strictly speaking, the same is true for incommensurate lattices like the

562

P r a m a n a - J. P h y s . , Vol. 48, No. 2, February 1997 (Part II)
Special issue on "Nonlinearity & Chaos in the Physical Sciences"

Incommensurate lattices
QPL, CSL, and SEL. However, in the present paper we consider, in each case, some
sufficiently large finite truncation of the lattice under consideration. While the orderings
referred to in the following will pertain to these finite truncations, corresponding
orderings on the infinite lattices also exist, though they require infinite numbers of
integer-valued indices for their enumeration.]
Not only do the eigenvalues resemble the on-site energies as point sets but the
resemblance goes even further: in particular, the two are remarkably similar when
considered as sequences, following a particular ordering procedure. Thus, together with
the sequence {V,} of on-site potentials describing the lattice under consideration, we
consider the sequence {f'n} of the same on-site potentials, but this time arranged in an
ascending order. Let the integer valued function/z(n) of the integer variable n give the
mapping between these two sequences in the sense that
V. = f'u(n).

(7a)

Let further the energy eigenvalues, arranged in the ascending sequence, be denoted by
{~.}. Then the required ordering of eigenvalues, to be called the lattice-ordered
sequence, is the sequence {e.} defined by
en = eu(.)"

(7b)

in other words, the same shuffling that yields {V.} from {9.} is used to generate {e.}
from {~.}.
As already stated, the two sequences {e.} and {V.} resemble each other strongly.
Thus, for the QPL, the variation of the lattice-ordered energies {e.} with n is itself found
to be quasiperiodic (see, e.g., [20], figure 2), exactly similar to the variation of the on-site
potentials.
What is more important, features of the wavefunctions corresponding to the energies
arranged in the lattice-ordered sequence are strongly correlated to the energies
themselves. One of the more unusual features of incommensurate systems is that the
wavefunctions vary extremely erratically as one moves through the energy scale. In
particular, gross features of the wavefunction like the locations of the peaks or their
localisation lengths have little correlation with the energies when the latter are arranged
in the ascending or any other arbitrarily chosen order. For instance, figure 3 is a plot of
locations u(n) of peaks of the wavefunctions correponding to energies ~. arranged in the
ascending sequence against the sequential order n of the energies, for the QPL in the
localized regime with u = 4., which show that re(n) is an extremely violently fluctuating
function of n.
A correlation, however, is most strikingly revealed when one observes that the peak of
the wavefunction ~(") corresponding to the energy e. arranged in the lattice-ordered
sequence is precisely at the lattice site n, with only few exceptions. In other words,
denoting the location of the peak of ~(") by A/'(n) one has, to a high degree of accuracy,
H ( n ) = n.

(8)

Figures 4(a,b) are plots of Af(n) vs. n for the FL and the SEL, both at values of u above
the respective limiting values uc. While the correlation expressed by (8) is found to hold
remarkably well in these cases, figure 5(a) is the same plot for the CSL, where one finds
P r a m a n a - J. Phys., Vol. 48, No. 2, February 1997 (Part H)
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Figure 3. N(n) vs. n plot for the QPL with v = 4.0. Here u(n) stands for the peak of
the wavefunction corresponding to energy ~,, where {en} denotes the sequence of
energy eigenvalues arranged in the ascending order. The points appear to be scattered
throughout the plot, indicating an erratic variation of N with n implying that there is no
correlation between the energies arranged in the ascending sequence and features of
the corresponding wavefunctions. The wavefunctions have been obtained by
numerical computation of eigenvectors.
that the correlation (8) holds only rather weakly. Finally, figure 5(b) is the Af(n) vs. n
plot for a random lattice, where the correlation is found to be altogether absent.
A first-hand explanation of the correlations noted above can be had from a simple
perturbation theoretic argument. Thus, a TBM Hamiltonian can be written as

H = r(Ho + v-IH1),

(9)

where H0 is diagonal with diagonal elements forming the sequence {Vn}, and H1 is given
in the corresponding basis by
Hi :1 n + l)(n [ + I n)(n + 1 I-

(10)

When H is written in the form (9), v -~ can be used as a convenient perturbation
parameter, and for v -1 = 0 (infinitely strong binding), the eigenvalues of H are just the
V,'s, with the I n)'s being the corresponding eigenvectors. In other words, in this limit,
the lattice-ordered sequence of eigenvalues is trivially the same as the sequence of on-site
potentials, and ~b(,n
") is just 5,~,, so that (8) is also trivially satisfied. For small and finite v -1
one has now to see the effect of the perturbation v-~H1.
The first observation is that the perturbation theory is applicable only in the regime of
localized states since the uncorrected states are all localized, and that v-IH] cannot at all
be looked upon as a perturbation unless the corrections as predicted by the perturbation
series (see, e.g., [38]) are actually small. Thus, noting that the first order correction to the
energies is zero, and considering the second order correction, since (n [ HI t m) is nonzero only when m = n + 1, the validity of perturbation theory depends on how the
successive uncorrected energies in the lattice-ordered sequence, i.e., the V~,s, are clustered
together. It is precisely here that the incommensurate lattices we are considering in this
P r a m a n a - J. P h y s . ,
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Figure 4. A/'(n) vs. n plot for (a) the FL with v = 7.0 and (b) the SEL with v = 6.0
(see § 2 (8) for explanation). Plots show a strong correlation between the energies
arranged in the lattice-ordered sequence and the location of peaks of corresponding
wavefunctions. Of the total number of data points in (a), 85.7% fall within the band
A/" = n -4-5, while the corresponding figure for (b) is 60.2%.
paper differ radically from the random lattice. Thus, for the Cantor lattice, there is a
recurrence in the Vn's only at large separations, and successive Vn's differ considerably
from one another, so that the second order perturbation correction is always small,
whereas in the case of the random lattice, there is always a considerable fraction of
neighbouring V,'s differing by small margins.
This conclusion is not modified when one goes over to higher order perturbation
corrections. A typical term in the perturbation series has a denominator involving
differences of the form (Vn - Vm) which, for the CL, is small only when [ m - n I~ 2 k,
for k large. However, every such small denominator is offset by an immensely smaller
2k
numerator of the form (v - l ) , so that the perturbation expansion is never vitiated. The
situation is entirely different for the random lattice, for which there is no long range
correlation among the V,'s, and the perturbation series makes no sense.
Thus, for the incommensurate lattices we are considering, the perturbation theory is
applicable in the regime of localised states and so, the sequence of lattice-ordered
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Figure 5. H(n) vs. n plot for (a) the CSL with t, = 6.0, and (b) a random lattice
with u--5.0. In (a) the correlation between the energies in the lattice-ordered
sequence and the location of the peaks of the corresponding wavefunctions is found to
be weaker compared to correlations for the FL, the QPL and the SEL found in
figure 5, only 24.8% of data points lying within the band Af = n ± 5, while in (b) the
correlation appears to be altogether non-existent. The random lattice was generated
with a programme yielding numbers randomly in the interval (0,1).
energies, which arise from the sequence of on-site potentials continuously and without
level crossings, can indeed be expected to be qualitatively similar to the latter sequence
itself.
An essentially similar argument applies to the case of the eigenfunctions. Here again
the uncorrected functions given by ~b~) = t~, serve as good starting points for the actual
eigenfunctions for the incommensurate lattices but not for the random lattice. Since the
effect of the perturbation is continuous in the strength of perturbation and since the
location of the peak is an integer valued functional on the wavefunction, it is really
exceptionally stable against the perturbation, and this is what we find in figures 4 and 5.
We close this section with the remark that the differences in degree to which the above
correlations are found to hold for the different incommensurate lattices considered in this
paper (and in the previous series of papers, refs [19-22]) are related to the differences in
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the extent to which the values of the on-site potentials Vn are clustered together. More
detailed numerical results in this respect will be presented in a future publication.
These correlations will form the basis of the results and observations to follow.

3. Dynamics of wavepackets and quantum non-recurrence

3.1 Recurrent and non-recurrent quantum dynamics
The comparison and correspondence between classical and quantum time-evolutions has
always been a keenly studied subject. While 'most' classical Hamiltonians are nonintegrable, and chaotic trajectories are encountered generically in classical motions,
quantum dynamics governed by the Schrrdinger equation is, by contrast, integrable [39,
40]. However, this 'simplicity' in quantum dynamics is offset by the fact that the state
space is infinite dimensional. As will be seen below, this gives rise to an essential
complication in quantum time evolution even in a time-independent problem, as soon as
one tries to look into the evolution of a wave-packet composed of stationary states.
An essential characteristic of classical chaos is that it is manifested only as an
asymptotic feature of the motion in which a trajectory explores the phase space on a finer
and finer scale in progressively larger time intervals. Quantum interference rules out a
corresponding occurrence as soon as a non-zero h appears in the theory. This is usually
interpreted as the 'absence of quantum chaos'. The presence of chaos in the classical
regime and its absence - in the above sense - in the quantum regime do not contradict the
quantum-classical correspondence principle because of the fact that the limits h -~ 0 and
t ~ o¢ do not commute with each other (see e.g., [40]).
However, even though an infinitely detailed exploration of the phase space is ruled out
in the quantum regime, there is nothing in principle to rule out a similarly detailed
exploration of the Hilbert space, and this may quite possibly lead to a complicated
dynamics peculiar to the quantum regime. In any case, the phase space as such is not a
well-defined or useful concept in the quantum regime and as we shall see below,
wavepackets do indeed evolve in certain situations in a diffusive manner, which may be
looked upon as some sort of 'chaotic' dynamics, especially so since it entails a decay of
the relevant auto-correlation function. Such a diffusive quantal time evolution occurs
when there are accumulation points in the underlying spectrum and involves
progressively detailed and fine exploration of the spectrum with the passage of time. It
is here that the infinite dimensionality of the Hilbert space plays a crucial role. Recent
years have witnessed a shift towards this area of discourse in investigations on dynamic
quantum chaos. Thus, while earlier studies looked principally into possible signatures of
classical chaos in quantum time evolution, more recent studies are based on a recognition
of the distinctness of the two regimes and of essentially independent criteria, involving
distinct time scales, governing classical and quantum chaos.
The two traditional areas of investigation in 'quantum chaos' have been the 'static' and
the 'dynamic' problems respectively - the former dealing with signatures of classical
chaos in quantum spectra and stationary wavefunctions and the latter with the possible
existence of chaos in quantal time evolution. While we have singled out the latter area in
the above discussion and will, in the remainder of this section, continue to dwell mainly
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on this issue, the dynamic problem is nevertheless intimately related to the so-called
static one through spectral statistics and related features.
Early major works in the area of dynamic quantal chaos included investigations on
the periodically kicked rotator, where the classical motion happens to be chaotic for a
set of parameter values characterizing the Hamiltonian. As already mentioned, most
results in these investigations pointed to what is now known as quantal suppression
of classical chaos or, equivalently, 'dynamic localization'. This essentially means that
asymptotically, i.e., for large times, a wavepacket evolves in an effectively quasiperiodic
manner. This is the hall-mark of integrable dynamics, and is reminiscent of KAM-type
time-evolution in classical phase space. More precisely, a typical wavepacket first
undergoes an apparently diffusive spread reflecting the chaos in the underlying classical
dynamics but, after the lapse of a characteristic time scale, there occurs a cross-over
to a typically quasiperiodic regime. The problem of quantal time-evolution can be
mapped to an equivalent stationary problem on what may be termed the 'energy lattice',
and can then be discussed in the framework of Anderson-Mott theory of localization.
If this equivalent problem yields localized states on the energy lattice then the timeevolution of the wavepacket in the original dynamical problem may be taken to
be quasiperiodic. It is in this sense that one talks of 'dynamic localization' in quantum
time evolution. In this case the set of stationary states contributing to the evolving
wavepacket fluctuates with time within limits, as a result of which the wavepacket sort of
reassembles itself, though the process of re-assembly is quasiperiodic rather than
periodic. We term such a time-evolution 'recurrent', as opposed to 'non-recurrent' timeevolution where the wavepacket does not re-assemble itself even approximately at any
point of time. Non-recurrent dynamics can in turn be of essentially two distinct types,
namely diffusive and ballistic, the latter resembling a freely propagating wavepacket
while the former resembies what is known as 'mixing' motion in classical dynamics, the
autocorrelation function of the evolving wavepacket decaying more slowly than in the
case of ballistic motion.
As we shall indicate in this section, these different types of time-evolution are
intimately related to characteristics of the underlying energy or quasi-energy (see below)
spectra, and it is in this context that dynamics in pseudorandom systems acquires a
crucial significance. In particular, the possibility of singular-continuous spectra and coexisting spectral measures of distinct types makes the problem of dynamics in such
systems a highly non-trivial one, and one finds that the negative results (i.e., the ones
implying the absence of quantum non-reccurence) encountered in the context of the
kicked rotator are by no means of a representative nature. A number of studies on 1D
incommensurate lattices have already established that subtle novelties are in store in this
area. Moreover, the technical possibility of actually fabricating 1D and 2D superlatticesinstances of the so-called mesoscopic systems-makes the classical-quantum cross-over
regime an experimentally accessible one. All this has made the problem of quantum time
evolution in incommensurate systems an altogether interesting study.
3.2 Spectral characteristics and time evolution: The quasi-energy spectrum
The simplest of quantum time-evolutions is that of a stationary state of a timeindependent system. In principle, the time evolution of an arbitrary state or a wavepacket
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for a system described by a time-independent Hamiltonian is a superposition of
harmonically evolving terms; but whether this superposition leads to a recurrent or nonrecurrent time evolution depends on the set of frequencies involved, i.e., on the energy
spectrum. We confine our discussion to quantum dynamics in random and pseudorandom
systems, referring, in particular to 1D TBM's for illustration.
A qaure point or discrete spectrum results in a recurrent time evolution where the
wavepacket pulsates regularly and its mean squared spread does not increase
unboundedly with time. This is the situation in a 1D random lattice: the wavepacket
does not diffuse and if the wavepacket is initially localised on a particular site, then the
probability of finding it at the same site at a later time t does not go to zero as t ~ oo (see
e.g., [26]).
On the other hand, the presence of a singular continuous or absolutely continuous part
in the spectrum complicates matters. If the initial wavepacket belongs to the subspace
built up from the absolutely continuous and singular-continuous parts of the spectrum
then it becomes a scattering state, i.e., ultimately escapes to infinity [29]. This is the case
of nonrecurrent dynamics. It includes, in turn, a variety of different possible types of
motion differing from one another in subtle details.
For instance, a periodic lattice with an absolutely continuous spectrum forming a band
yields a ballistic motion, with the mean squared spread
A2(t) -- E ( n _ no)2 [ ~bn(t) [2

(11)

n

of the wavepacket varying asymptotically as the square of the time elapsed : A2(t) cx t 2
(here no is the mean position of the wavepacket and ~n denotes the component of the
wavepacket on lattice site n).
The role of singular-continuous spectra in leading to non-recurrent motions and the
correlation between multifractal properties of these spectra and various characteristics of
the non-recurrent motions have drawn intense attention in recent years. Guarneri [41, 42]
related the dynamics of wavepacket spreading to the fractal properties of the spectrum
and showed that for unbounded diffusion of the wavepacket to take place it is sufficient
that the information dimension of the spectrum be larger than 0.5. Geisel, Ketzmerick and
Petschel [43] made a numerical investigation of wavepacket spreading in Harper's model
which is known to possess a singular-continuous spectrum and found that
A 2 O(

t x~,

(12)

with Xl close to 1 for a = 'golden mean' and other strongly irrational values, in close
conformity with the earlier results of Hiramoto and Abe [44]. The spectrum in Harper's
model exhibits what Geisel et al call 'level clustering', with the probability density p(s)
of nearest neighbour level spacings (s) behaving as p(s) ~ s -~3, fl = 3/2. Such level
clustering is typical of singular-continuous spectra, as opposed to 'level repulsion' in
random matrix ensembles. The exponent fl is related to the Hausdroff dimension of the
spectrum as Drt = fl - 1, and Geisel et al conjectured that
X1 = 2Da,

(13)

which implies, for Harper's model, a spreading of wavepackets through what is known as
'normal' diffusion. Since the information dimension is bounded from above by the
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Hausdorff dimension, the findings and conjecture of Geisel et al are consistent with the
bound established by Guameri.
While typical wavepackets in the Harper model spread through normal diffusion, other
1D pseudorandom lattices exhibit 'anomalous' diffusion with various different exponents
XI(< 1). Thus, in the Fibonacci lattice, it varies with the binding-to-hopping ratio v,
decreasing from a value close to 1 (normal diffusion) for low v to X1 ~ 0.25 for v ~ 10
[45]. For the Thue-Morse chain, on the other hand, there is a preponderance of extended
states in the spectrum and the spreading is 'superdiffusive' in nature, the exponent X1
decreasing from a value close to 2 (ballistic motion) to close to 3/2 for large u (Katsanos
et al [46]).
Apart from the exponent X characterising the spread of the wavepacket, another
quantity characteristic of the nature of quantum time evolution is the large time behaviour
of the temporal autocorrelation C(t) of the wavefunction ~(t):
C(t) = (l/t)

/o'

I (~b(0) ] ~(t')) 12 dt'.

(14)

While pure point spectra are distinguished by non-decaying autocorrelations, the situation
is more complex for singular-continuous and absolutely continuous spectra. A decay of
the autocorrelation faster than any power law can be ascribed to an absolutely continuous
spectrum, but the converse does not appear to be necessarily true: there are absolutely
continuous spectra for which the decay follows a power law. Consequently, Avron and
Simon [47] distinguished between two types of absolutely continuous spectra-the socalled transient and recurrent varieties. For instance, the Aubry model with u < 2 is
characterised by a decay of the autocorrelation of the form
C(t) cx t -x2,

(15)

where the exponent X2 is seen to be nearly 0.84, and this slow decay has been ascribed to
a recurrent absolutely continuous spectrum. For u = 2, on the other hand (Harper's
model), X2 ~- 0.14, pointing to a singular-continuous spectrum [45].
The classical analog of Harper's model is known to be integrable with regular KAMlike motion and so, the diffusive spread of wavepackets in the Harper model, with its
attendant decay of the autocorrelation function, is already sort of a surprise. It shows that
there is really no simple tie-up between recurrence/non-recurrence of quantum time
evolution and regularity/chaos in the underlying classical motion.
A more realistic model of an electron in a lateral surface superlattice, subjected to a
magnetic field, leads to a classical analog that is non-integrable and is characterized by
chaotic orbits [48,49]. It is thus a matter of considerable interest to look into how the
onset of classical chaos affects level clustering and the characteristics of wavepacket
evolution, such as the exponents X1 and X2 introduced above.
The most widely studied system in this context is the periodically kicked Harper model
(KHM), which also has a classically chaotic phase space [50].
Here the Hamiltonian has a periodic time-dependence and the quantum time evolution
is governed by what is known as the quasi-energy spectrum. Briefly, if T be the time
period of kicking, then the evolution operator ~](t + T, t) propagating the state through a
time interval T contains all the relevant information concerning asymptotic time
evolution. This is the so-called Floquet operator which is unitary and whose eigenvalues
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are all of the form exp(-i6T) (we set h = 1). The real numbers e constitute the quasienergy spectrum of the problem. There are special evolving states with quasiperiodic time
evolution given by

~(t) = exp(-iet)fb(t),

(16)

where ~(t) is periodic with period T. These are known as quasi-stationary states and are
the generalisations of stationary states relevant for a periodically driven system.
The role of quasi-energy spectra in determining the nature of time evolution of
wavepackets for a periodically driven system is similar to that of the energy spectra in
case of time independent systems. Thus, pure point quasi-energy spectra lead to recurrent
dynamics manifested through both the mean squared spread of the wavepacket and the
fluctuations of the autocorrelation (see [51, 52]), while the time evolution is non-recurrent
for absolutely continuous and singular-continuous quasi-energy spectra [53].
Studies on the KHM show that a rich variety of time evolution results for different
possible choices of the parameters characterizing the model and that unbounded diffusion
in the classical regime is quite different compared to that in the quantum regime, the
latter arising due to the hierarchical level clustering in the spectrum. Artuso et al [54]
have confirmed that the relation (13) between the exponent X1 and the fractal
dimension DH remains valid for the KHM. The 'phase diagram' in the parameter space
demarcating different types of wavepacket evolution has been studied in Artuso et al
[11]). One feels that a definitive understanding of the KHM has not yet been arrived at in
the literature.
3.3 Periodic kicking in TBM's: Wavepacket dynamics in energy space
Thus, an understanding of the nature of wavepacket dynamics for a periodically driven
system requires a knowledge of its quasienergy spectrum. This can be had by making use
of the so-called Maryland construction [55, 56], whereby a problem with periodic delta
function kicking is mapped to an equivalent stationary problem on an 'energy lattice'(see
[20]). We illustrate this in the context of a tight binding Hamiltonian with periodic
kicking of the form

[-t(t) = [-Io + f" ~

6(t - sT),

(17)

where [/0 is a time independent TBM Hamiltonian with energy eigenvalues En and
corresponding eigenvectors In):

Ho : ~-~En l n>(n l .

(18)

In this notation, the index n no longer represents site in the actual 'real space' lattice. A
typical quasistationary state with quasi-energy ~v (in units of h) can be written as
t ~3~; t) : e -i~' I ua:; t),

(19a)

I u~;t + T) =] u~; t).

(19b)

where
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We define

(20)

l u (-)) = tim lug; t),
and the Henrtitian operators V, H0 through the relations
exp(-if') = (I + if/)(I - if,)-1
exp(-i[/o) = (I + i['Io)(I - iHo) -1 .

(21a)
(21b)

Then, further defining ] ~) through
(22)

]u (-)) - (I + i/-/0) I fi),
and expanding I u) on the energy lattice

I n) =

(23)

I n),
n

one arrives at an equivalent description

(cn + (n I f' I n))un = - Z(n

I 17 I m)Um,

(24a)

m¢n

where
c. = tan[T(w - E.)/21.

(24b)

If f' is chosen such that f' has matrix elements fz,,~ only for m = n + 1 and. further, all
matrix elements between neighbouring states are chosen to be same (say. v) we get
c.u.

+ v(..+, + ..-1) = o,

(25)

which is an equivalent stationary TBM with on-site potentials c. given by (24b) (termed
the 'tangent potential'). A quasienergy w is determined implicitly by the requirement that
this equivalent TBM possesses a zero eigenvalue. The u.'s determined by the
corresponding eigenvector of the equivalent TBM are essentially the components of
the quasi-stationary states along the energy eigenstates I n) of the original TBM.
For large T the tangent potential is unbounded and quasi-stationary states are localised
in the energy lattice. For smaller values of T on the other hand. the spectrum and
eigenfunctions of the equivalent 'tangent' lattice are determined by the parameter v since
the effective binding-to-hopping ratio is u = 1Iv.
The above construction was employed in [20] to the case of an electron in a CL or a
QPL derived periodically by 6-function impulses in order to arrive at a useful scheme for
determining the nature of time evolution of wavepackets. The TBM one starts with can be
written as
V.lu.)(u.I + A ~'~(lu.)(U.+ll + lu.}(u.-a[),

~Io = r Z
n

(26)

?i

where we assume that boundary effects can be ignored and where the lu.)'s are
basis vectors defining the lattice (to be designated the 'real space lattice' in the present
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context)
un,m = 6 ~ ,

(27)

u.,,. denoting the component of I u.) at the lattice site m.
To this TBM Hamiltonian we add a periodic kicking term so as to arrive at
: / = / - / 0 + ~ ' E 6(t - sT),

(28)

/1

where

= ~v(lu~)<U.+ll + lu.)<u, al),

(29)

n

v denoting the strength of kicking.
Let now [w.) denote the eigenvector of H0 belonging to the eigenvalues
e.(n = 1,2,...), {e.} being the lattice-ordered sequence of eigenvectors. For the
TBM lattices of the slowly varying type introduced in § 2, we already know from the
observations in § 2 that for large enough u (above the relevant limiting value uc) Iw.) is
peaked at site n for almost every n and, the localization lengths being small enough for
large u, we can effectively replace [u.)'s by [w.)'s in (29). Since/:/0 is diagonal in the
[~.)'s, the Hamiltonian with the kicking can now be written as

:/= '~-~'~e.l.:.)(o:.1 + y~' v(l~.)(w.+, I +
n

Iw.)(W.-l])6(t- sT).

(30)

n,s

This choice of the sequence of eigenvalues en and the replacement of the I un)'s by the
I wn)'s, based on the results of § 2, is crucial to the scheme being considered here. It
implies that we are in the insulator regime u > Uc, where we can now employ the
Maryland construction as in the case of (17). In the present situation f' does possess
nearest neighbour matrix elements only, and the matrix element is independent of the site
in the energy lattice. Since V is a regular function of f', we can assume similar properties
for ~',m as well. What is essential here is that }',,m should not vary irregularly with n and
m, and that it should not have significantly large values for large I n - m ], both of which
may be seen to follow as consequences of (30). In fact, to a good degree of
approximation, we arrive at the equivalent tangent potential model
cnu. + )~(u~+l + Un-l) = 0,

(31)

where

)~= 2-~rJ0
and the on-site tangent potentials are given by (24b), with E.'s replaced by the lattice
ordered e.'s. The binding-to-hopping ratio in this equivalent TBM is A-1 which decreases
with increasing v. For small enough T the sequence {c.]. is essentially similar to {e.) and
as indicated in § 2, this in turn is similar to {V.}. Hence, for small T, a m-i type transition
occurs in the tangent potential TBM in an essentially similar manner as in the original
TBM as v, the strength of kicking, is made to vary. In particular, for small enough v, all the
eigenstates in this equivalent lattice are localised while, for larger v, extended states
dominate the spectrum. This means that for small v, the quasistationary states of the time
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Figure 6. Root mean squared spread (A) of wavepacket in the energy lattice against
number of kicks (t) for the kicked FL for u = 7.0 with kicking parameters (a) T ----0.1,
v = 0.1 and (b) T = 0.1, v = 2.0. In each case the initial wavefunction was assumed to
be concentrated at the centre of the lattice and the quantum map of (34) was
numerically iterated, retaining Bessel function coefficients Jk up to I k I= 6. The
quasiperiodic nature of the time evolution in (a) is evident while in (b) the spread of
the wavefunction appears to be ballistic.
dependent problem (28) are localised in the energy lattice while, for larger v, there appear
quasistationary states extended in the energy lattice,
This enables us to make predictions, in the context o f the periodically driven
Hamiltonian (28), about the time evolution of wavepackets in the energy lattice. For
instance, for sufficiently small T and large enough v, the presence of extended quasienergy states with associated absolutely continuous parts in the spectrum implies that
there occurs a ballistic spread of wavepackets in the energy lattice, while for smaller
values of v one expects a recurrent time evolution.
The time evolution of a wavepacket
I~} = Z p n ( t ) l w . ) ,
n
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Figure 7. Root mean squared spread (A) of wavepacket in the energy lattice
against number of kicks (t) for the kicked SEL for u = 6.0 with kicking parameters
(a) T = 0.1, v = 0.1, and (b) T = 0.1,v = 2.0. See legend to figure 6.

governed by the Hamiltonian (30) is given by the quantum map
p~+l = E exp - i
k

en+kT + --~

Jk(2v)p~+t,

(34)

where p~ ----lim,~0+ (sT + e) and Jk is the Bessel function of order k. This map can be
iterated numerically for given v, T. For the sake of convenience we take for s = 0

for some given m (i.e., an eigenstate laJm) as the initial 14)), and on iterating through s
impulses compute
h(s) - ~

nlp~[ 2

(35a)

n
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Figure 8. Root mean squared spread (A) of wavepacket in the energy lattice
against number of kicks (t) for the kicked CSL for v = 6.0 with kicking parameters
(a) T = 0.1, v = 0.1, and (b) T = 0.1,v = 2.0. See legend to figure 6.
and

A2(s) :---~-'~(n - h(s))21p,~[2,

(35b)

n

which are respectively the mean position and mean squared spread of the wavepacket on
the energy lattice after s impulses. While the right hand side of (34) involves an infinite
summation, in practice one can truncate after a few terms since the Bessel functions
decrease with increasing Ikl.
Figures 6(a,b) present results of numerical iteration of the quantum map (34) for the
Feigenbaum lattice (with v > Vc) for two different sets of driving parameters. The
agreement with the predictions of the above theory is immediately apparent. Thus, as the
kicking strength v is increased from 0.1 to 2.0, the quasiperiodic fluctuations in the mean
squared spread of the wavepacket are seen to give way to a unbounded ballistic growth.
Similar results are encountered with for the SEL and the CSL as well, as seen from
figures 7(a,b) and 8(a,b) respectively. In other words, the theory outlined above does
indeed give us correct predictions about the quasienergy spectra and wavepacket
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dynamics in the energy lattice for the TBM's with 'slowly varying' on-site potentials
being considered in this paper. It should be mentioned that motion in the energy lattice is
not quite the same thing as that in the real space lattice, and so the findings obtained here
cannot be immediately compared with the corresponding ones on the KHM. Nevertheless
the above theory is evidently useful in leading to a formulation of criteria for recurrent
and not-recurrent dynamics for at least a class of mesoscopic systems. Since the theory
does not refer to the classical phase space, these may be looked upon as purely quantum
criteria independent of criteria for classical chaos. Such criteria appear to be necessary in
the context of findings on the kicked Harper model.

[Remark. It is neccessary at this point to set right a computational error in [20, 21] where
numerical iteration of the quantum map for the CL and the QPL in presence of kicking
appeared to give rise to normal diffusion rather than ballistic spread for large values of
kicking strength. This, however, was an artefact caused by the numerical programme
which retained too few terms in the right hand side of (34), thus truncating away a
number of terms with significant values. In the present series of results, on the other hand,
we have retained Bessel functions Jk with [k[ _< kmax, where kmax has been chosen
sufficiently large. As indicated above, a ballistic spread for large v is actually more in
keeping with the prediction from the theory we have outlined.]
4. AC Conductivity of incommensurate lattices
The a.c electrical conductivity tr(a;) at low temperatures (T) in incommensurate lattices is
a good probe for the nature of spectra and wavefunctions. While the d.c limit gives us
only local information on individual states near the Fermi level, the w-dependence of the
a.c conductivity is a vastly richer source of information, involving the global structure of
the spectrum and of the wavefunctions. Even the small w regime at T ~ 0 gives us new
insights, especially concerning extremely distant but resonating localized states. The a;dependence in this regime already shows subtle variations with the arithmetic nature of
the incommensuration, and differs from corresponding results on completely disordered
lattices [57]. From the applied point of view, finite-w a.c conductivity in incommensurate
lattices provides the context for developing materials with interesting frequency-selective
transport properties, differing from ordered structures on the one hand, and from
completely disordered ones on the other.
However, precisely because of the fact that the a.c conductivity depends on the global
structure of the spectrum and of the wavefunctions, its theoretical calculation or
numerical computation is beset with formidable difficulties. In particular, the knowledge
of all the stationary state wavefunctions, which is necessary for the computation of tr(w),
is a severe pre-requisite for large systems. The principal difficulty lies in the fact,
indicated in § 2, that wavefunctions vary extremely erratically with energy. Thus, as seen
from figure 3, wavefunctions with energies close to one another have their peaks at
widely different locations.
In [22], the numerical observations of § 2 were used in the context of the CL and the
QPL to establish that gross features of the w-dependence of the a.c conductivity can be
accounted for quite satisfactorily in terms of the energy spectra alone, without direct
reference to the wavefunctions.
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A simple model based on the correlations outlined in § 2 was proposed for the
computation of the gross features in the variation of or(w) and was found to compare
favourably with numerical computations of a(w) in accordance with the KuboGreenwood formula.
Since we have seen that these correlations hold for other incommensurate lattices
admitting of m-i type transitions, in particular the FL, the SEL and the CSL, the above
simple model should in principle work for these lattices as well.
In this section we summarise relevant background from [22] and then show that the
domain of applicability of the simple model does indeed include these other lattices as
well. We point out in the next section a few features of a(w) for the lattices considered, by
way of concluding remarks.

4.1 Resonance peaks in a.c conductivity
At T ~ 0 there are no phonons in a lattice assisting the conductivity and, in the single
particle approximation, the a.c conductivity as a function of the frequency w is given (up
to constants, in units of e2/h) by the Kubo-Greenwood formula (see, e.g., [16])
w

a(w) = - ~

I kmn

]2

(fn -fm)5(Em - En - w),

(36)

mln

which has been written in a form suitable for a system with localised states. Here [2
stands for the system size, the Em's are the energy eigenvalues, the fin's are the Fermi
occupation probabilities, and 2mn stands for the matrix element

~-~l~(m)~ (n) ,

(37)

l

where ~blm) is the component at lattice site l of the normalised wavefunction
corresponding to energy E,n. In (36), the indices m, n appear under the summation, and
hence the order in which the energy eigenvalues and the corresponding eigenfunctions are
arranged does not matter.
Equation (36) tells us that, apart from an over-all factor w, the variation of a with w
involves a series of resonance peaks, a peak at any given frequency w arising when there
exists a pair of states, one below and the other above the Fermi level, such that the energy
interval between the two is equal to a) (in units of h) and the co-ordinate matrix element
between the two states is appreciable. Such a pair of states may be termed a 'resonating'
pair. It may be noted that, in general, a resonance peak in g(~v) may involve more than
one pair of resonating states. Indeed, experimentally it is not a(w), but an average taken
over some small w-interval that is usually relevant. In this averaged a, each resonance
peak will more often than not actually involve more than one pair of resonating states.
Since all states are involved in the summation (36), and since there may be resonating
states distributed throughout the spectrum, it is apparent that the calculation of a(w)
requires the knowledge of the entire spectrum and the complete set of wavefunctions.
Early computations of low temperature a.c conductivity for 1D random lattices were by
Penchina and Mitchell [58], and by Albers and Gubernatis [59] (see [17]). The resonances
are dense in a random lattice, with strong fluctuations in the finite w regime. Mott (see,
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e.g., [60]) argued that, in the small co regime, a has a w2 behaviour, with a logarithmic wdependence thrown in due to the so-called multiplet formation by extremely distant
resonating states. Prange, Grempel, and Fishman [57] calculated a(co) in an exactly
solvable incommensurate TBM, and pointed out that numerous possible types of
behaviour in the small w regim e might be possible for different types of incommensuration, which are clearly distinct from the w dependence of a random lattice.
However, large co regimes are largely outside the purview of these earlier studies, since
no systematic computation of the resonances could be possible without a knowledge of all
the wavefunctions ~b(") and since, as already seen in the small co regime, resonance
involves apparently uncorrelated states for random and quasirandom lattices.

4.2 Gross structure of ~r(w): Locating the resonant peaks
In this context the results presented in § 2 shed a new light on the problem. Indeed, the
calculation of a(co) becomes immediately simpler as soon as one takes the sequence {En }
to be the lattice-ordered sequence of energies since we already know that in this ordering
the gross structures of the corresponding wavefunctions are strongly correlated with the
energies themselves. This enables us to compute the locations of a considerable fraction
of the resonant peaks from a knowledge of the spectrum alone, using the lattice-ordered
sequence of energies to supply the relevant gross features of the wavefunctions. What
cannot be captured in this approach is the fine structure in the variation of a, namely the
actual sizes of these resonant peaks, since this does in fact demand a detailed knowledge
of the wavefunctions.
Thus, we make use of the fact that when the energies are reckoned in the latticeordered sequence, the wavefunctions ~b(m) and ~b(n) involved in the matrix element 2,~ are
peaked at lattice sites m, n respectively and this matrix element can have a substantial
magnitude only when the wavefunctions have a considerable overlap. Remembering that
the wavefunctions themselves are exponentially localized with certain localization
widths, it is apparent that the matrix element 2ran can be appreciable only when the
combined widths of the wavefunctions involved is less than the distance between their
peaks. In this context we use the Thouless formula [61] for the inverse localization
lengths in a 1D chain:

"Ira : ~__ln I (En - Em)//~ I"
nCm

(38)

This formula relates the inverse localization lengths with the spectrum. So, the spectrum
alone supplies all the information required in the calculation of the gross structure of a(co)
if we adopt the following working hypothesis: two states ~b(m) and ~(n) at an energy gap w
constitute a pair of resonating states only if ] m - n I is less than 7m-1 + 7n -1.
This working hypothesis implies that the matrix element 2,,~ is appreciable only when
[ m - n [ is small enough, and is based on the correlation between the peaks of the
wavefunctions and the energies in the lattice-ordered sequence. As such, it is expected to
hold for the incommensurate TBM's we are considering, and not for a random lattice.
This was corroborated numerically for the CL and QPL visa vis the random lattice in ref.
[22]. In figure 9(a,b) we plot the magnitude of the matrix element, calculated for a fixed
P r a m a n a - J. P h y s . , Vol. 48, No. 2, February 1997 (Part II)

Special issue on "Nonlinearity & Chaos in the Physical Sciences"

579

A Lahiri et al

1/
(a)

0.5

0
0

15

30

k
(b)

0.5

0
0

15

30

k
Figure 9. Average overlap u( k ) = N -1 ~'~m I ,im.m+k [, N =lattice size (for notations,
see text), against separation k between peaks for (a) the FL with v = 7.0, and (b) a
random lattice with v = 5.0. In the plots, max u(k) has been normalised to 1.

separation between the peaks and averaged over the lattice, as a function of the separation
for the FL and the random lattice respectively. It is apparent from these plots that the
above working hypothesis is indeed tenable for the FL while, for the random lattice, the
matrix element fluctuates without any appreciable decimation as the distance between the
peaks is made to increase.
With this justification for our working hypothesis and following [22], we compute the
locations of the resonances as follows: in the Kubo formula (36), we substitute ,~m~ = I
whenever [ m - n [< 7m-l + 7n -1, and zero otherwise. We do not distinguish between
the magnitudes of the non-zero matrix elements since we are interested primarily in the
locations of the resonances.
Numerical results of [22] indicate that this approach, simple as it is, is surprisingly
successful in reproducing correctly the gross features of the variation of ~ with ~ for the
CL and the QPL.
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We present below corresponding numerical evidence for the other TBM's introduced in
this paper, namely the FL, the SEL, and the CSL.
Variations of the zero temperature a.c conductivity with frequency, as computed from
the Kubo formula (36) with the help of numerically computed wavefunctions, are shown
in figures 10(a,b,c) for the FL, the SEL and the CSL respectively. One finds that while the
resonant peaks are clustered in band-like groups for the latter two lattices, they are
relatively sparsely distributed in the self-similar Feigenbaum lattice. In this respect the FL
resembles the CL since, in both these lattices, nearby energies in the lattice ordered
sequence are clustered together into closely packed groups along the energy scale.
In order to compare the gross features of this variation, computed from the Kubo
formula, with the results of our above simplified computation of the resonance peaks, we
first ignore those resonant peaks obtained from the Kubo formula whose magnitudes are
less than some small suitably chosen fraction (rl) of the most pronounced peak, thereby
eliminating the minor peaks from the comparison, and then set a = 1 for all the
remaining peaks resulting from the Kubo formula and display them as upward spikes in a
tr - ~ plot. While computing these resonant peaks, the relevant a;-interval (depending on
the width of the spectrum in the energy scale) was sampled by a number of points
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Figure 10a-b. (Continued)
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Figure 10. Plot of a(w) vs w for (a) the FL with u = 7.0, (b) the SEL with ~, = 6.0,
and (c) the CSL with t, = 4.0. Each spike represents an average of a for a small
interval (0.025) of frequency; data points are at w-intervals 0.05. Fermi levels, to
which the plots are not particularly sensitive, were chosen at energies 0.7509.-.,
-1.3505-.., and -0.0815-.. respectively.

distributed uniformly, and at each sampling point a coarse-grained cr was calculated by
including all pairs of resonating states whose energy separation lies within an interval
to w + 6w, for some suitably chosen small 6w. Likewise, the resonances were computed
from the simplified model for the same set of sampling points and with the same coarsegraining, and now cr is set at - 1 at all these resonances, superposing these in the same
a - w plot as downward spikes. Analogous to the use of the fraction rl in eliminating the
relatively minor upward spikes, a fraction r2 has been used for the downward spikes and,
in some instances, r2 has been chosen different from rl for facility of comparison. In
chosing this mode of presentation, we ignore the variations in the magnitude of the a.c
conductivity at the resonant peaks, instead concentrating on the locations of the more
major peaks.
Figures 11, 12, and 13 are results for the FL, the SEL and the CSL respectively. One
finds in each case that, considering the simplicity of the model, a surprisingly large
fraction of actual resonances are reproduced without explicit use of the wavefunctions
and what is more, there appears to be quite a substantial agreement even for values of u
below the limiting value uc where extended states exist in the spectrum dominated by
localized states. Even though the correlation expressed by (8) does not make sense for all
the wavefunctions for u < uc, till it does continue to hold good for a considerable fraction
of the localized states; and the contribution of these states to a(w) makes our simplified
model useful even before the m-i transition is completed.
For instance, the coarse-grained tr's computed in the two approaches agree at a fraction
0.926 of the total number of sampling points for the FL with u = 5.0 (figure 1 l(a); most
of these data points correspond to a = 0), and 95.4% of the upward spikes are actually
reproduced by the downward ones. As expected, the agreement improves as u is made to
increase beyond the limiting value into the insulator regime. Thus, for the FL with
u - 7.0 (figure (13(b)), a fraction 0.99 of the coarse-grained a's calculated in the two
approaches agree (most of which, once again, correspond to a = 0) and all the upward
P r a m a n a - J. P h y s . ,
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Figure 11. Locations of major resonance peaks in a.c conductivity in accordance
with Kubo formula with numerically obtained wavefunctions (upward spikes)
compared with the locations obtained from the simplified model of the overlap 3Cm,
(downward spikes) as explained in the text, for the FL. Notations : rl, r2 as explained
in the text; oF, Fermi level. (a) u = 5.0, ri = 0.02, r2 = 0.02, eF = 0.3364..., (b)
v = 7.0, rl = 0.04, r2 = 0.01, eF = 0.7509.... Calculated values of a have been
averaged over w-intervals of width 0.025, and data points are at w-intervals 0.05 as in
figure 10.
spikes are reproduced by downward ones, even while our model yields some downward
spikes of its own, not actually there according to the Kubo formula. Similarly, for the
Soukoulis-Economou model, the two computations agree at a fraction 0.893 of the
sampling points, and 92% of upward spikes are reproduced by downward ones even at
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Figure 12. Comparison of locations of peaks in a.c conductivity, for the SEL
(see legend to figure 11; same notations). (a) v = 1.5, rl =0.03, r2 =0.01,
ev = -0.145 • .., (b) v = 6.0, rl = 0.02, r2 = 0.02, eF = --1.3505. • ..
u --- 1.5 (figure 12(a)), while for u = 6.0 (figure 12(b)) the corresponding figures are 0.966
and 97.7% respectively. The agreement is comparatively poorer for the cosine model,
where the a ' s computed from the two approaches agree at a fraction 0.815 of the data
points and 77.7% of the upward spikes are reproduced in the set of downward ones
(figure 13(a)) for u = 1.5 which is less than the limiting value. The corresponding figures
for u = 4.0-well inside the insulator regime - are 0.985 and 84.6% respectively
(figure 13(b)). Moreover, in the CSL with u < uc (figure (13(a)), our simple model appears
to pick up numerous spurious resonant peaks at the high frequency end of the spectrum.
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Figure 13. Comparison of locations of peaks in a.c conductivity, for the CSL
(see legend to figure 11; same notations). (a) v = 1.5, rl =0.03, r2=0.01,
eF = --0.2308"-', (b) v = 4.0, rl = 0.02, r2 = 0.02, CF = --0.0815-' ".

This discernible discrepancy in the CSL means that the perturbation series for the energies
and wavefunctions in the perturbation scheme indicated in § 2 does not work so well in this
case. However, even here the level of agreement is not one to be dismissed lightly.

5. Summary and concluding remarks
In this paper we have reviewed a set of known results on unusual spectral properties and
related features of wavefunctions in 1D incommensurate T B M ' s as well as on features
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relating to recurrent and non-recurrent quantum dynamics in these systems. We have
presented numerical results on a range of questions relating to a set of TBM's
characterised by what may be looked upon as 'slowly varying' on-site potentials and by
m-i type transitions in their spectra. These results supplement corresponding findings on a
couple of TBM's of the above type, presented in a series of earlier papers. All these
results are based on a set of interesting correlations concerning their spectra and
wavefunctions that are seen to hold in the localized regime, beyond the limiting value of
the binding-to-hopping ratio, and we have presented a qualitative explanation of these
correlations on the basis of perturbation theory.
We have also reviewed a set of basic results on the quantum dynamics of wavepackets
in mesoscopic systems and, in this context, have made use of the above set of correlations
for the TBM's under study to arrive at a model, based on the so-called Maryland
construction, that enables us to compute the quasienergy spectra for problems involving
periodic kicking in these lattices. While we have not actually computed the quasienergy
spectra due to the prohibitive size of the computations involved, we have tested
qualitative predictions from the model against numerical iterations of the relevant
quantum maps.
While our model of wavepacket dynamics can be used to compute the quasienergy
spectra from the equivalent stationary TBM involving the 'tangent potential', it is to be
noted that the dynamics of wavepackets on this equivalent TBM is not the same as
wavepacket dynamics in the original periodically driven problem that we start with
because the equivalent TBM is after all nothing more than an artefact. Hence, results on
correlation between diffusion in a stationary TBM and the corresponding spectral
characteristics are not directly relevant in this problem. On the other hand, features of the
wavefunctions in the equivalent TBM's such as whether these are extended or localised
are, to a certain extent relevant and we have made use of these features to arrive at the
qualitative predictions which do agree with results of numerical iterations on the quantum
maps. However, the types of wavepacket spreading we have encountered in our numerical
iterations cannot be said to be exhaustive in the sense of being comparable in variety to
those found in, say, the kicked Harper's model. For instance, we have not encountered the
diffusive spread, either normal or 'anomalous', of the wavepackets. It is not immediately
clear whether this is due to the fact that the wavepacket dynamics we have looked into is
in the energy lattice rather than in the real space lattice. A more precise and thorough
analysis of the wavepacket dynamics in the context of our model will be presented in a
future communication.
Closely related to the dynamics of wavepackets are the transport properties of the
lattices. Transport in 1D incommensurate lattices is characterized by numerous novel
features due to exotic spectral characteristics. Conversely, experimentally observed
features of transport in pseudorandom lattices can be used as probes to gain information
on spectral features and wavefunctions. In particular, a.c conductivity at low temperatures
is a highly sensitive probe in this respect as revealed from early studies in the low
frequency regime. However, the theoretical study or numerical computation of the a.c
conductivity in the finite frequency regime is beset with formidable difficulties because it
requires a knowledge of the entire spectrum and the complete set of wavefunctions. We
have made use of the above correlations established for the TBM's under study to arrive
at a simple model for predicting the gross structure of the variation of the a.c conductivity
P r a m a n a - J. Phys.,
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with frequency, and have shown that this simple model does indeed predict the gross
structure quite successfully.
The a.c conductivity of incommensurate lattices appears to be of special interest since
the variation of a.c conductivity with frequency, consisting of series of resonant peaks, is
of a selective nature and is moreover highly specific to details of structure of the lattice,
unlike the dense fluctuations one observes in random lattices or the featureless variations
in periodic lattices. This is apparent from figures 10(a,b,c) where the locations of the
resonant peaks in or(w) are seen to follow distinct patterns for the FL, the SEL, and the
CSL. For instance, most of the resonances fall into band-like groups in the SEL and the
CSL, while they are less clustered in the FL, even though there appears to be points of
accumulation on the frequency scale in this case. In this context, our simple model
leading to considerably successful predictions on the locations of these resonant peaks
acquires significance.
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