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Chaos and localization in coupled quartic oscillators
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Abstract. We discuss some of the models for eigenfunction localization in Hamiltonian systems.
In particular, we review some of our work on classical parametric scaling of orbits and
identification of localized states in a two-dimensional quartic oscillator system which is deep in the
classically chaotic region. We show that visual methods are a necessary complement to quantitative
methods based on information entropies. Our preliminary results indicate that the periodic orbit
stability determines the degree of localization in a class of states, even when the stable regions are
of negligible measure.
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1. Introduction

The study of quantization of chaotic systems has been an active field of research for very
many years now, and has seen substantial developments in the theoretical and
experimental techniques. The celebrated trace formula of Gutzwiller [1] connects the
quantum spectra semiclassically to unstable periodic orbits embedded in a sea of chaos.
Random matrix theories (RMT) have been found to apply to remarkably low-dimensional
but chaotic systems, while their putative range was many body physics. Experiments have
been done in many areas from atomic, molecular systems to mesoscopic systems for
which the concepts of 'quantum chaos' are essential. As is often pointed out, while we
have a reasonable grip over the eigenvalues of a quantum spectra, via the Gutzwiller
formula, eigenfunctions are still a region of mystery. There have been many computations
of eigenfunctions, and even some experimental realizations have been made, but their real
nature remains obscure.
We deal mainly with eigenfunctions and seek to understand the most remarkable
of them, which we believe will also have the largest experimental impact. Towards
this end we study smooth Hamiltonian systems in two degrees of freedom, and deal
with homogeneous potentials. We are able to compute eigenfunctions which are in
the highly excited regions of the spectrum and for parameter ranges which take us deep
into classical chaos. We note that in contrast to previous work the eigenfunctions
computed really probe the semiclassical regime. We have noticed the predominance
of states which show density enhancements near unstable periodic orbits called
'scars', but also have studied the random matrix properties of these states, and we
find that paradoxically even some strongly scarred states can show random matrix
like distributions. There are however embedded in this 'chaotic' or irregular spectrum a
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series of states that violate random matrix predictions but are very strongly scarred and
localized.
Percival's early conjecture [2] that there are two types of states in a typical spectrum,
the regular and the irregular, has been amply verified by later computations. However we
note that the series we study here is not associated with a classically regular region of
phase space although they have all the hallmarks of regular states. We associate simple
periodic orbits to these states and study the effect of classical stability oscillations in the
regime of extreme chaos. We focus attention in this paper on the study of these
eigenfunctions, and since they are strongly localized, we wish to place them in the
context of the general localization lore.
One of the distinguishing features of quantum mechanics is the non-spreading of the
eigenfunctions in the whole of the classically accessible configuration or momentum
space, succinctly called localization. Essentially, this is the tendency of the quantum
eigenfunctions to accumulate only on certain subregions of the classically allowed region.
In recent years, many studies on eigenfunctions, particularly of classically chaotic
systems, have focussed on this particular aspect of quantum mechanics [1,5,11].
Quantum localization is a generic phenomenon in many areas of physics. In condensed
matter physics, Anderson's model [3] is one of the earliest attempts to explain
localization for the motion of an electron in a random alloy, in which potential well
depths at each lattice site are random. In this case it has been shown that the
wavefunctions in configuration space are exponentially localized. In quantum optics,
Kuklinski [4] has shown that Anderson type localization also occurs in a photon number
space if sharp pulses of coherent light interact with an optical cavity with non-linear
susceptibility. It has been suggested that this localization can be used to generate an
electromagnetic field in a pure Fock state. Atomic and molecular systems provide many
instances of localization phenomena. Using Husimi distributions Mtiller and Wintgen [6],
have studied the localization in the case of the hydrogen atom in a uniform magnetic field
and connected most of the eigenstates to the classical periodic orbits and invariant
manifolds. Microwave ionization of hydrogen atom from its highly excited states has
been the subject of active investigation, both theoretically and experimentally.
Theoretical studies on an one-dimensional model predicted [7] that for hydrogen atoms
in microwave fields, as a result of localization, there would be an increase in quantum
ionization threshold over and above the classical threshold, beyond a critical value of the
microwave field. This has been experimentally verified [8] . More recently, Wilkinson
et al [9] using tunnel-current spectroscopy in semiconductor heterostructures were able to
experimentally observe the effect of localized states.

2. Localization in chaotic quantum systems

Localization has been used to denote phenomena in a wide class of problems, and there is
probably no consensus on what exactly this term means. Even in the context of
quantization of chaotic systems, localization could mean the scarfing of eigenfunctions
due to simple orbits, or something even more stringent. There is perturbative localization
[10], dynamical localization [11], Anderson localization [3], scarfing localization [33],
and a bewildering array of mechanisms to-go with them. We will focus on localization
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which is close to scarring localization, however, as will be apparent this is a strong form
of scarfing localization, that one may attribute also to adiabatic mechanisms, and is
exponential in some sense.
Below we study localization in model quantum systems whose classical limit is
chaotic. Study of localization is important since it is a pure quantum phenomenon whose
mechanism and systematics are yet to be understood in complete detail. Secondly, from
the point of view of quantum chaos, studies on deviations of theoretical predictions for
energy level statistics in the presence of localized states have been done [12].
Based on the semiclassical eigenfunction hypothesis and Shnirelmann's theorem [13],
Berry [14] and Voros [15] argued that a typical eigenfunction in the irregular quantum
regime is ergodic over the entire configuration space. At first sight, it would appear that
since the underlying classical dynamics of the chaotic systems is ergodic, any wavepacket
launched on any of the infinite periodic orbits will spread over all the accessible space
and hence would not support localized eigenfunction structures. First results contrary to
the above hypothesis came from the early work of McDonald and Kaufmarm [16], from
the studies on eigenfunction structures of stadium billiards. Heller [17], using
semiclassical wave propagation techniques, argued that scars can occur near the least
unstable periodic orbits. In chaotic systems, all periodic orbits are unstable and they
contribute significantly to density enhancements in the vicinity of the orbit [18]. In this
study it was also shown that wavefunctions averaged over small energy intervals can be
related to a sum over periodic trajectories in the semiclassical limit.
Other model systems, like noniinearly coupled quartic oscillators, kicked rotor and an
atom in a magnetic field were studied and they also showed sharp localization. The
kicked rotor has been extensively investigated both classically and quantum mechanically
[19, 33]. The Hamiltonian of the periodically kicked rotor is given by
oo

n(t)

e2 ' # w(o) F_,

(1)

n~--o0

where V(O) = cos(0), I is the moment of inertia, T is the kicking period and classicall3/#
is the only effective parameter in the model and it represents the kick strength.
Classically, for large values of kick strength, i.e # > 1.0 the dynamics is chaotic. The
quantum mechanical problem is solved by constructing the Floquet operator and solving
the resulting eigenvalue problem in the momentum representation. After some mathematical transformations, the Schr6dinger equation for the kicked rotor in momentum
representation looks similar to the one for Anderson model for the motion of an electron
in a crystalline lattice of random potential wells. Thus, by mapping the kicked rotor
problem to the Anderson's problem, Grempel et al [20] attributed localization in the
kicked rotor to destructive quantum phase interference since the same mechanism is
responsible for localization in Anderson's model. However, for all their avowed
similarity, Anderson's model and the kicked rotor are not the same. The potential in
kicked rotor is not strictly random, it is at best pseudo random and the quasi-energy of the
rotor becomes a parameter of the potential.
Rydberg atoms in strong magnetic fields have emerged as one of the testing grounds
for quantum chaos. The interaction for hydrogenic atom in strong magnetic field contains
a quadratic Zeeman term which makes the problem non-trivial. We consider a particular
P r m n a n a - J. P h y s . ,
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magnetic quantum number manifold, say m = 0, and assume the magnetic field B to be
directed along the z axis. In such a case, the Hamiltonian written in cylindrical
coordinates is,
1

2

2

H = - ~ ( p p +Pz)

e2
1
2 2
(p2 + Z2)1/2 +-8 Mwcp'

(2)

where q~ motion has been separated and wc = eB/Mc is the cyclotron frequency.
Rewriting it in semi-parabolic coordinates [21] we get,

H = ½(p2u +p~) - 4e(u 2 + v2) + 8u2v2(u2 + v2),

(3)

where the scaled energy e = E7 -2/3 is the parameter and 7 = B/Bo with B0 = 2.35 x
105 T. It is to be noted that in this form this system resembles the Hamiltonian for a
particle in a two-dimensional non-linear potential with e as the parameter. Many authors
[21] have attempted this problem theoretically as well as experimentally. Rau [10] has
suggested that localization in this problem can arise from the perturbative breaking of
degeneracy. The integrable part of the atomic many body system, at high excitation,
displays a very high degree of degeneracy. For example, in the integrable quantum
hydrogen atom problem, states with the same principal quantum number n, but with
different angular momentum quantum numbers l, are degenerate and form a manifold or a
subspace in the full Hilbert space. Perturbations to these integrable systems lifts these
degeneracies and is accompanied by mixing of base states of these manifolds. Since
angular momentum states mix and diffuse, the uncertainty principle restricts wavefunctions to be localized spatially because the angle and angular momentum are conjugate
variables. Furthermore it has been shown that this perturbative localization is common to
the asymmetric rotor and to a wide class of few body problems in atomic and nuclear
physics.
3. The coupled quartic oscillator

3.1 Classical aspects
One of the most widely studied models of quantum chaos is the non-linearly coupled
quartic oscillator (henceforth referred to as quartic oscillator) [11, 22, 43]. We study the
Hamiltonian given by

H(px,Py, x, y; a) = p2 + py2 + x 4 q_y4 + ctx2y2,

(4)

where o~ is a parameter. This Hamiltonian is of interest in SU(2) Yang-Mills field
theory in the limiting case when a = oo. Since the system is homogeneous the
classical motion scales with energy. This implies that from the knowledge of
classical dynamics at one energy, dynamics at any other energy can be obtained
[23]. Though the classical dynamics of this system is reported extensively [43, 29],
we recollect some of its salient features. The potential is bounded for all values of
a greater than - 2 , except at a = oo. In this limit when a = oo, though classically
the potential is open, the quantum energy spectrum is discrete. The system is integrable
as well as separable for a = 0,2,6. The Poincar6 section shows predominance of
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irregular trajectories as a increases beyond 6. Though the regular region shrinks with
an increase in a, due to bounded stability oscillations of the channel periodic orbit,
there are certain windows of a values for which an infinitesimally small regular region
around the orbit exists, even for very high values of o~. The duality in the parameter
space enables us to map the interval [0, 2] onto [6, 2] and the interval [-2, 0] onto
[ ~ , 6] and

H(px,py, x, y, ; a) = H(pu,Pv, u, v, ; t~t)
(or + 2) 1/6

( o / + 2) 1/6

'

(5)

where
a' -- (12 - 2a)
(2 + a)

(6)

Geometrically, this transformation given by
u = ( 4 + 2 a ) 1/6 (x+y)
2 ,

v=

(4+2a)1/6 ( x - y )
2 '

(7)

corresponds to rotation of the potential by ~'/4 and a scaling.
We have recently shown that the Hamiltonian in (4) also locally scales in the vicinity of
the channel periodic orbit with respect to the parameter a [26]. The stability of the simple
channel periodic orbit (x,y = O,px,Pr = 0), as measured by TrJ(a), where J(a) is the
monodromy matrix, displays bounded oscillations as a function of a. The formula due to
Yoshida [24] for the trace of the monodromy matrix, applied to the case of the quartic
oscillator in (4) gives
Tr J ( a ) = 2 x / 2 c o s ( 4 ~

).

(8)

The orbits are stable if lTr J(a)l < 2 and are unstable if[Tr J(a)l > 2. By inverting this
formula using these stability conditions we find that at-values of a = n(n + 1), where n is
an integer, the channel orbit changes stability through a pitchfork bifurcation. Figure 1
shows the stability curves for the channel orbit and the 45 o diagonal orbit. The channel
orbit corresponds to positive a range and the diagonal orbit to negative a values, as per
the transformation in (6). It is useful to note that the Hamiltonian bifurcation theory
applied to two-dimensional conservative systems, allows for five and only five types of
bifurcations [25].
We have numerically demonstrated that if the stability at two different values a and a t
are equal, i.e Tr J(a) = Tr J(a'), then the Poincar6 section locally scales around the
vicinity of the channel orbit. If the system possesses reflection symmetries about a
particular axes, say the x axis, then the Poincar6 section simplifies to the condition x = 0
with either sign ofpx. This constitutes a half-Poincar6 map [25] and has all the properties
of the conventional Poincar6 map. Let

ql2 =f(q2,P2;a),

p[ = g(q2,P2;a)

(9)

be the half-Poincar6 map, with a t > a. Due to the reflection symmetries of the oscillator,

f(q2,p2; a) = - f ( - q 2 , -p2; a), and similarly for g. Since the Poincar6 section scales, the
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Figure 1. The stability oscillations of the channel orbit for the Hamiltonian (4) as a
function of a.

above functions also will scale as follows,
-"'

-"

(~---~) f(q2,P2;ti)=f((~)

q2, t--~)

,2; t l ' ) ,

(10)

where 71 and "/2 are scaling exponents with values close to 0.625 and 0.325 respectively.
In fact, we have presented evidence that is more general and covers all the twodimensional homogeneous Hamiltonian systems whose Poincar6 sections around channel
orbits scale with a [26]. We have demonstrated that for the class of Hamiltonians,
1
2,,
H2n = ~p21+~p2 +~nn(~lq
I +/32q22n) + ~a ( ~ q 22n-2 +

~,,-2),

(11)

the scaling exponents depend only on the homogeneity of the potential as follows,
2n + 1
"71=

4n

'

"/2=

2n - 1
4n
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For another class of Hamiltonians of the form,
1 2 1 2 1
2n
1
B ~ = ~Pl + ~P2 + ~ (/31ql + ~zq~) + . , a ~ ,

n > 2,

(13)

the channel orbit is always marginally stable independent of a. The stable region around
this orbit scales with a and the scaling exponents are given by
71 = 72

1
n - 2"

(14)

In §7 we will see that stability oscillations of the channel periodic orbit has implications
for wavefunction localization.
3.2 Quantum aspects

Quantum mechanically we solve the Schfiklingerequation,

H(x,y; a ) q ~ = E~.q~

(15)

using symmetrized linear combination of one-dimensional quartic oscillator eigcnfunctions given by
ff/j(x,y) = At(n, m){0.(x)Om(y) + ~m(x)0.(y)},

(16)

where A: is the normalization constant depending on n and m, both even integers and the
indexj represents a unique pair (n, m) of these integers. The functions ~ ( x ) are obtained
numerically by accurately solving a one-dimensional Schr6dinger equation for bound
states of quartic oscillator (see [27] and references therein). Using 160 to 175 onedimensional quartic oscillator basis states, we numerically diagonalized a large
Hamiltonian matrix of orders ranging from about 12000 to 15000 on a IBM RISC
6000/580 machine to obtain about 2000 converged eigenvalues and eigenfunctions. In all
our calculations, positive values of a in the range [6, e¢] were used since more
eigenvalues converged in this case than for the corresponding range [0, -2]. A detailed
account of numerical techniques for large matrix diagonalization and its convergence
problems will be presented elsewhere.
This potential belongs to the C4v symmetry group, namely the group of all the
transformations of a sqqare. This group has four one-dimensional irreducible representations, but for all our calculations reported in this paper we confined ourselves to A1
representation, which is symmetric under reflections on the axes and diagonals. In fact, the
basis function given in (16) transforms according to this representation. By choosing such
appropriately symmetrized basis functions the Hamiltonian matrix is block diagonal.
Since the system in (4) classically scales, the quantum spectra at different values of
Planck's constant are related by
E(/i; t~) = C4E(ti/C3; a),

(17)

where C is a constant. The duality in parameter space gives us one more relationship
between quantum energy levels between different values of a related by (6):
(2 + a) V6 - (2

+ o~01/6"
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4. Localized states in quartic oscillator
In the integrable quartic oscillator all the eigenfunctions are localized on the invariant
tori. Here we address the question of systematics and morphology of highly excited states
when the classical system is largely chaotic. Structurally, most of the localized states of
the quartic oscillator display one or more of the following three kinds of features, namely,
(i) localization along the channel periodic orbits, (ii) localization along the orbit 45 ° to
the channel states, (iii) localization along a circle, called ring states. However, there are
other scarred states with interesting structures which do not fall in any of the above
categories. At the moment, many of these scarred states can only be visually identified
since there are no quantitative measures to identify them. One of the straightforward
methods of identifying a scarred state is to look at it visually. To this end, we define a
configuration space density
p~(x,y) = I~P~(x,y)I2.

(19)

By plotting 19 (x, y)12 as an intensity plot, we identify the scarred states. In one of the first
extensive studies on the eigenfunctions of the quartic oscillator, Eckhardt et al [28] have
reported eigenfunctions in configuration space of sixty states starting from the ground
state, which shows all the familiar localized structures mentioned above. They have
identified the classically unstable periodic orbits that produce these localized structures.
Probing much deeper in the semiclassical regime, even as high as up to 2000 states that
we computed for various a values from 60 to 96, we found that the localized states
scarred by the channel orbits continue to exist. These special states scarred by channel
orbits form a dominant series in the semiclassical region, which implies that it is most
easily amenable to semiclassical treatment as will be seen later. We showed the existence
of another class of scarred states called shadow states which are weakly scarred by the
channel orbit in addition to some other nearby orbits and hence show weak localization
features in comparison with its dominant counterpart. These states occur near the channel
localized states and form another series in the spectrum which seems to be absent at the
lower end of the spectrum. Another peculiar set of states were those which localized on a
point and consequently intensity in the rest of the configuration space was weak. Some
intensity plots of channel localized and shadow states and of four weak states have been
published [29].
There are two important points to be noted. Firstly, many Hamiltonian systems in the
form of (11) allow for these types of localized states. For instance, the potential given by
V(x, y) --- x2 + y2 +/~x2y2, where/3 is a parameter, also shows these familiar localized
structures [30]. Secondly since the quantitative measures to identify the scarred states are
lacking, the visualization of eigenfunctions, at the moment, seems to be the viable
alternative. In fact, as we will see later, the visual techniques complement the numerical
methods, even in such cases where certain measures do identify particular kind of scarred
states.

5. Quantitative methods for localized states
The states scarred by channel orbits form a small fraction of the total number of
eigenstates we computed. There are about 60-70 channel localized states in the first 2000

446

P r a m a n a - J. Phys., Vol. 48, No. 2, February 1997 (Part H)
Special issue on "Nonlinearity & Chaos in the Physical Sciences"

Chaos and localization
states, many others exhibit various other types of structures and cannot be easily
categorized. Hence to go beyond morphological features and take a complete view of all
the states, quantitative methods are needed. The visual means are more computer intensive and for systems with more than two degrees of freedom, they may not be helpful. So
we proposed the information entropy measure as a means to identify localized states [29].
Entropy is a well defined concept classically and an account of its applications in
classical chaotic systems is given by Gutzwiller [1]. A useful review of general properties
of entropy is given by Wehrl [31]. Powell and Percival [32] and Izrailev [33] have used
information entropy measure for studying different properties of classical and quantum
chaotic systems. Recently, it had also been used in the theory of quantum inference [34].
We employ the definition of information entropy of a quantum state as follows,
M

~nn = - E

lan~,J[2 log a n,j 2 ,

(20)

j=t

where an~,j are the eigenvector coefficients for the nth eigenfunction of the system which
has M components, where M is the dimensionality of the Hamiltonian matrix for the
problem. This measure is obviously basis-dependent. This measure identifies the
localized states by showing a pronounced dip in the information entropy curve
corresponding to various localized states. Figure 2 shows the information entropy plotted
against logarithm of the state number for quartic oscillator for a = 90.00, for the range of
states from 950 to 2000. The well pronounced dips correspond to channel localized states.
Shadow states are marked by less pronounced dips and are sometimes ambiguous. It must
be emphasized that this measure picks out only such localized states and no others. We
also computed the momentum space intensities, by taking the Fourier transform of the
eigenfunctions. Their corresponding information entropies were also computed. We
noticed that the same states showed minimum entropy in both momentum and
configuration space, leading to the suspicion that these may be some sort of minimum
uncertainty states. Further work in this direction is in progress.
The structure of the eigenvector coefficients, being a more fundamental entity, contains
the signature of these localized states. The leading unperturbed basis vectors of the
localized states have (N,0), (N, 2), (N,4) .... structure, where N is an even integer
depending on the particular eigenstate. It is seen that for localized states most eigenvector
coefficients anaj are effectively zero and so very few basis states, in the above order,
effectively contribute to the wavefunction.
It is now fairly well established from the pioneering work of Bohigas et al [35] that
quantal energy level spacings distribution for classically chaotic quantum systems fall
under three universality classes, determined by the symmetry properties of the
Hamiltonian of the system. These level spacing distributions are modeled by appropriate
ensembles from random matrix theory. For the Gaussian Orthogonal Ensemble (GOE),
which models the fluctuation properties of the quartic oscillator, the eigenvectors are X2
distributed [36]. In this case, the RMT prediction for information entropy [37] is
expressed in terms of digamma function ~P as,
1
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Figure 2. The information entropy plotted against the logarithm of the state number
at a = 90.00.
where/3 is large and is the dimensionality of the random matrices in the ensemble. In
figure 2, the information entropy curve reveals an almost linear behaviour as predicted by
the random matrix theory. In the unperturbed basis, the slope of the line fitted to the
envelope of the information entropy curve is close to unity. However, we observed that in
position and momentum basis the information entropy measure for the eigenfunctions
does not exactly follow the RMT prediction. Thus, apart from basis dependence of
eigenvector statistics, the question seems to hinge on the effective dimensionality of a
state in the infinite dimensional Hilbert space. Integrated density of states could be one
such measure of effective dimensionality. Another method is to employ the participation
ratio defined as,
1
Pn :

M
E I = I

4

ani

which gives the number of states that effectively participate in the building up of
wavefunction [38]. We will be reporting more results on information entropy in § 7.
Pramana - J. Phys.,
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Figure 3. The cumulative eigenveetor distribution curve. The solid line represents
the standard cumulative Porter-Thomas distribution. The curves (a) correspond to two
channel localized states, 409 and 423 at a = 64.66. In (b), the dotted curve
corresponds to a generic state and dashed curve corresponds to a strongly scarred
state.

The eigenvector distribution for the Hamiltonian systems in infinite dimensional
I-Iilbert space has not yet been well studied. There have been many studies for finite
dimensional systems and it has been noted that the Porter-Thomas distribution is
appropriate for time reversal symmetric chaotic systems [39]. Yet the basis dependence of
all such analysis is obvious. One way out is to select a generic and physical basis. In our
case the unperturbed basis is one such possibility; however it is clear that it preferentially
treats the channel localized states.
The eigenvectors of the coupled quarfic oscillator studied above follow the RMT
prediction reasonably closely and three cases arise, namely, (i) the eigenvectors of those
eigenfunctions which are spread over all the classically accessible domain, (ii) the
eigenvectors of strongly scarred states and (iii) the eigenvectors of the channel localized
states. Figure 3 shows the cumulative Porter-Thomas distribution for the square of the
Pramana - J. Phys., Voi. 48, No. 2, February 1997 (Part ED
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eigenvector components normalized to unit mean given by

f(y) = 1 - Err ( X / ~ ) ,
where Err is the standard error function. It is evident that the cases (i) and (ii) have similar
eigenvector distribution, which is close to the standard Porter-Thomas distribution (solid
line). The strongly scarred state is state no. 552 at c~ = 64.66 (see ref. [40] for a
configuration space plot of state 552), and the generic state is state no. 439 at the same
value of a. In this sense, even the strongly scarred state can be said to exhibit random
matrix like distribution. However the eigenvectors of the channel localized states deviate
considerably from the RMT prediction, as figure 3 shows.
One reason for deviation from the RMT behaviour for the channel localized states
could be that in the chosen basis states, the eigenvectors of the localized states have come
in for a special treatment, which also makes these states stand out in the entropy analysis.
A physical basis that may distinguish the scarred states from the rest could be some
coherent basis set, but not the position or momentum basis as indeed we have already
demonstrated that the minima of the entropy in these basis states also correspond only to
channel localized states [29].

6. Adiabatic approaches for the quartic oscillator

In the last two decades, much progress has been made in the serriiclassical quantization of
classically chaotic systems and the work of Gutzwiller [1] in this direction has thrown
more light on the classical-quantum correspondence. An adiabatic approach, using the
standard semiclassical quantization, has been used to explain the channel and ring
localized states and has been partially successful.
The basic premise of the adiabatic method is that the channel motion in two perpendicular directions have two vastly different time scales and hence slow and fast motions
can be treated separately. For instance the motion along the channel is assumed to be
slower than the motion perpendicular to it, resulting in the perpendicular action being an
adiabatic invariant resulting in an adiabatic potential along the channel. Thus by separating motion in one direction from the other, the resulting locally integrable Hamiltonian is
quantized to obtain the energy eigenvalues. However, this formalism does not separate the
eigenvalues coming from different irreducible representations, quite like the quantum
adiabatic method. For a fair comparison, the eigenvalues from this approach must be
tallied with the average quantum eigenvalues from different irreducible representations.
The adiabatic approximation works best for states localized far away from the origin for
most of the time, like the channel localized states. This is due to the adiabatic curves
having non-analytic properties at the origin. The quantum mechanically untamed
potential V(x, y; a) = ax2y2 has been studied in cartesian adiabatic approximation [41].
Ring type localization has been explained using the polar coordinate adiabatic breakup
[42].
At this point some remarks on the ring states and the accuracy of adiabatic methods is
in order. The adiabatic treatment involving semiclassical quantization, by its very nature,
presupposes the existence of a series of particular type of scarred states. However, our
own experience with the computation and visualization of nearly 2000 eigenfunctions for
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b(2)

Figure 4. The configuration space intensities for two consecutive states for (a)
a = 64.66, states 1376 and 1377 with energies 2770.2953 and 2770.5087 respectively.
(b) a = 90.00, states 1857 and 1858 with energies 3642.9626 and 3643.0294
respectively. The colour code for all images is such that red is the maximum, blue is
low and black is zero.
various a values in the deep semiclassical regime, amply confirms a series for channel
states but does not show any evidence for a series of ring states. One reason for the
absence of clean ring states in the deep semiclassical regime could be the instability of
the underlying periodic orbits. It may be remarked that the previous studies [42] rely on
low-lying eigenfunctions which do not show many avoided crossings and in spite of it
being such a simple spectrum in the energy region considered, the identification of ringstates seems, at times, to be subjective. The highly excited region exhibits a large number
of avoided crossings and many localized states stand on them and the adiabatic approach
cannot unambiguously identify such states which differ in energy by less than the mean
P r a m a n a - J. P h y s . ,
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energy spacing which is of order unity. We show two such cases in figure 4, for two
values of a, namely 64.66 and 90.00. Since the highly excited region of the spectrum has
a large number of such cases, it becomes necessary to visualize eigenfunctions to confirm
the results obtained by this approach. In this sense, the adiabatic approach provides more
qualitative insight rather than quantitative result. As pointed out before, the visual
methods have to complement these other techniques for correct interpretation of these
approximate methods.
We proceed knowing fully well the limitations of this method. Eckhardt et al [28] have
reported a variation of this method based on adiabatic stability. They have shown that one
of the least unstable periodic orbits, namely the channel orbit, corresponds to a prominent
peak in the Fourier Ixansform of quantal spectra and have identified this orbit as the one
that is responsible for scarring a series of eigenfunctions in quartic oscillator spectrum.
Their analysis is based on the concept of adiabatic stability. Adiabatic stability refers to
an orbit that is globally unstable as measured by its Lyapunov exponent but still stable for
short times of the order its time period. The channel orbit, called the 'adiabatic well', is
identified as the one around which the other orbits in the vicinity wind around. The
adiabatic Hamiltonian associated with the channel orbit is constructed using these other
orbits in a coordinate system defined by the channel orbit, which coincides with the
cartesian coordinates in this case. Adiabatic eigenvalues are obtained by quantizing
actions of these other orbits along and perpendicular to the channel orbit. The eigenvalues
obtained using this formalism have a good correspondence with the quantal eigenvalues
of the channel localized states. The adiabatically stable periodic orbits are thus shown to
scar the channel states.
While the above works show that the existence of adiabatically stable channel orbits
correlate with quantum density enhancements along the channels, this model ignores the
effect of stability oscillations of the channel periodic orbits discussed earlier. We have
noticed that the accuracy of the adiabatic approach depends on the stability of the channel
orbits even in the case when the stable regions are of very small measure. Although the
basic structure of these localized states remains the same, the degree of localization
changes significantly.
The above semiclassical quantization schemes have largely ignored the discrete
symmetries in the system. Sinha and Sheorey [43] have proposed a semiclassical
quantization scheme that incorporates discrete symmetries using quantum input that
takes cognisance of symmetries. In quartic oscillator the channel localized states are
effectively one-dimensional states, and so a WKB-like scaling form for the irreducible
representationF,
E(r, a; N) = ao + al (N +

1)4/3

(22)

has been applied for (N, 0) manifold, where N is any even integer for A1 representation.
With the data from a = 64.66 case, it has been shown that the values a0 and al obtained
from low-lying excited states predict the energies of the highly excited states in the region
of state numbers from 400 to 500. The constant a0 is a function of a. We have verified
this relation for excited states extending up to 2000 states for different values of t~. Again,
there is a one-to-one correspondence between the predicted energy values and the
quantum energy levels. In fact the adiabatic approach also predicts a formula very similar
P r a m a n a - J. Phys.,
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to the above one and is capable of giving a functional form to a0. More detailed results on
this approach will be published elsewhere.
It should again be emphasized that only a subclass of scarred states, the channel
localized states and ring states have thus far been amenable to any kind of approximate
description. The plethora of various structures exhibited by eigenfunctions of quartic
oscillators still remain a mystery. As of today, another outstanding problem is the
construction of adiabatic wave functions that would resemble the actual quantum
wavefunctions.

7. LocaliTation and stability of channel orbits
Since it is well known that the underlying periodic orbits play a crucial role in the
semiclassical localization, the next aspect to be studied is the effect of bifurcation and the
stability of these orbits o n localization. The bounded stability oscillations allow us to
determine the values of a at which the channel orbit undergoes bifurcations. The value
= 90.00 is one such point at which the channel orbit is about to lose stability through a
pitchfork bifurcation. We computed the eigenvalues and eigenfunctions for the first 2000
states of the quartic oscillator for values of a ranging from 88.00 to 96.00.
The information entropy in the unperturbed basis states for all these eigenfunctions
was computed. The preliminary results are indicative of a correlation between the
stability of the channel orbit and degree of eigenfunction localization. Higher the stability
of the channel orbit, the localization is more compact and clean. For instance, figure 5
shows a series of highly excited eigenfunctions in configuration and unperturbed space
for various values of c~. It is clear from this figure that comparing the eigenfunctions at
a = 64.66 and c~ = 90.00, the latter is highly compact and almost collapses on the
underlying periodic orbit. Again the structure of unperturbed eigenfunction for
= 90.00, namely the eigenvector coefficients reveal that most of the components are
almost zero, except for a few dominant ones which go up to build the wavefunction.
However at o~ = 64.66, the eigenfunction in unperturbed space is spread over many more
basis states than for a = 90.00.
The information entropy measure also reflects this trend as we go across a = 90.00.
We calculated averaged information entropy for a particular a value by taking the mean
of information entropies,
(so) - E o
m

for a group of m localized states represented by a within some energy range. Strictly
speaking this quantity may not be physically meaningful, but it is a coarse-grained value
that would reveal the average trend in the degree of localization. The participation ratio
also shows an identical trend. Figure 6 shows the average entropy plotted against a and it
has a clean dip at a = 91.00. This is when the channel orbit has just begun to lose
stability. The dip at a = 91.00 seems to justify the remark that the influence of a new
orbit on an eigenstate is not clear immediately after the bifurcation [44]. A careful
analysis is still needed to uncover the changes in eigenfunction structures that accompany
bifurcations of the underlying periodic orbits. This could also mean that though the
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Figure 5. Configuration space intensifies for four localized states for (a) a=64.66,
(b) 88.00, (c) 90.00 and (d) 96.00, all with the same principal unperturbed state
(252, 0). The colour code for all the images is such that red is the maximum, blue is
low and black is zero.

channel orbit plays an important role in channel localization, the contribution of the other
orbits in the vicinity cannot be ignored.
All these results in totality imply a strong correlation between the stability of channel
orbits and degree of localization, and also are indicative of the dominant role played by
the channel orbit although other nearby orbits do contribute to localization along the
channel. In a similar spirit, though not quite the same, Atkins and Ezra [44] have
qualitatively studied the effect of pitchfork bifurcations of the diagonal classical periodic
orbit on the eigenstates of the quartic oscillator. This orbit is always unstable beyond
a -- 6.0. The bifurcation of the orbit is shown to be associated with the spread in the
eigenstate in configuration space transverse to the 45 ° orbit considered. However, they
have confined themselves to values of c~ up to 15 in the low-energy spectrum only.
P r a m a n a - J. P h y s . ,

454

Vol. 48, No. 2, February 1997 (Part II)

Special issue on "Nonlinearity & Chaos in the Physical Sciences"

Chaos and localization
5.5

L

'

I

'

'

'

'

'

'

I

'

'

,

I

5

4.5
V

4

3.5

I
88

I

90

92

94

96

Figure 6. The plot of average information entropy as a function of c~.

8.

Conclusions

A comprehensive theory encompassing all the nuances of localization in quantum
mechanics is still an open problem. Our extensive studies on the eigenfunctions of the
two dimensional quartic oscillator potential shows the existence of various scarred states,
in particular the channel localized states at least up to about 2000 levels from the ground
state. We expect that these will continue to exist throughout the spectrum. The channel
localized states alone can be identified by the information entropy method, or other
measures of localization such as the participation ratio.
We have studied localization in a time independent classically chaotic system, and is
quite distinct from the localization in kicked systems such as the rotor. The regions of
parameters we have studied the oscillator in are ones of extreme chaos, although an
important periodic orbit scarfing the set of localized states we study oscillates in stability.
We have numerically studied the effect of these oscillations and concomitant classical
bifurcations on eigenfunction localization, and found that such measures as information
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entropy and participation ratio can be effectively used as indicators of these classical
phenomena in quantum systems.
The adiabatic approach is useful in qualitatively (sometimes quantitatively too)
understanding this type of localization, although it does not include the parameter of orbit
stability. We can envisage improvements in the methodology to take into account these
features, but while the eigenvalue estimates have had some success, eigenfunctions
continue to be a challenge, even in the description of their grossest features.
The future directions should include, better ways to compute even more highly excited
states and more semiclassical interpretation of the results. The structure of localized
eigenfunctions in smooth chaotic oscillators must be elucidated within some framework,
and their apparently universal character understood. The oscillating stability of the
underlying periodic orbits may play a key role in the presence of these localized states,
and hence the question of the effect of stability on localization has to be more rigorously
established. The classical nature of these oscillations are themselves an interesting area of
study, in both two and higher dimensions [26]. For three degrees of freedom we have to
study the robustness of the conclusions about localized states. We in fact expect that
several novel features will appear in three dimensional localized states with potentially
important experimental consequences.
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